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1 Introduction

Fractional differential equation had broad applications in resolving real-world problems
(see [1-4]), and as such it attracted researchers’ attention from different areas. Many authors
have studied fractional differential equations from two aspects, one is the theoretical aspects
of existence and uniqueness of solutions, the other is the analytic and numerical methods for
finding solutions. For more details on this topic one can see the papers [5-14] and references
therein.

Because of the applications of differential equations with nonlocal conditions in numer-
ous fields of science, engineering, physics, economy and so on, many authors investigated the
existence of solutions of abstract fractional differential equations with nonlocal conditions
by using semigroups theorems, solution operator theorems and the relation between solution
operators and semigroups constructing by probability density functions as well as fixed point
techniques (see [5-8, 10-12, 14]).

In [5], Zhou and Jiao considered the nonlocal Cauchy problem of the following form

¢Dix(t) = Ax(t) + f(t,z(t)),t € (0,qa],
z(0) + g(x) = zo,
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where 0 < ¢ < 1. The authors established various criteria on existence and uniqueness of
mild solutions for nonlocal Cauchy problem by considering a integral equation which is given
in terms of probability density and semigroup.

In [6], Wang etc. investigated the following nonlinear integrodifferential evolution equa-

tions with nonlocal initial conditions

cDIx(t) = —Ax(t) + t" f(t, 2(t), (Hz)(t)), t € J,h € Z+,
z(0) = g(z) + 0 € Xa,

where 0 < ¢ < 1. By using the fractional calculus, Holder inequality, p-mean continuity and
fixed point theorems, some existence results of mild solutions are obtained.
In [7], Debbouche and Baleanu studied the fractional nonlocal impulsive integro-differential

control system of the form

*Du(t) + At u(t))u(t) = (Bu)(t)+<I>(t,f(t7U(ﬁ(t)))7/O g(t, s,u(7(s)))ds),

u(0) + h(u) = uo,
Au(t;) = Ii(u(ty)),

where 0 < a < 1. The controllability result of systems was established by using the theory
of fractional calculus, fixed point technique and the authors introduced a new concept called
(v, u)-resolvent family.

To the best of our knowledge, the existence of mild solutions for impulsive fractional
evolution equation with nonlocal conditions of order 1 < a < 2 is an untreated topics in
the literature, motivated by this, we consider the following impulsive fractional evolution

equations with nonlocal conditions

¢Du(t) = Au(t) + /t h(s,u(s))ds, t € J =[0,T], t # ty,

Auty) = Te(u(ts)), Aw(te) = Ju(u(t), k=1,2,- -+ m, (1.1)
u(0) +m(u) =up € X, uj +n(u) =u, € X,

where 1 < a < 2, D% is Caputo’s fractional derivatives. A is a sectorial operator of type
(M, 0,a, 1) defined from domain D(A) C X into X, the nonlinear map h defined from
[0,7] x X into X is continuous function. The nonlocal conditions m : X — X;n: X — X
are continuous functions.

Au(ty) = u(tl) —ulty),u(t)) = h%lJr u(ty +¢) and wu(ty) = lm u(ty +¢)

e—0—

represent the right and left limits of u(t) at ¢ = ¢, for k = 1,2,--- ,m, 0 =ty < t; < ty <
v <ty < typyr =T, Au/(t) is similar.

The rest of the paper is organized as follows. In Section 2, some notions and notations
that are used throughout the paper and properties of solution operators are presented. In
addition, the definitions of the mild solutions are given, and the correctness of the mild

solutions is to be proved. The main results of this article are given in Section 3.
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2 Preliminary
2.1 Definitions and Theorems

In this section, we shall introduce some basic definitions, notations and lemmas which
are used throughout this paper.

Let X be a complex Banach space with its norm denoted as || - || x, L(X) represents the
Banach space of all bounded linear operators from X into X, and the corresponding norm is
denoted by || - ||1(x)- Let C(J, X) denote the Banach space of functions that are continuous
and differentiable from J to X equipped with the norm || f|lc = suS) ()] x-

te

Let PC(J,X)={2:J — X : 2 € C((ty, tp1], X), k=0,1,--- ,m and there exist x(t, )
and x(t]) with z(¢,) = z(t;,)}.

It is easy to check that PC(J, X) is a Banach space with the norm ||z|| pc = sup ||z (t)|| x-

teJ

In general, the Mittag-Leffler function is defined as [4]

- 2k 1 a—p
Ea = e —d y 0, 0 > 07 € C?

