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Abstract: In this paper, we study the problem of the change of Rossby parameter and the
topography in a two-layer fluid. Based on the traveling wave method and the perturbation method,
the Rossby wave amplitude is obtained to satisfy the homogeneous KdV equation and the homo-
geneous mKdV equation, which describe the evolution of the amplitude of solitary Rossby waves.
The effects of Rossby parameters and topography on Rossby wave are generalized.
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1 Introduction

The solitary Rossby waves was applied to the planetary-scale wave phenomenon. Since
Long [1] derived the Korteweg-de Vries (KdV)equation on a baratropic atmosphere, theories
of solitary Rossby waves were developed by Larse [2], Benney [3-7], Clarke [8] and Redekopp
[9, 10] primarily in the context of the atmospheric models. The basic theory demonstrates
that the amplitude of long Rossby waves propagating in a zonal shear flow is governed by
either the KAV or modified Korteweg-de Vries (mKdV) equation depending on the vertical
density distribution in the atmospheric model. Hukuda [11] studied the effect of vertical
shear in an analysis restricted to neutral modes propagating in a weak horizontal shear flow
without critical layers. Pedlosky [12, 13] presented theory that is the finite-amplitude behav-
ior of unstable baroclinic waves in a quasi-geostrophic two-layer model, it was shown that in
the absence of dissipation the equilibrated finite-amplitude state exhibits an oscillation, both
of the mean flow and the baroclinic waves. Mitsudera and Grimshaw [14] also presented a

weakly nonlinear, long-waves theory to describe a complicated system, they described the
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generation and evolution of mesoscale phenomena in a baroclinic current when it is interact-
ing with a localized longshore topographic feature. Gottwald and Grimshaw [15] gave that
the influence of topography on the interaction of long, weakly nonlinear, quasigeostrophic
baroclinic waves can be described by a pair of linearly coupled KdV equations, with a forc-
ing term in one of the equations. Patoine and Warn [16] showed the interaction of long,
quasi-stationary baroclinc waves with topography can be described by an inhomogeneous
KdV equation. Liu and Tan [17] discussed the change of the Rossby parameter beta with
latitude and extended the beta-plane approximation. Liu and Tan [18] used a barotropic
semi-geostrophic model with topogrphic forcing the stability and solution of the nonlinear
Rossby waves were discussed. They found that the effect of the W-E oriented topography
and the N-S oriented topography on the stability and phase speed of the waves are quite dif-
ferent, the Rossby waves forced by the topography can been described by the KdV equation.
Luo [19] studied a kind of the solitary Rossby waves excited by the change of 5 excluding
effects of shear basic flow and topography, showed the 3 parameter with the change of lat-
itude may be one reason of producing dipole blocking in the mid-high latitudes. Luo [20]
investigated the planetary-scale baroclinic envelope Rossby solitons for zonal wavenumber
2 in a two-layer, it is found that when the shear of basic state westerly winds between the
upper and lower layers is weak, both the upper-and lower-layer envelope Rossby solitons are
almost in phase and exhibit vortex pair block structure which have a weak baroclinicity.
But he did not discussed the topography effect on the Rossby waves. Charney and Straus
[21] showed that the forced flow of a barotropic fluid over wary topography in a periodic
beta-plane channel may possess a multiplicity of stationary equilibrium states of which more
than one may be stable. Lv [22] showed the solitary Rossby waves caused by the shearing
basic flow and orography with small variable slope were mainly of meridional wave number
one and two, different shears of flow can excite different stream line patterns of solitary
waves, and the orography with variable slope is also important factors of formation of soli-
tary Rossby waves. Solutions of solitary waves play such an important role in soliton theory
that many mathematicians and physicists were interested in this topic, such as Hirota’s bi-
linear method, the Jacobi elliptic function expansion method et al. [23, 24] were proposed

and used widely.

