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Abstract: In this paper, we study an approximation of the fractional Brownian sheet. By
using the Wiener integrals, we obtain the approximation by stochastic integrals of power function.
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1 Introduction

The self-similarity has become an important aspect of stochastic models in various
scientific areas including hydrology, telecommunication, turbulence, image processing and
finance. The best known and most widely used process that exhibits the self-similarity
property is the fractional Brownian motion (fBm in short). The fBm with Hurst index
H € (0,1) is a zero mean Gaussian process {BH (t),t > 0} with B¥(0) = 0 and covariance

EIB (1B (5)] = 51" + 27 — |t — 5[]

for all s,t > 0. Some surveys about the fBm could be found in Biagini et al. [4], Chen
and Xiao [5], Mishura [10], Nualart [11], Wang and Wang [15], Yan [16] and the references
therein.

By Decreusefond and Ustiinel [6], B has the following integral representation with

respect to the standard Brownian motion B (H > 1):

t
B (t) = / Kpy(t,s)dB(s), t>0,
0
where the kernel Ky is given by

t
KH(t,s)—cHsé_H/ |u—s|H7%uH_%du
S

* Received date: 2015-01-29 Accepted date: 2015-03-19
Foundation item: Supported by the National Natural Science Foundation of China (11271020)
and the Natural Science Foundation of Universities of Anhui Province (KJ20127284; KJ2012Z286).
Biography: Sang Liheng (1983-), male, born at Taihe, Anhui, master, major in stochastic process.
Corresponding author: Shen Guangjun.



No. 1 Approximation to the fractional Brownian sheet from stochastic integrals of power function 75

with the normalizing constant cy > 0 given by
H(2H - 1)
B(2—2H,H — 3)

NI

k2

CH:[

Many authors studied the approximation of the fBm. For example, Delgado and Jolis [7]
proved that B can be approximated in law by means of some processes constructed from the
standard Poisson process. In Li and Dai [8], a special approximation to the one-parameter
fractional Brownian motion is constructed using a two-parameter Poisson process. Mishura
and Banna [12] found an approximation of fractional Brownian motion by wiener integrals.

On the other hand, many authors proposed to use more general self-similar Gaussian
processes and random fields as stochastic models. Such applications raised many interesting
theoretical questions about self-similar Gaussian processes and fields in general. Therefore,
some generalizations of the fBm were introduced such as fractional Brownian sheet.

Recall that the fractional Brownian sheet can also be defined by a Wiener integral with
respect to the Brownian sheet {B(t,s), (¢,s) € [0,T] x [0, 5]} (see, for example, Bardina et
al. [1])

WebB(t, s) = /0 /05 K, (t,u)Kg(s,v)B(du, dv), (1.1)

where o, 8 € (%, 1), and the kernels K, K3 are defined above. Note that this process is a
two-parameters centered Gaussian process, starting from (0,0), and its covariance is given
by
E[W*P(t, s\W*P(t',s")] = %[tm + 2 — |t —t]*] %[820‘ 4 8% —|s" — s|?“].

It was proved in Bardina et al. [1] that the fractional Brownian sheet can be weakly approx-
imated by discrete processes constructed from the Poisson process in the space of continuous
functions. Tudor [9] generalized this approximation in the Besov space. Wang et al. [13, 14]
showed that the fractional Brownian sheet can be approximated in distribution by the ran-
dom walks and martingale differences sequence in the Skorohord space, respectively. We
refer to Bardina and Florit [3], Bardina and Jolis [2], and the references therein for more in-
formation about weak approximation for the fractional Brownian sheet and multidimensional
parameter process.

Motivated by all above results, in this paper, we will consider the approximation of the
fractional Brownian sheet with o, 3 € (1,1) from wiener integrals.