(%) ;F(ak‘+ﬂ) 2m/HOe ue =z Hy :

where H, denotes a Hankel path, a contour starting and ending at —oo, and encircling the
disc |p| < |z|= counterclockwise.

Definition 2.1 [4] Assume a,« € R, a function f : [a,+00) — R is said to be in the
space C, , if there exist a real number p > « and a function g € C([a, +0), R) satisfying
f(t) = tPg(t). In addition, assuming m is a positive integer, if f(™) € C, ,, then f is said to
be in the space C}",.

Definition 2.2 For the function f € C™

a,a’

order o > 0 of f in the Caputo sense is given by

and m € NT, the fractional derivative of

t
Do (1) ! | / (t— o)™ fO (s,  m—1<a<m.

- I'(m—«
The Laplace transform of the Caputo derivative of order a > 0 is given by
m—1
LD u)(A) = A (Lu)(N) = Y A7 (DIu)(0), m-1<a<m.
7=0
Theorem 2.3 [9] Let A be a densely defined operator in X satisfying the following
conditions
(1) For some 0 < 0 <7/2, u+ Sg ={p+X: Xe C,|Arg(—)\)| < 6}.
(2) There exists a constant M such that

1AL = A)7H < AE pi+ Sp.

M
A= nl’
Then A is the infinitesimal generator of a semigroup T'(¢) satisfying ||7'(t)|| < C. Moreover,
T(t) = 5~ /e’\tR()\, A)d\ with ¢ being a suitable path A\ & p + Sy for A € C.

271
c
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Definition 2.4 [9] Let A: D(A) C X — X be a closed linear operator. A is said to be
a sectorial operator of type (M, 8, a, i) if there exist 0 < 8 < w/2, M > 0 and p € R such

that the a—resolvent of A exists outside the sector
w4 So={p+X:aeC, |Arg(—\*)| < 6}

and

AT —A) < , AE p+Sp.

A% — pl
Remark 1 [9] If A is a sectorial operator of type (M, 6, a, u), then it is not difficult

to see that A is the infinitesimal generator of a a—resolvent family {7, (¢)}:>o in a Banach

space, where T, (t) = 7 /e’\tR(XX,A)d)\.

Theorem 2.5 (Krasncoselskii’s fixed point theorem) Let M be a closed convex and
nonempty subset of a Banach space X. Let A, B be the operators such that

(i) Az + By € M whenever z,y € M;

(ii) A is compact and continuous;

(iii) B is a contraction mapping.
Then there exists z € M such that z = Az + Bz.

2.2 Properties of Solution Operators

In order to study the mild solutions of equation (1.1), we first consider the following

initial value problem of impulsive fractional differential equation:
Dyu(t) = Au(t) + f(t), teJ=1[0,T], t+#ty,
Au(ty) = yr, AU (ty) =7, k=1,2,---,m, (2.1)
u(0) = ug, w' (0) = uy.
Theorem 2.6 Suppose A is a sectorial operator of type (M, 0, «, p). If f satisfies a
uniform Holder condition with exponent 5 € (0, 1], then the solution of problem (2.1) is

given by
t
Su(tyuo + Ka(tyur + / T (t—0)£(0)d6, t € [0,t],
0
t
) = | Sal®huo+ Kaltyus + [ Tule = 0)7(0)a0 (2.2)
0
k k
+ZSa(t—ti)yi+2Ka(t—ti)yi, t € (te, ths)s
=1 =1
where
— L Atya—1 a
Salt) = 5 /F AR, A)d), (2.3)
Ko(t) = —— / A2 RN, A)dA, (2.4)
2mi

- 21

T.(t) 1 /F eMR(NY, A)dA. (2.5)
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In order to prove Theorem 2.6, we give the following lemmas first.
Lemma 2.7 [9] Let A be a sectorial operator of type (M, 0, o, i1). If f satisfies a uniform
Holder condition with exponent 3 € (0, 1], then the unique solution of Cauchy problem

Difu(t) = Au(t) + () teJ=[0,T],
u(0) = uo, u'(0) =

is given by )
u(t) = Sa(t)uo + Ko(t)us + / T.(t—s)f(s)ds.
0

Lemma 2.8 [12] If A is a sectorial operator of type (M, 8, a, i), then we have

1 = (At
t)=— [ AR\, A)d\ = E, 1 (AtY) =
Salt) 2m'/ce RO, AJdA = B Zor(l—l—ak:
T, (t) = = MR, A)d) = t* T B, o (AtY) =t EOO (A
“ 27 ., ’ aal (o + ak
and

K, (t) = 1 MATZR(AY, A)d\ = tE, o At®) EOO (Ae)*

° 2mi J, 7 al £ T(2+ak)’

Lemma 2.9 [12] Let A be a sectorial operator of type (M, 0, «, 1)), then we have

dKo(t)
dt

dSa (1)
dt

= AT, ().

