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Abstract: In this paper, we consider a singular elliptic system which involves critical exponent
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1 Introduction

In this paper, we consider the following elliptic problem with singular coefficient

, —2a U —2 no a2 gy AU+ azv

—le(|l‘| VU) - M|3J|2(1+a) - |$‘bp (|u’p u+ a+ ﬁ’u| U|U| ) + |.7J|dD ’ € Qa
. — — ﬁ _ aoU + aszv

d 2av74) — — p—2 n al,,|B—2 , €,
1V(|.’E| 'l}) M|"17|2(1+a) |x|bp<|v| v+ Oé+ﬂ|U| |’U| U) + |£U|dD

u=v =0, x € 010,

(1.1)
where 2 is a smooth bounded domain in RN(N >3), 0€ Q,n >0, a; € R,i =1,2,3,0 <
p<(Vi—a)? p= (522 0<a< i a<b<a+l,a<d<a+1lap>la+p=
p = p(a,b) =: %, D = D(a,d) =: %. For problem (1.1), we are interested
in the existence and non-existence of a nontrivial solution (u,v), that is to say that u # 0
and v # 0. Moreover, we call a solution (u,v) semi-trivial if (u,v) is type of (u,0) or (0,v).

Problem (1.1) can be seen as a counterpart of the following elliptic equation

ulP~2y u

—div(|z|7**Vu) — _ | A €N,

Wl = papre = e T A (1.2
u =0, x € Q.
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In particular, when ¢ = b = d = p = 0, problem (1.2) reduces to the Brezis-Nirenberg
problem

—Au=|ul* Pu4Iu, z€Q,

(1.3)

u =0, x € ON.

In the well-known literature [5], Brezis and Nirenberg proved the existence of positive so-
lutions to (1.3), when 0 < A < A\ (), N > 4 and \* < A < A\ (), N = 3, where \;(2)
is the first eigenvalue of —A on Q with Dirichlet boundary condition and A* € (0, A1(Q)).
Moreover, in [11, 13, 28, 29], sign-changing solutions to (1.3) were obtained. For (1.2), when
a=b=d=0,u#0, ie.,
—Au — ,ui = [ul Pu+u, ze€Q,
|z[?

(1.4)
u =0, x € 0.

For (1.4), Enrico Jannelli in [20] studied the role of space dimension on the existence of
solutions, on one hand, the existence of positive solutions was obtained when u < iz —1,0 <
A< AN(p)and i — 1 < p < fi, M\(p) < A < A1(p); on the other hand, the non-existence
of positive solutions was also proved in the case g — 1 < p < i, A < A\(u) and Q = Bg(0),

where v = /i + /IL — i,

— U2
M(u) =  inf Vul? — p— 2
() ueHsl?m\{O}/ (' u Hap? //u
2
M) = inf Vol /
veHY(Q,]z]-200\ {0} Jo |2[>Y |22

Meanwhile, in [10, 25|, sign-changing solutions were proved to exist when N > 7, u €
[0, i —4) and XA € (0,A;(12)). While for the nonexistence result, it was proved in [14] that
(1.4) has no radial sign-changing solutions for A € (0, A\(N)) when 3 < N < 6, Q = B;(0),
where A\(N) > 0 depending on N.

For (1.2), it is clear that singularity occurs, the singularity of potential W% is crit-

ical both from the mathematical and the physical point of view. As it does not belong to
the Kato’s class, it cannot be regarded as a lower order perturbation of the laplacian but
strongly influences the properties of the associated elliptic operator. To be mentioned, sin-
gular potentials arise in many fields, such as quantum mechanics, nuclear physics, molecular
physics, and quantum cosmology, we refer to [18] for further discussion and motivation.

Mathematically, (1.2) is related to the following well-known Caffarelli-Kohn-Nirenberg
inequality (see [9])

([t ier) < Cun [l vu, vue cr@®), (1.5)
RN RN
where 0 < a < /i, a < b < a+1, p = pab) = Wﬁa_b) p = pla,b) is called

the critical Sobolev-Hardy exponent, since (1.5) is classical Sobolev and Hardy inequality
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respectively in the case @ = b = 0 and a = 0,b = 1. (1.5) plays an important role in
many applications by virtue of the complete knowledge about the best constant C,; and
the extremal functions (see [9, 12]). Concerning (1.2), the existence and non-existence of
sign-changing solutions were studied in [23] and [24]. For some other related results, we refer
to [1-4, 7, 8, 10, 12, 15-17, 20, 25, 27] and the references therein.