2 The Governing Equation

The non-dimensional quasi-geostrophic with topography potential vorticity equation in

each fluid layer on a -plane can be written in the form [11]

3}

E[V% — F(thy — )] + J[th1, V221 — F (11 — 12) + By] = 0, (2.1)
%[V% + F(1 — )] + J e, V22hy — F (b1 — ho) + By + Mh(z,y)] = 0. (2.2)

In equations (2.1), (2.2), the variables with subscripts 1, 2 refer to the quantities defined in

the upper and lower-layers, respectively. The v, (z,y,t) represents the geostrophic stream
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function in the nth layer, where n = 1,2. V? is the horizontal Laplace operator, h(z,y) is
the function of topography. The internal rotational Froude number and the dimensionless

gradient of planetary vorticity 3, defined as

2L2
0
F= ApgD ﬂ ﬂ

2p

gfo D

—7 is the effect parameter of topography, c2 = gH, where f is a constant Coriolis
€o

AN
parameter in moderate position, L is the north-south extent of the zonal field, =° the density
difference anomaly between the upper and lower layers, g the gravitational acceleration, D

is the total fluid depth and U is a characteristic zonal velocity, H is the scale height. The

boundary conditions is wall at the northern and southern [12]

Oy,
ox

Introducing a scaled coordinate in the form [9, 10]

=0, y=0,1. (2.3)

& =e(x —ct), (2.4)
To consider effects of topography, assuming [22],

h(z,y) = h(y), (2.5)

here ¢ is the phase speed of a long Rossby wave and e the dimensionless Rossby number
assumed to be smaller than unity, it is a measure of the Rossby wave amplitude. Inserting
(2.4) and (2.5) into (2.1), (2.2) and (2.3) gives an set of equations

Oy 0 oYy 2 0% n ¢y Iy _

5 By~ €+ 5y ) 5l G+ T — P~ )+ B =0, (2:6)
O 0 a 2 0%z O Oz Obsdh
[aw;ay—@ “’2> 7€ 82”; + 202 Py )] + 8 ﬁ 5‘; 3 =027
M

og ~ O v=Otb (2.8)

The total flow (&, y) is composed of the basic shear flow plus the long wave disturbance.
The disturbance turn out to be solitary waves described by nonlinear equation depending

on the balance between the effects of nonlinear and dispersion.
3 Expansion of Solution
3.1 The Even Order of ¢ Expansion

First, we seek a solution in the form [25]

Yy
wn(fyy) = _/ Undy =+ €2wn1(€7y) + 64%11(5,.@) +ey (31>
0

c=cy+ e+, (3.2)
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where U, (y) represents a zonal in the nth layer, ¢ is the phase speed of an infinitely long
Rossby wave. Inserting (3.1), (3.2) into (2.6), (2.7) gives

o 0 0% n (-)"+1dh d?U,
(Un_co)afg[ B2 +(=1) F(¢11_¢21)];[g;‘ Mfdiy_ dy?
+(=1)" R (U, — Uz)]a}é’—gl +e{(U, — 6’5)8—5[ 6;5;2 + (=1)"F(¢12 — 1a2] (3.3)

81/}n2 * 0 827/}n1

+H[B+ MEH D L (1) LUy - Up)]

2 dy dy?

)

’ ’ o€ +(Un_co)87§( o¢2
(2 gy = 2 e — ) (T (S F (i — )} + O(e') =

here n = 1,2, from equation (3.3) the problem of the lowest order are written as O(€°):

(U = ) g Cpot 4+ (1) F(us — )
(—=1)" + 1dh d2Un e M1
Hp M EL IR SR oy - v T =0, (34)
85 - ) y - ) *
Separating variables in the form [9]
Un1 (€5 y) = A(E)Pn(y); (3-5)

where ¢,,(y) satisfies
d*¢,, n
(Un = )l g+ (" (61— )] + [+ M
(=) F (U = Uz)]én = 0,

(-1)"+1dh  d°U,
2 dy  dy?

(3.6)

Equation (3.6) determines the model structure of a long Rossby wave while the wave ampli-
tude A(€) is as yet undetermined to this order. Proceeding to the next order O(e?), obtaining
O(€?):

8 8%, . “O)"+1dh  d&2U,
(Un = i) g g+ (1) Flz = )] + [+ 0y T F2 P - O
+(-1)"tF(U, - U2)]aw§2
d3A d3 d

S P X — oo ¢’" (1) P (61— 0n) (<16 - 00) P

_do, P py d2¢n N Y4

o @ A d€+[ (1P - 0] 5

\ 8§ —O y=0,1,

(3.7)



No. 4 Rossby waves with the change of 8 and the influence of topography in a two-layer fluid 755