= Sa(t) and

Lemma 2.10 Suppose A is a sectorial operator of type (M, 8, a, ), then the following

equations hold:

°Dy [Sa(t)uo + Ko(t)ur] = A[Sa(t)uo + Ko (t)us] (2.6)
and . .
°Dy </ T, (t — 9)f(9)d6) = A/ T, (t—0)f(0)do + f(t). (2.7)
Proof It follows from (2.3) and (2.4) that
L(Sa(t)ug) = AT RN, A)uy, (2.8)
L(Ky(t)u1) = A* 2R\, A)uy. (2.9)

Therefore we obtain
LD} [Sa(t)uo + Ka(t)ur])
=A*L[Sq()ug + Ko(t)ur] — A Tug — A2y
=AYATEOT — A) 7 hug + AT — A) ] — A g — Ay (2.10)
=ATHNT — A)THAY — (A% = A)Jug + A2 — A)TH A = (A = Ay
=ANTIR(ANY, A)ug + AN T2R(NY, A)uy
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Combing (2.8)—(2.10) yields
“Di [Sa(t)uo + Ka(t)ui] = A[Sa(t)uo + Ka(t)w].

Similarly, we have
c ( / Tt - 9)f(9)d9) — LT ®)LUF(0) = RO, VL) (2.11)
and

c [CD;’ (/Ot Tt — e)f(e)de)] = AR, A)LF(E) = A1 0= A2

—(\"T — A+ RO, A)L(F(1) = L(F(1) + AR, AL(F(2)).

(2.12)

Thus it follows from (2.11) and (2.12) that

e pp </OtTa(t _ 9)f(9)d6’> _ A/Ot To(t — 0)F(0)d0 + £(2).

Proof of Theorem 2.6 For all t € (tx,tx11], K = 0,1,--- ,;m, by Lemma 2.10, we

obtain

k t
<Dy (s (t)uo + Ko (t)us + Zs —t)y: + Y Kal(t - ti)yi—k/ T, (t — 9)f(9)d9)
i
=A (Sa( )’LLQ+K Ul +A <ZS ti)yi +ZKQ(t—ti)yi>

+A/tTa(t—9)f(9)d9+f(t)
=A<s (t)uo + Ko u1+zs wZK /T(t— 01 ()d9>+f(t)-

That means expression (2.2) satisfies the first formula of problem (1.1).
For k=1,2,--- ,m, it is obvious that

Au(ty) = u(t]) —ulty) = Salte — te)yr + Ko (te — t:)Tx = Sa(0)yx + Ka(0)7), = ys-
According to Lemma 2.9 and equation (2.2), for ¢t € (¢, txy1], K =1,2,--- ,m, we have
A/ (ty) = o' () — ' (ty) = ATo(tk — ti)yx + Salte — t)T), = ATa(0)yx + Sa(0)7), = Ty

And
u(0) = So(0)ug + Ko (0)ug + / T.(0—0)f(0)dd = uy,

UI(O) = ATQ(O)UO + SQ(O)ul + [/O TQ(O — Q)f(g)de]/ — .
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Consequently, all the conditions of problem (2.1) are satisfied, thus (2.2) is a solution of
problem (2.1).

Hence, we can define the mild solution of equation (1.1) as follow.

Definition 2.11 A function u € PC(J, X) is said to be a mild solution of system (1.1)

if it satisfies the following operator equation
Se(t)[ug — m(u)] + Ko (t)[ur — n(u —l—/ T.(t—s / h(r,u(r))dr)ds, t € 0,t1],
u(t) = { Sa(t)[uo —m(u)] + Ko (t)[ur — n(u +/ To(t—s / h(7,u(T))dr)ds

(2.13)
Theorem 2.12 [9] Let A be a sectorial operator of type (M, 0, «, 1). Then the following
estimates on ||S,(t)| hold.