Based on these results, a nature problem is: can we obtain the existence of positive
solution and sign-changing solution for system (1.1)? In this paper, we will investigate the
above problems and we obtain an affirmative answer.

To state our main results, we need to introduce some notations.

For p € [0, (v/ii — a)?), define H := H (£, |z|72?) to be the completion of C§°() with

respect to the norm

N FEIRE
= s = ([ (te =190 = i) ) (16)

Set b =a+ 1 in (1.5), we have the following weighted Hardy inequality (see [7, 12])

|'LL|2 1 —2a oo (MmN
/RN 20 < (Vi—a) Jo |z| 72| Vul?, Vu e C°RY). (1.7)

Hence norm (1.6) is well defined and equivalent to the usual norm ( / || 24| Vu|® da) 2 .
Q
Denote W := H x H to be the completion of C5°(£2) with respect to the norm || (u, v)||? :=
[l + o]
Define the energy functional corresponding to problem (1.1)

J(uv) = Ml w))? - 1 / Alw,v) 1 / e (1.8)

2 2 Jo |z p o |l

where A(u,v) := aju® + 2asuv + azv?, F(u,v) := |u|? + [v|P +n|u|*|v|®. Then J € C*(W,R).
The duality product between W and its dual space W~ is defined as

VuV VoV
Gl (o) = [(FRETEE )
Q

B a1up + axvp + asu) + azvyp
Q |z|*P

)

/ ulP~2uep + [v[P~20 + 2 |ul* 2 ol Tup + 25 | o] vy
Q ||
where u, v, p, 9 € H. A pair of functions (u,v) € W is said to be a solution of problem (1.1)
if
(J'(u,v), (@, 1)) =0, V(p,¥) € W.
Define g* = \/(V/p—a)2—p, v = J/i—a— (%, v = /L —a+ (*. Set operator
L(:) = —div(|z|?*V-) — FEEDR Define \j(u) to be the first eigenvalue of problem

u
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and A;(p) the first eigenvalue of problem

o ¢ “2(a
—div(|z| V) = Ao # € Ho(@lal 2at7), (1.10)

. |Vul? u? u?
¥ = inf — 4D’
i(n) ueH\{O}/Q ( | |2 M|$|2(1+a) Q |$|dD

| Vo
1(,u) veHg(Q,|x1\I32<a+w))\{(]} |x‘2(a+v \33|2“/+dD

By Sobolev inequality and Young inequality, the following best constants are well defined

that is

S(u):= inf & (1.11)
uEH\{O} ( |u|p );
]RN |x’bp
| [ (u, v)]|?
S o, = lnf 4 112
() et ( [ulP + |v|P + 17|u|a|v|ﬁ> 2 (1.12)
RN |3§|bp
Set 1 ’
47
f(r) = 2 f(Tmin) := rTn>lglf( <l

(1 +nrh +7'P)p

Throughout this paper, we always assume that the following conditions:

HNO0<a<ViE,0<pu<(Vp—a)*,n>0,a,8>1,a+p=p.
(H2) a; > 0,5 = 1,2,3, ajaz — a3 > 0,0 < Ay < Ay < A\j(u), where A; and A, are the

eigenvalues of the matrix
A= ( o ) .
Az as

Our main results are as follows:

Theorem 1.1 Suppose N >4+ 4a — dD and (H1), (H2).

() If0<p<(VE—a)*—(1+a—22)2 then (1.1) has a positive solution in W when
0 <A <Ay <N (p).

(ii) If (VE—a)* = (1+a— “)? < p < (/i —a)?, then (1.1) has a positive solution in
W when A\ () < Ay < Ag < N (p).

Theorem 1.2 Suppose (H1), (H2), n = 0, N > max{6(1 + a) — 2dD,4 + 2a}, 0 <
< (Vii—a)* — (max{2(1 +a) —dD,1})? and Ay, As € (0, A(n)), then (1.1) has a pair of
sign-changing solutions.