Using equation (3.6) gives

oy 0 (0% 0 (-)"+1dh d°U,
(Un — 00)875[873/2 + (=1)"F(¢12 — 22)] + [B + M#diy e
() HE (UL - U)) %2 (-1 +1dh U
— n + n "
3 B+ M — — —— 4+ (=) F (U, — Us)
= n—co)éf’ndig;g*‘d)ndfy{ U e } E
()" +1dh d2U, -
» g+ M 5 oy dp + (=" F(Uy — Us) dA
” U, —co “Cae
(3.8)
By application of the solvability condition having
d>A dA dA
61753 + €2Ad7£ + 6301?5 = 0, (39)
where
1 2
e [ S ékan
0 n=1
_1\n 2
L g E LA AU o, )
o= [ Y 24y dp N
’ 0 Un —cydy U, —c§ Y
-1)"+1dh d?
12 ) B+ Mu— - U; + (=) 'F(U, — Us)
= [ Sl 2 dy )dy.
o = (Un—cp)? Un = ¢
(3.10)

In the above derivation, assuming that any critical level does not exist, i.e., U, —cj # 0.
dh

Equation (3.9) is an KdV equation including topography forcing term M T Pursuing
Y

another possible expansion.
3.2 The Order of ¢ Expansion
Another solution to equations (2.6)—(2.8) may be sought in the form

Yy
Vn(&,y) = —/ Un(y)dy + €1 (£,Y) + EPna(€,y) + Ens(E,y) + -+,
0

c=ch+eci .

(3.11)

Substitution of (3.11) into equations (2.6), (2.7) yields

N n (-)"+1dh d°U,
(Un =) gglgs + (V" F(u = vm)] M
+(=1)"'F(U, - U2)]8}§§1 +e{(Un — CS)[a;;;Q + (=1)"F(¢12 — 120]
(-)"+1dh 4?0, — Ona
+[B+ M 5 ay dy + (—)"'F(UL - Uy)] o€
adjnl E o 8wnl a2¢nl

+ (=1)"F (11 — ¢21))}

( o¢ Oy oy I o0y?
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+e{(U, - 03)%[8;533 + (=1)"F (Y13 — 123)]
~1)"+1dh d?U, _ Iy, N
T A USRS
8djnl g _ 8’(/}711 g aQwrﬂ _1\n+1 o (312)
,l/}T'LQ -~ an Y 1/}”1 o n+1 o 3\
From equation (3.12), the problem of the lowest order are written as O(€):
0 0%, n
(Un — Co)(ag[)aygl + (*1)2F(1/111 — a1)]
-1)"+1dh d?U, 1 I
el —1)" — = 3.13
g M IR - T (1R - U)o, (313)
ag 7y ) *
Separating variables in the form
here ¢, (y) satisfies
d*¢,, n - +1dh d?U,
U~ S0 4 (1 Flor — )] 4[5+ L LA LT,
Y 2 dy dy (3.15)

+(=1)"'F(Uy — Uy)]n = 0,
én(y) =0, y=0,1.

That the lowest order problem agrees with that of the KdV equation case. From the next

order problem, we obtain O(e'):

( a9 0%,
(Un — 03)875[ 813//)22 + (=1)"F (Y12 — h22)] + [B+ M

H(=1)"TF (U — Us)] %2
81%1 ﬁ _ awnl 2

(-D)"+1dh d*U,
2 dy dy?

_( 321%1
o0& Oy oy 8§)< oy?

aan o o
ag - ) y - O? 1'

The solution of equation (3.16) is [11]

+ (=1)"F(¢11 — 121)) = 0,

Ya(6,) = 3A%Exly) (0 =1,2),
where x,(y) satisfies

(D" +1 dh d*U,
2 dy dy?

( X
(U = (G + (~1"Flaa = xa)) + (3 M
+(=1)"'F(Us — Us))xn
(-1)"+1dh d*U,
M o
f+ 2 dy dy?
U, —c}

y (1)U - )

= d7y(
Xn(o) = Xn(l) =0.