(i) Suppose p > 0. Given ¢ € (max {0,1—a)m}, 5 (2 - a)) , we have

> é sin 2L
K1 (0, )Ml @I (1 4 ameos)a — 1}

1Sa (B < (14 pt®)

msin'ta g
INa)M
(1 + pt)| cos =2 | sin O sin ¢

for t > 0, where
sin 0

(ii) Suppose p < 0. Given ¢ € (max {Z,(1 —a)7},Z(2—a)), we have

IIS()|< [(1+sm<;s)a—1]+ ()M ) 1

7| cos |t = 7| cos @|| cos T=2 e | 1+ |ufte

K1(0, ¢) = max{1

for t > 0.

Theorem 2.13 [9] Let A be a sectorial operator of type (M, 6, «, i1). Then the following
estimates on || T, ()], || K ()] hold.

(i) Suppose p > 0. Given ¢ € (max {0,1—-a)r}, 52— a)), we have

MelKi(0.0)(1+ut)] = [(1+ o )i 1]
sin(0—

IT.(0)] < ey (14t o

Mtozfl
m(1 + pt*)| cos 2| sin@sin ¢’

MEL (6, $)elf 0:0)4ut)] [(1 + i) 1]

1Ko ()] <

a2
msin « 6
MaT(a)

x (14 pt®) s o=+
(1t gy (1 + pt*)| cos 2| sin O sin ¢
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for ¢t > 0, where

sin 6
Ky(0,9) = max{l,m}.
(ii) Suppose p < 0. Given ¢ € (rnax{ (1-— a)7r} 52— a)), we have
eM 1—|—sin¢€—1 M to-t
o) < (LRI 21 —
| cos ¢ m|cos@||cos T=2| | 1+ [pult

K. < <eMt[(1+sin¢)é ~1,  al(@M ) 1

| cos g1+ 7| cos || cos Z=2| | 1+ |pufte

for t > 0.

3 Main Results

To prove our main results, we list the following basic assumptions of this paper.
Because of the estimation on ||S,(¢)||, ||[K.(t)|| and ||T,.(¢)]] in Section 2, it is easy to
know they are bounded. So we make the following assumptions:

(H1) The operators S, (), K (), To(t) generated by A are compact in D(A) when t > 0
and

sup [[Sa ()| < M, sup [|[Ko(t)[| < M, sup |[Ta(t)] < M.
teJ teJ tedJ

(H2) h:]0,T] x X — X is continuous and for any k > 0 there exists positive function
v € L>=([0,T],R") such that

sup ||h(t,u)|| < vg(t).
[lu]| <k

(H3) m,n: X — m are continuous, and there exist positive constants b, d such that
[m(u) —m(v)|| < bllu—wvl], [[n(u) —n(v)|| < dlju — v for any u,v € X.

(H4) Iy, Jx : X — X are continuous, and there exist positive numbers dy, f such that
11k(@)lx < dillzllx, [Jk(@)]x < fellzlx for allz € X, k=1,2,---,m

(H5)

Zd+fl

Theorem 3.1 Suppose that conditions (H1)—(H5) are satisfied. If M (b+d) < %, then
system (1.1) has at least one mild solution on J.
Proof We define operator I : PC(J, X) — PC(J, X) by

Sa(t)[ug — m(u)] + Ku(t)[ug — n(u +/ T,(t—s / h(r,u(7))dr)ds, t € [0,14],

(Tw)(t) = So(t)[ug — m(u)] + Ko (t)[ug — n(u)] + Ta (t—s / h(r,u(r))dr)ds

k

+ ) Salt — ) Ti(ulty)) + Z Kot —t)Ji(u(t))), t € (ty, teg]-

i=1
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Next, we will prove that I' has a fixed point.
Set
B, ={ue PC(J,X) : |lu||lx <r}

for r > 0. Then for each r, B, is a bounded, close and convex subset in X.
Step 1 We prove that there exists a positive integer » € R such that I'(B,) C B,.
If this is not true, then, for each positive integer r, there exists v” € B, and ¢ € [0,T]
such that ||(T'u")(t)|| > r, however, on the other hand, we have

r <[[Tu") (@) x

<1 (@)l — m(a)x + 1Ea@llef —ne)]x + / 1Tt — )1 / (7)) dr) | ds

+ Z [1Sa(t = )1 2 (u" (7)) llx + Z 1o (8 = ) 11 Ji (" (2)l] x

<M([fugll + lm(u")] + luill + n(u)]) + T2 Mlfv, [ 2 (s2+)

m

Q—FT’(Z(di + fz))

i=1

)

