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Abstract: Let F be a measurable subset in R and H be the Hilbert transform. I n this
paper, we study some properties on the L? integral and distribution function of H(xg). Based on
elementary and accurate analysis, exact formulas are given for the above integral an distribution
function. Our method adopted here gives a new proof of the results in [6].

Keywords: Hilbert transform; distribution function; L” norm

2010 MR Subject Classification: 42B10; 42B20

Document code: A Article ID: 0255-7797(2018)01-0001-07

1 Introduction

The Hilbert transform is the operator H defined by

+oo _
H(f)(@) = pov. - / f@=y),,

™ 00 Yy

initially for f € S(R). A very straight calculus via Fourier transform and Plancherel’s

equality show that H can be extended to an isomorphic on L?; i.e.,

IH (2@ = [ fllc2).- (1.1)

There were also several other ways to prove (1.1), see [2, 7] and references therein. H also
satisfies so called Kolmogorov’s inequality; i.e., for any A > 0, there exists a positive constant
C such that

{z e R: [H(f)(z)] > A} < %I\fl\Ll(R)- (1.2)

The best possible constant C'in (1.2) was obtained by Davis in [4]. Moreover by interpolation
technique and duality argument, H can be extended to a bounded operator on LP(R) for
all p > 1. We can refer to the nice textbooks [3, 5] and [9] for more properties of Hilbert

transform.
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Let E be a Lebesgue measurable set with |E| < co and denote H(xg) be the Hilbert
transform of the characteristic function of the set E. In 1959, Stein and Weiss [8] proved
that the distribution function of H(xg) does not depend on the structure of the set E but
only on its measure |F|. More precisely, for any A > 0,

2|E|
sinh 7w\’
In [1], Colzani, Laeng and Monzén gave an exact formula for the L? integral of H(xg). For
1 <p<oo,

{z e R: |H(xe)(@)| > A} = (1.3)

[ 10 @)rde = s()E1 (14)
R

1 P 00 )\pfl
where ¢(p) = & /R |(;g_|gi)|2dx = Zp/o md)\. With an ingenious calculus, ¢ can be
represented by Gamma function and Riemann’s Zeta function

2D e+ 1)

+oo oo
We recall that ¢(p) = >_ m and I'(p+1) = p/ uP'e " “du. Recently, Laeng [6] gave
k=0

d(p) =

a refinement of equatiozls (1.3) and (1.4), respectigfely. Laeng’s results reads the following
two theorems.

Theorem 1.1 Let E be a Lebesgue measurable subset of R with |E| < oo and let H
be the Hilbert transform. For all 1 < p < oo,

[ el = -5 Swre 1), (15
[ @ = 2 Zlre (1.6

Theorem 1.2 Let E be a Lebesgue measurable subset of R with |E| < co and let H
be the Hilbert transform. For any A > 0,

e € B: [H(xe)@)] > M = S, (1)
o €R\E: [H(xe)(a)| > A} = 22 (18)

We note that in the proof of Theorem 1.2, Laeng used an argument taking Theorem 1.1
for granted. This argument (Lemma 1.4 in [1]) reads

If || fll, = llgll, for p1 < p < po then the distrubtion functions of f and g equals;
ie, {z e E:|f(z)| > A}|=|{z € E:|f(x)| > A} for all A > 0.

Also as pointed in [1], this argument is based on a Mellin transform. However as in the usual

way, the LP(X) norm has layer cake representation

T /X @)Pde = p / Nle € X : |f(@)] > AJlax.



No. 1 A note on Hilbert transform of a characteristic function 3

Once we proved the distribution function result (Theorem 1.2) in a direct way, Theorem 1.1
is proved with the help of “layer cake representation”

This short note is just based on the upon argument. In Section 2, we prove Theorem
1.2 which relies on a refinement of the key lemma in [8] by Stein and Weiss. The proof of
Theorem 1.2 also relies on a limiting argument. In Section 3, by using Theorem 1.2, we give

the proof of Theorem 1.1 on the straight-forward way.

2 Proof of Theorem 1.2

We first recall the following result in [8].
Lemma 2.1 Let E be a compact set in R with £ = U?_[a;, b;], where a1 < by < as <

by < -+ < ay < by,. Denote f(z H 5=i be a rational function. Then for any § > 1,

=1

— Z(bi —a,), (2.1)

i=1

{zeR: f(z)> &} =

zl\n m

'Mﬁ

HzxeR: f(z) < =€} = (bi — a;). (2.2)

i=1

Remark 2.2 Let F as in Lemma 2.1, an observation is for any £ > 0,
Hx e E: f(z) > &} =0 for any € > 0. (2.3)

Indeed since {[a;, b;) }1_; intersect empty each other, for x € U ,[a;, b;) there exists only one
io such that @ € [a;,, b;,) with 2= <0 but £=% > 0(i # 45). So
0 i

fla)="—"x ] - Z’ <0, x € Ui [ai, bi),

which implies that the set {z € F : f(x) > £} is at most the collection of finite elements
bi,---,b, and then is a set of measure zero.
With (2.1) and (2.3), we immediately have

Hx e R\E: f(x) > &} = Z b; — a;) for any £ > 1. (2.4)

Similar way as discussed above, we also have

I-I1

>OxER\U1 1 (a, b4

and
Hx e R\E : f(x) < =£}[ =0 for any £ > 0. (2.5)
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By (2.2) and (2.5), we have

n

{z e E: f(z) < —£} = £LZ(b a;) for any € > 1. (2.6)

