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Abstract: This paper investigates the construction of dually flat Finsler metrics. By
analysing the solution of the spherically symmetric dually flat equation, we construct new ex-
amples of dually flat Finsler metrics, obtain necessary and sufficient conditions of the solution to
be dually flat.
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1 Introduction

The notion of dually flat Riemannian metrics was initially introduced by Amari and
Nagaoka [1] when they studied information geometry in 2000. A Finsler metric F' = F(z,y)
on an m-dimensional manifold M is called locally dually flat if at every point there is a

coordinate system (z°) in which the spray coefficients are in the following form

Qi — —%ginyj,
where H = H(z,y) is a local scalar function on the tangent bundle TM of M. Such
a coordinate system is called an adapted coordinate system. Subsequently, without the
quadratic restriction, the notion of dually flatness was extend to Finsler metrics by Shen
when he studied Finsler information geometry [2]. In [2], Shen proved that a Finsler metric
F = F(x,y) on an open subset U C R™ is dually flat if and only if it satisfies the following
equations

(F?)aipy’ = 2(F?),0. (L.1)

In this case, H = —¢[F?],1y'. The dually flatness of Randers metrics was studied by Cheng et
al. [3]. Xia gave a characterization of locally dually flat («, 3)-metrics on an m-dimensional
manifold M (m > 3) [4]. Li found a new method to construct locally dually flat Finsler
metrics by using a projectively flat Finsler metric under the condition that the projective
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factor is also a Finsler metric [5]. Huang and Mo manufactured new examples of dually
flat spherically symmetric Finsler metrics [6]. From the relation between the sprays of two
dually flat and conformally flat («, 3)-metrics, Cheng obtained that locally dually flat and
conformally flat Randers metrics are Minkowskian [7]. By using a new kind of deforma-
tion technique, Yu constructed many non-trivial explicit dually flat general (o, 3)-metrics
and showed us that the dual flatness of an («, 3)-metric always arises from that of some
Riemannian metric in dimensional m > 3 [8-9].

On the other hand, the study of spherically symmetric Finsler metrics attracted a lot of
attention. Many known Finsler metrics are spherically symmetric [5-6, 8]. A Finsler metric
F is said to be spherically symmetric (orthogonally invariant in an alternative terminology
in [10]) if F' satisfies

F(Az, Ay) = F(x,y) (1.2)

for all A € O(m), equivalently, if the orthogonal group O(m) acts as isometrics of F. Such
metrics were first introduced by Rutz [11].

It was pointed out in [10] that a Finsler metric F' on B™(u) is a spherically symmetric
if and only if there is a function ¢ : [0, u) x R — R such that

Fla,y) =ly | 6( 2, <f;jy|>>, (1.3)

where (x,y) € TR™(x)\{0}, | - | and (-,-) denote the standard Euclidean norm and inner

product respectively. The spherically symmetric Finsler metric of form (1.3) can be rewritten

Flylyfr5E S, (1.4

Spherically symmetric Finsler metrics are the simplest and most important general

as the following form [6]

(o, B)-metrics [12]. Mo, Zhou and Zhu classified the projective spherically symmetric Finsler
metrics with constant flag curvature in [13-15]. A lot of spherically symmetric Finsler metrics
with nice curvature properties was investigated by Mo, Huang et al. [10, 13-16].

An important example of non-Riemmannian dually flat Finsler metrics is the Funk

metric

VAT ) [y [P +{z,9)? )
I=Jx? 1=z

on the unit ball B (u), where y € T,B™ C R™. Huang and Mo in [6] decomposed the Funk

metric © in the form
0 =467+ 063,

6:

(1.5)

where .
01 =1y [ Vot + g%, O =|y | h(t)s* + 1 (1)s']H,
where | |2 2.3)
T T,y
)= — = 3t = =
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here ©; and O, satisfy (1.1) by straightforward calculations. It’s easy to see that if ©
and O, satisfy (1.1) then y/a©? 4 bO3 is also a solution of (1.1) where a, b are non-negative
constants. After noting this interesting fact, the two authors discussed the solution of dually

flat Eq.(1.1) in the following forms

l 2 (g j
P =yl | S o 5H T

and
l

Faw) =1 (3 55D

7=0
On the other hand, there is a new example of non-Riemmannian dually flat Finsler

metrics given in [5, 8],

(1.6)