Remark 1.3 Theorem 1.2 says that when a = b = d = 0, (1.1) has a pair of sign-
changing solutions. This result generalizes the results of Theorem 1.3 (i) in [19].

To verify Theorem 1.1, we mainly employ the framework in [5, 20]. However, the
singularity of the solutions and the non-uniform ellipticity of the operator —div(|z|~2%V")

bring us more difficulties, so we need to find new arguments. On one hand, to obtain positive
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solutions, a new maximum principle should be established; on the other hand, we need to
estimate the asymptotic behavior (near the origin) of (1.2). Moreover, whether or not Ay (1)
can be attained is not clear and we also need to estimate A1(p) and Aj(u).

To obtain Theorem 1.2, our methods are inspired by the work of [19]. However, com-
paring with [19], since the generality of (1.1), more complex calculation will be needed.

This paper is organized as follows. In Section 2, we will give some important pre-
liminaries. A positive solution will be obtained in Section 3 by using the mountain pass
lemma. In the last section, we will discuss the existence of sign-changing solutions. In this
paper, for simplicity, we denote C' (may be different in different places) positive constants,
B,(z) :={y € RN : |y — x| < r} and we omit dx in the integral.

2 Preliminaries

In this section, we shall give some preliminaries and a non-existence result.
Lemma 2.1 Suppose 0 <a < /i, a<b<a+1and0<pu< (y/z—a)? Then
(i) S(p) is independent of Q.

(i) When Q =R", S(u) can be achieved by the functions

Ue(x) :<26pﬁ2> pl2/(|g;|l’(5 + |m|(p—2)ﬂ)p%)

for all € > 0. The functions U.(x) solve the equation

_ P
ePT ~ alP

U? U?» »
—2a 2 _ € — [ -3,
[ (el vuk e ) = [ = s

Proof The result was proved in [7, 12].
Lemma 2.2  Suppose (H1) and (H2), then

(1) Syas(i) = f(Tmin) S (1)

—div(|z|*Vu) — p , x € RV\ {0} (2.1)

satisfying

1472

(ii) Sy ,p(1) has the minimizers (U.(x), TminU:(x)), Ve > 0, where f(7) :=
f(Tin) = m>igf(7') < 1 and 7, satisfies

p+nat? —nprP=t —prP=2 = 0.

Proof The proof is similar to Theorem 1.1 in [19]. Here we omit it.

Lemma 2.3 Let 7 > 2 — N. Suppose that u € C?(Q \ {0}),u > 0,u # 0 satisfies
—div(|z|"Vu) > 0, then u > 0 in Q \ {0}.

Proof The proof is similar to [6] or [7]. Here we omit it.

Lemma 2.4 Suppose that (H1), (H2) and (u1(z),v1(z)) € W is a positive solution of
(1.1), then

2
(1 + 7P —|—7'P> '

)
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(i) if 0 < p < (v/EE — a)?, then for any B,(0) C €, there exist 0 < C; < Cy < 00 such
that
ale]™ <wui(x),vi(z) < colz|™, Vo e B,(0)\ {0}. (2.2)

(i) 0 < Ay (p) < Af(p)-

Proof The proof is similar to [6] and [20]. Here we omit it.

To complete this section, we give a nonexistence result of solutions for (1.1).

Lemma 2.5 If Q is star-shaped with respect to the origin and As < 0, then (1.1) has
no solution in W.

Proof The proof is based on a Pohozaev’s type identity which can be verified by the

similar method as [7].

1 o . N—-dD N-2-2a a1u? + 2a5uv + azv?
L v v ) = (Y42 ) S
2 Joa 2 2 Q |z|

But N—2dD . N—3—2a

. (2.3)

> 0 by our assumptions, hence (2.3) is impossible in the case Ay < 0
since the left hand side of (2.3) is positive. So we complete our proof.

From Lemma 2.5, to obtain positive solution of (1.1), we impose the condition Ay, Ay >
0.

3 Positive Solution to Problem (1.1)

In this section, we will prove Theorem 1.1. Since J € C?(W,R), we see that critical
points of functional J correspond to the weak solution of (1.1).