Similar to Lemma 2.1 and Remark 2.2, we immediate have

Lemma 2.3 Let E as in the Lemma 2.1. Denote g(z) = f(z)~' = J] 22

Tr—a

s

’; , we have
E

1

{rx e FE:g(x)>¢&H ={x e R\E: g(x) < —=£}| =0 for any & > 0; (2.7)

n

Hx e R\E:g(x) > ¢} ={zeR:g(x) >} = 511 Z(b’ —a;) forany € >1;  (2.8)

1
o€ B g(o) <€) = i € R i g(0) <€) = iy Db — ) Forawy €> 1. (29)
i=1
The following lemma asserts that Theorem 1.2 is right for a compact set £ C R.
Lemma 2.4 Let FE be a compact set, equations (1.7) and (1.8) preserve.
Proof For any Compact set E, we can write F = UZ 1[al,bi] with a1 < by < ag < by <

- < ay < b,. Define f(x H ¢ and g(z) = =% a3 introduced in Lemma
2.1. By the property of Hllbert transform Hyx a,b]< r)=1 log lx al‘ (see Example 5.1.3 in [5]),
we have

1 r—ay 1 1
= 23 tog 2 = Liog ()] = ~ L los (o)l
™ | —bp| & ™
So for any A > 0, the set {x € R: |[H(xg)(x)| > A} can be rewrite as

{z eR:H(xg)(z) > A}U{zr e R: H(xg)(z) < —A}
= {zeR:|f(z)>e?}U{z eR:|g(z)] > ™}
= {zeR:f(x)>}U{zeR: f(z) < —e™}

Uz eR:g(z) >e™tu{z eR:g(x) < —e™}
= WhLUWeUWsuUW,.

We note that W, intersect empty each other. Therefore
En{zeR: |Hxg(z)|>A}=(EnNW)U(ENW,)U(ENW;3)U(ENW,).
By (2.3), (2.6), (2.7) and (2.9) with £ = €™,

[ENn{z eR:|[H(xp)()] > A}
1 < 1

2

i=1
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The same way, by (2.3), (2.5), (2.7) and (2.8) with £ = e™,

IR\EN{z € R: [H(xe)(z)| > A}
= [(R\E) N Wi |+ |(R\E) N Wa| + [(R\E) N W[ + [(R\E) N W,

n n

1
- eﬂ)\_lz(bi—ai)—l—o—l—eﬂ_lz(bi—ai)-l-o

i=1 i=1

n

= 671')\2_ 1 Z:(bz — ai).

i=1

The lemma is proved.
Now we turn to the proof of Theorem 1.2. Since E is finite measurable set, there exists
a sequence of compact sets {F, }, such that for any n, F,, C F and |E\F,| < . With which

we immediately get || xg —XF, |2 < /=, and then [|H(xg) — H(xF,)|l2 < \/%by (1.1). Now
for any fixed A > 0, we write

{r e E:|H(xg)(x)| > A} ={z € F,: |H(xg)(x)| >} U{x € E\F, : |[H(xg)(x)| > \}.
Then for any u € (0,1), by Chebyshev’s inequality and Lemma 2.4, we have

{z € E:[H(xp)(z)| > A}

Hz € F, : |H(xe)(x)| > A + [{z € E\F, : |[H(xg)(z)| > A}
{z € F, : [H(xg)(z)| > A} + [E\F,]

{z € F, : |H(xe)(x) — H(xr,) (@) > (1 —u)A}

+{z € F, 1 |[H(xF,) ()| > uA} + [E\F,|

- 1 N 2|F,|
— on(l—u)2A? e 1

IAN

IN

+ |E\F,|.

Let n — o0, and then let © — 1, we have

2|E|

o€ B [Hw) @) > M| < -

(2.10)

On the other hand, for any n and any v € (0,1), Chebyshev’s inequality and Lemma
2.4 gives

pfz € Fr o [H(xr,)(@)] > A}

< o€ B [Huw)@)] > Ml

< o€ B: H(n)(@) ~ Hixe)@)] > (1= w)}]
H{z € B [H(xp)@)] > ur}

< o e € B HO) @) > w

Let n — oo and then let u — 1, we have

2|E|

{z € E: |H(xp)(@)] > A} > e+ 1

(2.11)
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Both (2.10) and (2.11) give [{z € E : |[H(xg)(z)| > A\}| = eﬂﬂ
(1.7). We end the proof of Theorem 1.2 since the proof of (1.8) is the similar one.

3 Proof of Theorem 1.1

This is just the equation

Proof We only prove (1.5) since we can prove (1.6) in the similar way. For p > 1,

+oo
AJHWw@NWw—pA N {z € B+ [H(xp)(x)| > A}dA. (3.1)

Then by Theorem 1.2, we have

+o0
p / Nz € B ¢ |H(xg)(@)| > A}|dA

+oo -1 +oo -1
AP |E| AP
=2p|E d\ = 2p d\ 3.2
p'k/ et 1 e eA+1 (32)
E| [T (logt)»~'1 E —logt)P~!
o L [ osi L 1 | (logty!
t+1 ¢ t+1

and

1/, o p—1 1 400
/O (ltf_?dt:/o (—logt)pl(kz_%(—l)ktk)dt

400 +o0

:Z(—l)k/ uP~Le D gy, (3.3)
k=0 0
+oo o)

S [

B (k+1)7 Jo

“+o00

In the last equality in (3.3), we use »_ (—1)* -2~ = (1 —2'"P)((p). Combining (3.1)—(3.3),
k=0

(1.5) follows.
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