F = \/(\/(1_ |z 2) |y |? +Hz,y)2+ (z,9))?
(= la ) /O=Ta P) Ty P +{z.y)?

on the unit ball B"(u), where y € T,B™ C R™. The metric F' can be expressed in the form

F=\/F}+F%,
where
Fi=ly|Vf@t)+ f'(t)s?, Fo=(1-2t+ 82)7%\/g(t)s + h(t)s3,
where
t) = t)=3f(¢ ht—l’t 2_1 t
f()-ma g(t) =3f(t), ()—69()4'5@9(),
=P (my)
R ly |

We can verify that F; and Fy satisfy (1.1) by direct calculations.

Inspired by the results achieved in [6], the fundamental property of the dually flat
eq.(1,1) and the metric given in (1.6), in this papar, we try to find the solution of the dually
flat eq.(1.1) in the following forms

Faa=lyl Y (3 A(EHIE

reN—{0,1} j=0 ‘ Y |J

and

F(xvy):|y| Z(I—Qt—ksz)_% Zf](|x2y2)<xay>j

reN* | Yy |J

By the solutions we find, a lot of new dually flat Finsler metrics can be constructed. Through

caculations, we have the following conclusions.
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Theorem 1.1 Let f(t,s) be a function defined by

flt,s) = g(t) +h(t)s + ¢ (t)s* + £0/(1)s* + pIe )i~ B (1) 52+

l\’)

+0 3 (M) + N (t)s® + 5+ (X((?))z )% ne€ N*reN,
r>2

where b is a constant and g(¢t) and A(t) are any differentiable functions. h(t) is an any
polynomial function of N degree where N < n and h'Y) denotes the j-order derivative for

h(t). Then the following spherically symmetric Finsler metric on B"(u),

F =y 105 5

is dually flat if and only if r = 2.
Theorem 1.2 Let f(t,s) be a function defined by

ft,s) = g(t)+h(t)s +g'(t)s> + 1N/ (t)s +z )i~ RO (1) 5274

+03° (1 — 2t + %) 7 [A(t (t)s+ (3 /\() 3(1 2t)r A(t))s®],n € N*,r € N*,

where b is a constant and g(t) and A(t) are any differentiable functions, h(t) is an any
polynomial function of N degree where N < n and h'Y) denotes the j-order derivative for
h(t). Then the following spherically symmetric Finsler metric on B™(u),

sl )y

= ‘y| e
27yl

is dually flat if and only if » = 2, at this time,

where C, Cy are constants.
Remark 1 Let us take a look at a special case b = 1, C; = 0, Cy = 3, setting
g(t) = ===, h(t) = 0, the metric in Theorem 1.2 is given by

(1—-2t)2°
= \/(\/(1_ |2 ?) [y |> +(z,y)% + <$,y>)3.
(- Ja 2/A-Te P Ty P +(e9)?

It is also obtained by Li [5] and Yu [8] in other different ways.

2 Proof of Theorem 1.1

Lemma 2.1 [6] F =|y | ('““27 <Ty\>) is a solution of (1.1) if and only if f satisfies

Sfts+fss_2ft:07 (21>
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_ =2

2

(z,y)
lyl -~

where t and s =

The solution f of (2.1) where f = f(t,s) given by f(¢,s) = i fi(t)s? and f(t,s) =
j=0

[
> fi(t)s? was discussed in [6]. Meanwhile, the following propositions were obtained.
=0

Proposition 2.1 F =|y | f(%, <Ty7>) in the form

is a solution of the dually flat eq.(2.1) if and only if f(¢, s) satisfies

F(t,5) = g(t) + (D)5 + g/ (1) + gH'(1)s° + Z(—l)j1((22?+?)1))!!!h(j)(t)52j“

and

h™(t) = constant.

Proposition 2.2 We have the following solutions of (2.1),

SASLL) f<t,s>=\/

ct1p  2ct i)t

F=|y|4/f(

F=ly| f(¥7 <|:L‘;/y|>), flt,s) = \/)\(t) + N(t)s® + (:\1';8))284,

where A(t) is an any differentiable function.
Now let us consider the solution given by

l

ft,s)=_fi®)s))7, fi#0, reN-{0,1}.