Define D = {p € C(R2) : ¢ = 1in a neightbourhood of z = 0}. Let p(z) € D
and set u.(x) = ¢(z) U (x), then u.(x) € H. By direct calculation, we have the following

estimates: as € — 0,

/Q (@~ 1) % = o), (3.1)

||
Ur
pr—1 =0 3.2
/ﬂ (" - 10 = 0(er*) 62)
Uy p
= 0(e7=2), (3.3)
]RN\Q |z[°P
2(14a)—dD
O(e G257 ), B*>14a—dD/2,
2
uE 2
|m|dD O(e7=|Inel), p*=1+a—dD/2, (3.4)
O(e77), B <1+a—dD/2,
O(g(p 5 )’ 6* > 1,
|us|2 .
[ =1 O mel), 7 =1, (35)
O(e72), B* < 1.
Lemma 3.1 Suppose (H1) and (H2) hold. Then J(u,v) satisfies the (PS). condition

for ¢ < ¢ := (5 — 2)Spas(n)-
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Proof The proof is standard (see [5] for example) and we omit it.
Set
¢ = inf sup J(y(t)),

YeEY 1cio,1]

where U := {~ € C([0,1], W), v(0) = (0,0), J(y(1)) < 0}. It is easy to prove that J(u,v)
satisfies the geometry structure of mountain pass lemma. Therefore by mountain pass lemma,

J admits a P.S. sequence at level ¢.

Set
¢ = inf {sup J(tu, tv); (u,v) £ (0,0)}. (3.6)
(u,v)EW t>0

Then ¢ = ¢* (see [21]). Hence from Lemma 3.1, to find solutions for (1.1), we only need to

verify

1 1 p
c® <sup J(tue, trminte) < (5 — =) Sn.a.8(1) 2. (3.7)
>0 2 p

Proof of Theorem 1.1 Under assumption (H2), we have
Ay (u? 4+ 0?) < agu? + 2a0uv + azv® < Ay (u® +0v?), Yu,v € H.

Meanwhile, for any v € DV2(RY | |2|72%) and ¢ € D, we see

/ oL (v) = / S L (v) + / 2] 22|V,
Q Q Q

Taking v = U,, we obtain

/ SUL(gU.) — / / 2] U2 Vg
Q

- [ / MR
So for t > 0,
(1 + 7—mm) —2a 2 U2
J(tus,tTminug) = f Q(l.T,‘| ‘VU5| —M‘lzﬁ)
_ﬁ (al + 2@27’m1n + asT, r%un)uz v / (1 + 77 min + Trzr)lin)|u6|p
7 Jo 2] A P
t2(1 + 7' ) (Cll + 2a2Trnin + CL37’2' )t2 U2902
_ min U.L(oU.) — min €
— /Qw <L(pU:) 5 ' To[iD
(1 + 77 min T Tmm) SDPU?
P o |zl
1+ )/ , Ur (1413 )/ —2 2 ¢ 2
< min © s 4 min (|.Z'| “|V<p| _ )U
2 |$|b” 2 Q | \dD

min

p o |z[bP
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R

2 p N |zfP
t2 1 + m1n —za
4 ( 5 )/<|x| 2 |v<p|2_ dD>U2
Q Ha
(1 +72;) ) v (4l 412 Up
min -1 e Tmin min P _ 1
H{Ee [ )|:c|bp » o " D
<t2(1 + Tml]’l) (1 + /r’ I’l'llIl + TIII)IIII > / Ug) }
2 p r\o |2]%P
. <t2(1 + Trfnn (1 + 77 min + Tmm)) / U{;?
o 2 p gy |Z[P
t2 1 + min —za
+(#) / <|$| ? |v<)0|2 - ’ |dD)U2 + H(t ¥, € )
Q

From (3.1)-(3.5), we see that for e sufficiently small, there exists bounded t. such that

sup J(tue, tTminte) = J(tete, teTminte ). Hence H(t, p,e) = O(ev%?) and
>0

t2(1 2 1 P Ur
sup J(tusv tTminu,g) S max( ( * m1n) — ( + 77 min + 7-mln) ) / 5
= R P e fal?