)%ns

(3.16)

(3.17)

(3.18)
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The last problem yields O(€?):

0 8¢n3 n (=)™ +1dh dzUn
_ aqbnS
-1 'F(U, - U
1) P - )
"+1dh d*U, _
A e + [50nxn 2 T )
dg3 dy U, — ¢
(-)"+1dh d?*U, 1
M —_— = )" F(U; —
ndy U — CO dy Un - CS dg
+1dh d*U, ne
5+M<) &Ly - )
—[¢ 2 dy _dy e 44 (3.19)
" U, —ch bde” '
As in equation (3.8), application of the solvability condition yields, the mKdV equation
JABPA 2 dA LAdA
eldié_g + 6214. dé_ +e 3 1 dé_ 0, (320)
where
e = / Sty = e
n=1
-)"+1dh d?U,
B+ ! 4 Ldh =4 (1) F(U, - Us)
e = Z GnXn_ 2 dy dy )
2 2U, —cj dy U, — ¢}
(=) +1dh dQUn 1
M-—— )" F(U, —
1 bn i 1 d(ﬂ * 2 dy dy? D -~ T) N]d
20U, — ¢y dy U, —ci dy U, — ¢ Y
- +1dh d?U, e
1 2 9 ,B—f—M( ) —_— = 2+(—1) 1F(U1—U2)
e = [ S 2 dy dy Jdy = e3.(3.21)
3 0 (Un —06)2 Un — Cp

n=1

4 The Coefficient of KAV and mKdV Equation under the Change of

In the section, discuss the change of 5 and the topography. The 3 and the topographic
basic field chosen here is [17, 22]

dh
/6 :/80 —502% T

Gy = o+ by, (4.1)

2€) cos g 2€2 sin g

0o =
) 2
slope, b < 1, it is a measure of the shear basic flow and topography that are weakly change.

where 3y = , hyo =constant, it is a slow change of the orographic
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The KdV equation has the solitary waves solution [11]

e
A(©) = sn(er, e2)sech? (), e =~ Zlsgn(ey). (4.2
3
The wave steepness A is
€2 1
A= 2,
| 1261 |
The solitary wave solution of the mKdV equation [11]
A(E) = tsec®(X€), ¢ = 2], (4.3)
6es

where
e
Moo |2
6e

In order to determine these coefficients of the inhomogeneous KdV and mKdV equation,
substitution of (4.1) into (3.10), (3.21), are approximate evaluated to yield

1 2
er—ci= [ Y éhay
0 n=1

-"+1 d*U, e
12 ¢3 d Bo — doy + M%(hw + by) - i + (_1) 1F(U1 _ U2)
ey = — 2 _— dy,
’ /0 ;[Un—cﬁ dy( Un —c§ Ny
-n"+1 d*U, n—
1 2 2 Bo — doy + ML(hyO +by) — 5 +(—1) F(U - Us)
n:12Un—c§ dy U, — ¢}
-nH"+1 d*U, —
. o —doy + ML gy~ L0yt )
2Un —c§dy Un — i dy U, — ¢ , Y,
-1)"+1 d“Un, n—
v A S ey - Tl pw - )
et n dy.
€3 €3 /0 ;[(Un — 08)2 U, — Ca } Y
(4.4)

For the baroclinic mode es, €3 tell us that dg # 0,b # 0 in spite of the absence of the basic
flow U,, =constant, the KdV (mKdV) solition can exist. The change of 3 and topography is

the important factors that induce Rossby solitary waves.

5 Concluding Remarks

These solitary Rossby waves of the two layer fluid are described by the homogeneous
KdV or mKdV equation depending on the baroclinicity fluid, when the change of § and the
fluid with the topography. In the general case where the basic flow has the shear, Rossby
solitary waves are described by the KdV (mKdV) equation, but, if considering the change
of 3, the Rossby solitary can exit in the absence of horizontal shear in the basic flow. The
inhomogeneous terms of the KAV and mKdV equation are induce by the bottom topography
effect. The internal rotational Froude number F' has a certain effect on the Rossby solitary
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waves steepness, with the decrease of F', the solitary waves steepness is increase. There is

no effect on the basic flow pattern of solitary waves. The horizontal shear and the vertical

shear of the basic flow are also the factor causing solitary waves steepness increase. Finally,

the further modifications the Rossby waves will be considered; the instability of the Rossby

solitary with the change [3; the Rossby waves in the n-level model.
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