§=0
By a direct calculation,
1
rfrl, = ijf(t)sﬂ, (2.2)
3=0
1
Tfr_lfs = ijj(t)‘s]_1> (23)
§=0

l
r(r =V 2 b T =Y ()7 (2:4)
j=0



112 Journal of Mathematics

Vol. 37

Putting together (2.2), (2.3), (2.4), we have

l l

!
rfr Tl = f" ij’- (t)si=1 — 20 fit)s?) (szZ (t)s'~

j=0

= (3 i) Zﬂf’ G (1 gfmsﬂ)zm(t

= Z > 1= A= Dilfit) fi)s*

k=1i+j=k

here we use of the following lemma.

Lemma 2.2 We have the following equations

m m 2m

S0 =3 Y a

i=1 j=1 k=11i+j5=k

m m m m 2m
ZaZij—ZciZdJ:Z a;b;
i=1 j=1 i=1 j=1 k=1 1i+j=k

Differentiating (2.3), we get

r(r_l)friz(fs +Tfr lfés Z] .7_1 Sj 2,
Similarity, by using Lemma 2.2, we have

l
PP e = TG0 = DO =l = D))

- ifz z G DA 0572) — (1— 1) if(0)s 1)

=0

¥ % -1 (- D050

= > U+rni-Qa- %)(Z + 1)) fi1(8) 41 () s".

k=0 i+j=k

By using (2.2) and Lemma 2.2, we obtain

rpg, :ffé f(0)s
- <z ﬁ(t)si)(izo f10)9)
T

k=0i+j=k

) (25)

l

SRTHOERY

(2.6)
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Putting together (2.5), (2.6), (2.7), we have the following

P st fu=2) = 8 T [ (1= D= AROL 0
£ 8 G0l- 0D+ Daha0s @)
bR Y G- bi-Anm s

k=21—1i+j=k

As F = |y|f(%7 <T;|’>) on B™(u) is dually flat, by using (2.1), we obtain the following

equations

k=0,1,---,21 -2,

[—(1—24)yi— ;) i)+ G+ — (1 - D)@+ D] fiy1 () fi41(t) =0,
G—i+i=2)fi(t)fi(t) =0, k=20—1,2L

Let us focus on a special case [ = 4 and f;(t) = f3(¢t) = 0, then

Folt)F5(8) — olt)fa(t) =0, (29)
B0+ (~1+ D0 + (24 R =0, (2.10)
2fo(0)f4(8) + (2 + ) o) (1)
HE24 RS + (-6 + RO =0, (211)
2 ROAO + (~4+ )70 + (4 + DA =0 (212)
From (2.9), we know
fo(t) =0 (2.13)
) folt) #0. falt) = Fult). (214)

Case 1 Plugging (2.14) to (2.10) we get

fa(t) o o) (2.15)
Substituting (2.14), (2.15) into (2.11) yields
r—1.2 (fs®)® _
—C-D =0 (2.16)

If fi(t) =0, f(t,s) =0. As fo(t) #0, f{(t) # 0 and r # 1, we obtain

r=2. (2.17)
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Putting (2.14), (2.15), (2.17) into (2.12), the equality holds. Then

_ N O )
flts) = %0@) FX 05+ (2.18)
Case 2 Plugging (2.13) to (2.10) we know

(% S 1) f2(1) = 0. (2.19)

If r = 2, the results are the same as Mo’s in [9]. If r # 2, r # 4, then f(t,s) = 0. If r = 4,
fo= fo =0, f; is an arbitrary function.

Combine Propositions 2.1, 2.2, (2.17), (2.18) and the fundamental property of the dually
flat eq.(1.1), Theorem 1.1 can be achieved.

3 Proof of Theorem 1.2

In this section, we are going to construct more dually flat Finsler metrics. Consider the

spherically symmetric Finsler metric F' =| y | f(%, <T;|/>) on B™(u) where f = f(t,s) is

given by
l
flt,s) =1 =2t+5)"7()_f;(t)s), reN". (3.1)
j=0

Suppose that g(t,s) = (1 — 2t + s2)~+, (3.1) can be written as

f(t.s) = g(t.5) > fi(t)s).