+c/(x|—2a|w|2 M U2+ O
o el

1 1 _p_ —2a
= (5= )Sneal +C [ (a7~ A,
p Q

¢ e
— JUZ+O(e72).
|z|

Denote G(0,x) = which is the Green function of operator L.

1
jz”
HH0<pu<(Vi—a)?—(1+a— %)% then 2y +dD > N.
On the other hand, as ¢ — 0,

U2 OGX0,2) C eEIU2 CGP0,2)  C .
|z[2e - z[2e T Jz[2etz T [g[dD - [0 [z’ (3.8)

thus
; |$|;D — +00. (3.9)

Hence, considering 2a < dD, we see that for a fixed ¢ € D, and any A; € (0, \i(u)), we can
choose ¢ sufficiently small such that

’ 2
e :0(/(|m|2a|w|2— » |dD>U2> /(|:c|2a|w|2—Al|de>Ug <0. (3.10)
Q Q

Therefore, for € small enough,

1 1 »
sup J (tue, tTmintte) < (5 - 7)577,047[3(#) P2,
t>0 D

which is exactly (3.7).
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(ii) If (Vi—a)*— (1+a—22)? < u < (/I — a)?, then 2y +dD < N. So when &€ — 0,
2

2 2
= —2a|y75|2 L 2 Vel ©
e 7 /Q<|ZL"| |Vl —Alw>U€ — O/Q<|1:2“+27 — A |33|dD+2v>< 0. (3.11)

By Lemma 2.4 and density arguments, for any Ay € (A1 (u), A\f (1)), there exists ¢ € D, such
that (3.10) holds for e sufficiently small. Hence we also obtain (3.7).

4 Sign-Changing Solutions to Problem (1.1)

Let (ug,v9) be the positive solution of (1.1) obtained in Theorem 1.1 and set ¢y :=

J(ug,vg). From [26], we can infer that ¢q can be characterized by ¢q = ( m%nA J(u,v), where
u,v)€

A: = {(u,v) € W, (u,v) >0,(J (u,v), (u,v)) =0}
(u, v)[(u,v) € WAA{(0,0)}, (u,v) =20,
/(|U|p+ |v|p+77|u|°‘|v|5)

|z|PP
|Vul? 4+ |Vol? w402 agu? + 2auv + aszv?
Q( |I.|2a o M|x|2(1+a) o |I|dD )

=1

Let g(u,v) be the functional defined in W by

0, (uvv) = (070)7
(|U|7”Jr |U|p+77|u|“|v|ﬂ)
; s (u,v) # (0,0)
|Vu|? + |[Vo|? uw?+0v? au? + 2a0uv +agv? Ve
Q( |20 - |z[2(+a) - |z[4D )

glu,v): =

Set ut = max{u,0},u~ = max{—u,0}. Define

(
(

then E # (). Arguing as in [11], let § denote the cone of nonnegative functions in W and X

v) € Wlgut, o) =g(u",v") =1},

u’
1 1
U,’U) € W||g(u+7v+) - 1‘ < 57 |g(u7,v7) - 1’ < 5}7

E:
F

{
{

be the set of maps o such that

(i) o € C(D,W),D = [0,1] x [0, 1].

(ii) o(s,0) € 3,0(0,5) € =S,0(1,s) € =S, Vs € [0, 1].

(iii) (J-0)(s,1) <0,(g9-0)(s,1) > 2,Vs € [0,1].

We claim that ¥ # 0. In fact, for any (u,v) € W with (u™,v%) # (0,0), (u™,v") #
(0,0). Set

o =0(s1,82) = kso(1 — s1)(u,v") — ksysa(u™,v7), (s1,82) € D,

then o € X for k > 0 large enough.
Let F be the closure of F. Then we have the following result.
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Lemma 4.1 There exists a sequence {(u,,v,)} C F such that
I (Up, vp) — 1y I (Un, v) — 0,m — 00.