+ 3 (di+ fOMur () lx < M

=1

where
Q = |lugll + [lm(u")[| + [Jui ]| + [0l + T?|vp] Lo (1m+)-

Since 2 is a positive constant, so dividing the above formula on both sides by r and taking

the lower limit as » — +o0, we get
L< MY (di+ f).
i=1
This is a contraction to (H5). Hence, for some positive integer r, I'(B,) C B,.
We decompose I' = I'y + I'y, respectively,
(T1w)(t) = Sa(t)[uo — m(u)] + Ko (t)[ur —n(u)] t € J.
t s
/ T, (t — s)(/ h(r,u(r))dr)ds, t € [0,t1],
0 0
t s
Ty =1 [ Tt =) [ ru()nds
0 0

k

+ZSa(t —t)L(u(t)) + ) Kalt —ta)Ji(ult;),  t € (t, ts):

i=1

Step 2 We prove that I'; is a contraction mapping.
Take u,v € B, arbitrarily, then for each ¢ € [0, 7], we obtain

[(Tru)(t) — (T1v)(t)Ix < [Sa(®)|l[m(u) —m(v)|| + Ko (@)][[7(uw) — n(v)]
< M@+ d)|ju—|.
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And since M(b +d) < 1, s0 T'; is a contraction mapping.
Step 3 We prove that I'; is continuous on B,.
Let {u, fli‘j C B,, with u,, — v in B,.. Noting that the function h, I, J; are continuous,

we have

h(s,un(s)) = h(s,u(s)), i (un(t; ) = Le(u(ty)), Ji(un(ty ) — Ji(u(ty))

as n — oo. Now, for all t € J,, k=1,2,--- ,m, we have

[(Taun) (t) = (Cau)(B)]]

<||/ (t—s / (7, un(7))d7)ds — /Ot T, (t — 8)(/0'3 h(r,u(T))dr)ds||

+ZH5 I (un(87)) — Li(u(t))]

+ Z 1K (t = t)[[1: (un (£)) = Ji(ut;)]

i=1

<SMT?||h(r,un (7)) = Wi, u(D)l| + Y ML (t7)) = Lut;)]

i=1

+ 3 Mi(un(t7)) = Ji(u(E))| = 0 as n — +oo.
i=1
Thus I's is continuous.
Next, we prove I's is compact. To this end, we use the Ascoli-Arzela theorem. We prove
that (I'ou)(t) : u € B, is relatively compact in X for all ¢ € J.
Step 4 We prove the uniform boundedness of the map I's.
For any u € B,,t € (tx, tx+1], we have

t s k
I(Tau)(8)] x S/O ITa(t—S)III/0 h(T,U(T))dTIIdSJrZI\Sa(t—ti)IIHL:(U(tZ))H

k
+ 3 Kt = )10t

m

<M[T?v, | gz +1 Y _(di + f3)] < 00

i=1
So it is proved.

Step 5 Let us prove that the map I'y(B,) is equicontinuous.

The function {T';u : w € B,} are equicontinuous at ¢t = 0. For 0 < t5 < t; < T,
ti,ts € (tk,tksa), K =1,2,--- ;m and u € B,, we have

[(Tau)(t) = (T2u) (L) ||

< / Tt — ) — Ttz — )| / Vh(r, u(r)) drlds
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n / Tt — )11 / (e, w(r) drlds + 3 1Sty — 1) — Salts — )1 LCu(t )

to 0 i=1

-+ Z [ Koty —t;) — Ko(ts — t)||| Ji(u(t)))]]

<T?|[v, | (gt | Talts = 8) = Ta(ts = 8)|| + MT||v]| poe (5 (1 — t2)
+ D di]|Salts — ;) = Salts = t:)|lr + Y fill Kalts — t:) — Ka(ta — t:)|r-
i=1

i=1

Actually, the right side is independent of v € B, and tends to zero as t — t; since the
continuity of function ¢ — ||S,(t)|, t — [|[Tw(?)| and t — || K. (1)]].

In short, we have proved that I'y(B,) is relatively compact, for {T'su : u € B,.} is a family
of equicontinuous function. Hence by Arzela-Ascoli theorem, I'y is a compact operator. All
the conditions of Krasnoselskii’s fixed point theorem are satisfied, thus, system (1.1) has at

least one mild solution.
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