=0
Thus 5 5 5 5
9 _ 2 r1 99 _ 4
Gei=gy =0 ge= o =g s (3.2)
Differentiating (3.1), by using (3.2), we get
! !
2 s i / 1
Flts) = 2g (D L) + ol A0, (3.3)
=0 =0
9 ! !
fs(t,5) -9 8(; fi(t)s )+g(j§03f](t)8 ) (3.4)

Fultis) = 2 (0 A0 + o3 R0 )

4 - l B 2 l

— S+ D YD LB + S M), (35)
fults) = S+ D@ (00 K05 = 290G + D1 0)

Jj=0 j=0

l l
2 (Y 0 + 93 - DS 07 (3.6)

Jj=0
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Plugging (3.3), (3.5), (3.6) into the dually flat eq.(2.1) we get the following

l

—79 Zf (t)s"*?) — [Z(]+3 ) f3(t)s’] +ZJ— s“rZJ (=10 =0.

j=0 7=0 j=0
Multiplying ¢~ on the above equation, then

0= —2{2()(]+3)fj s7] — Zi)o t)si?) +9T[Zi)03—2 )s’]
'[im—lf] ()52

l

[N -+ )= 550 21—2—f<t>sﬂ+2+zy—2>1—2t>f<>

i 3G =10 = 20850
SRR TR RS SRR IO RES SR IR
l; (G+2)(+ 11~ 20)f12(0)5
B (3.7)
From (3.7), we obtain the following equations
72 (14 207 = 150 + G — 4= ) fialt) + (G~ 201 —20)0)
+(] + 2)(] + 1)(1 - 2t)f]+2( ) = 07 .] = 27 e 7l - 27 (38)
[ ~ 2).7 ~ 0+ (y —2)(1-20) (1)
[~ (14 2)j - %f 1)+ (4~ ) fia(t)
+(]—2)(1—2t)f;()—0 i=1-1,1, (3.10)
(4= Dfa)=0, j=1+11+2 (3.11)
Let us take a look at a special case | = 4, f5(t) = f4(t) = 0, then
(2= 2)f30 =0, (3.12)
=2 ole) — 201~ 20) (1) =, (3.13)
=20~ (1= 20£1(0) +6(1 - 20)f5(0) =0, (314)
(6= 2)f0) + (~1 = D))+ (1~ 26) (1) =0, (315)
(-5 =0 (316)

From (3.12), we know that
fo(t) =0. (3.17)
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Plugging (3.17) into (3.13),

fo(t) =0. (3.18)
From (3.14), we obtain
t) = Ly t 1 ! t 3.19
fa()*é 1()+§mf1()~ (3.19)
Differentiating (3.19),
/ _ 1 " 8 fl(t) 4 f{(t>
f(6) =g H O +3 Tz 302 a0 (3.20)

Substituting (3.19), (3.20) into (3.15) yields

1. —84r+v/160—80r+r2 1. —84+r—v/160—80r+r2
fl (t) = Cl (t — 5) 2r + Cg(t — 5) 2r s (321)

where C, Cy are constants. Plugging (3.20) into (3.16), if r # 2,

1 1.4
fl(t):C3(t—§)+C4(t—§)r, (3.22)

where Cj5, Cy are constants. Obviously, fi(¢) in (3.21) and f;(¢) in (3.22) are not the same.
Thus

r=2. (3.23)
Meanwhile, substituting (3.23) into (3.21), we obtain

1., 1.,
fl(t):Cl(t—i) +Cg(t—§) .

Though the above analysis, we get the following proposition.

Proposition 3.1 We have the following solutions of (2.1),

[z (z,y) 1 L, 2 1

, o f(ts) = ———[\(t)s A
2 IyI) ft,s) V1—2t+ 52 6 31— 2t

F=lyl|qf(

where A(t) satisfies

At = Cilt = )7+ Calt — 5)7>

Combine Propositions 2.1, 3.1, (3.23) and the fundamental property of the dually flat
eq.(1.1), Theorem 1.2 can be achieved.
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