Furthermore,
inf sup J(u,v)= inf J(u,v).
oeD (u,v)EE ( ) (u,v)EE ( )
Proof The proof is similar to that of [25]. Here we omit it.
Lemma 4.2 Suppose that (H1)—(H3) hold. If ¢; < ¢g+c* and {(u,,v,)} C F satisfies

I (Unyvn) — 1, I (U, v,) — 0,m — 00,

then {(u,,v,)} is relatively compact in W.

Proof According to Lemma 2.1 and following the same lines as in [25], we can obtain
the result. Here we omit it.

Lemma 4.3 Suppose that (H1), (H2), n = 0 and * > max{2(1 + a) — dD, 1}, then
cp <co+ct.

Proof By the proof of Theorem 1.1, we infer that 7, = 0 and Sp o3 = S(1). In this

case, ¢* = %S(u)%. By Lemma 4.1, it suffices to show that

1 N
sup J(s1(ug,v0) + s2(ue,0)) < co + NS(M)?

s1,52€R

Since

J(s1(ug,v9) + s2(ue,0)) =0,

|s1]|+]s2|—0

ls1 l‘nn‘ J(s1(uo,v0) + s2(ue, 0)) = —o0,
S1|+|s2|—00

we may assume that there exist constants 0 < C; < Cy such that C; < |s;| < Cy,i = 1,2.
Note that the following elementary inequality holds: Vg € [1,+00), there exists a constant
C = C(q) > 0 such that

lla+b]" = |a|* — b|*] < C(lal*""[b] + |al[b]"""), Va,b € R.

Since (ug, vp) is a positive solution of (1.1), we have that (J'(ug,vo), (v, %) =0, i.e.,

VueVp + VoV o + votp
(J'(uo, o), (0, %)) = /Q( : |z [2 - —H |Ox|2(1+3) )

[ aruep + azvop + axup + azvot
0 |z|*P

[uo [P~ g + |volP~*vgt)
) |z|bP '

<
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In particular, (J'(uo,vo), (ue,0)) = 0. Consequently,

31 uO?’UO + 52(”57 O))

B |V (s1ug + saue)? + [V (s1v0) || |s1uo + sauc|? + |s1v0]?
= |z [2a TH |z[20+0) )
1 / a1 (s1ug + sauc)? + 2as(s1up + Sau. ) (s100) + az(s1v0)?

2 Jo ||4P
_1/ |s1u0 + Sauc|?) + [s1v0”
P Ja |z|bP

—1 —1
uul ™t 4+ uf

< J(syug, s1vg) + J(s2u.,0) + C'/

0 ||

From Lemma 2.4, it follows that

ey
o |z = Jp, o 2Pt

— —v—bp EP%
= C/; o |ZU| ‘xl(p—l)Z/(g_'_|$|(p_2)/3)2(p_1)/p_2d1‘
pe MO N=ap(be) (4.1)
= C ; g ®=2)8 (1 n 7«(1%2)[3)2(1771)/10*2 dr
pafl/(P*2)B 1
= pB—1
B C/o © (1+r(p*2)6)2(p71)/p72dr
= Cevz.
Similarly,
uP .
/ - < Cer (4.2)
o |z

Arguing as the proof of Theorem 1.1 and by (3.1)—(3.4), (4.1)—(4.2), we have
2(1+a)—dD

sup J(s1(uo, vo) + $2(uz,0)) < co+ £S(1)% + O(e77) + O(eT27) — Ce” w25

s1,82€R
< o+ S( )%
where we use the fact that f* > max{2(1 +a) — dD, 1}.
Proof of Theorem 1.2 By Lemma 4.1-Lemma 4.3, there exists a sequence {(un, v,)} C
F such that

I (U, vn) — 1 < cog+ ¢ I (Uup,v,) — 0,0 — 0.

Passing to a subsequence if necessary, (u,,v,) — (u,v) in W as n — oo. Therefore (u,v) is
a critical point of .J and solves (1.1). Since (u,,v,) € F, we infer that (u,v) € F. Moreover,
we have u # 0,v # 0. It follows from the Hélder and Young inequality that there exists a
constant § > 0 such that

(™ o) =6, [[(w™,v7)] = 0.

Therefore (u,v) is a sign-changing solution of (1.1) and (—u, —v) is also a solution. So far,
the proof of Theorem 1.2 is completed.
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