More precisely, we consider the following problem. Let T" > 0,5 > 0 be two fixed
number and consider the plane [0, 7] x [0, S]. Now, let the mapping a : [0, 7] %[0, 5] — Rbea

nonrandom measurable function of the square integral space L2 ([0, T] % [0, S]), that is, a(t, s)

is a function such that the stochastic integral a(u,v)B(du,dv), (t,s) € [0,T]x 0, 5] is
o Jo

well defined with respect to the Brownian sheet {B(¢, s), (¢, s) € [0,T] x [0, S]}. The problem

is to find

0<t<T
a€L3([0,7]x[0,5]) 0zist

t s 2
mir}l max F [W“’ﬁ(t,s) —/ / a(u,v)B(du,dv)| .
x 0o Jo
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The paper is organized as follows. In Section 2, we obtain an approximation of a
fractional Brownian sheet by power function with a positive index. In Section 3, we construct
an approximation of a fractional Brownian sheet by power function with a negative index,
ie. a(t,s) = kt2=s27P where k > 0, a, 3 € (%, 1), and find the point where the function

attains its the minimum value.

2 An Approximation of A Fractional Brownian Sheet by Power Function
with A Positive Index

Let W# = {WP(t,s),(t,s) € R2} be a fractional Brownian sheet with Hurst index
o, 3 € (,1), the number T, S > 0 be fixed, a(t,s) € La([0,T] x [0,5]) is a measurable
function. M (t,s), (t,s) € [0,T] x [0,5] is a square integrable martingale which have the

M(t,s) = /Ot /Osa(u,v)B(du,dv).

In this section, we will evaluate

form

a,B 2
ggg Org%xg E [W (t,s) — M(t, 5)] , (2.1)

where A C Ly([0,7T] x [0,5]) is some class of functions.

Lemma 2.1 If the Lebasgue measure of the set A = {(¢,s) € [0,7]x[0,5] : a(t,s) < 0}
is positive, then we cannot attained the minimum in (2.1) at a function a € A.

Proof

E [WP(t,s) — M(t,5)]”

/ / K2(t,u)K5(s, v)dudv — 2/ / K, (t,u)Kp(s,v)a(u,v)dvdu

/ / (u, v)dvdu 22)
=220 _ 9 /O /0 K, (t,u)Ks(s,v)a(u,v)dvdu + /O t /0 ) a®(u,v)dvdu.

This makes it clear that if one changes a(u,v) for —a(u,v), at the points (u,v) where
a(u,v) < 0, then the right hand side of (2.2) does not increase. This completes the proof.
Theorem 2.2 Among all function a € Ly([0,T] x [0, S]) such that a(t,s)tz2=*s2~ is

nondecreasing with respect to ¢t and s, then the minimum in (2.1) is attained at the function
20T (3 —a) o 20T(5 —

1 1 . .
a(t, s) = cacst® 25772, where c,, cg is given by ¢, = Thieza) 0 = \/ D=

@, B € (5,1),
Proof Let ¢(t,s) be the right hand of the equation (2.2), that is,

t s t s
o(t,s) = t2*s% — 2/ / K, (t,u)Kg(s,v)a(u,v)dvdu +/ / a’(u,v)dvdu. (2.3)
0o Jo 0o Jo
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Partial differentiating the right hand of (2.3) with respect to ¢, we get

t s
9y = —2(a— 1)cata5/ u%*a(t - u)a*% / Kg(s,v)a(u,v)dv| du
ot 2 0 0

+2at2°‘152ﬁ+/ a’(t,v)dv. (2.4)
0

Next, partial differentiating the right hand of (2.4) with respect to s, we get

o
otds

1 1 1 1 t 1
—2(a—2)(B— =)cacst® 2577 [ uro(t — )3
2 2 ;
X [/ 07 (s —v)’ 2a(u, U)d’l}} du + 20?7122~ 4 a?(t, ). (2.5)
0

Changing the variable u = tx, v = sy in the integral, we obtain

1

1 1 1 1 1 3
—2(a— 2)(B — 2)cacst* 28772 [ prT(1 —z)*2
2 2 ;

o
otds

1
X [/ y? (1 —y)" Za(ta, sy)dy] dr + 2at** 7126527 1 a?(t,5).  (2.6)
0

Let t2-s2 Pa(t, s) = b(t, s), then a(t,s) = t*~ 25~ 2b(t, 5), and % becomes of the form

32@ 2a—1 _28—1
— 2« . 2.
s " s U(t, s), (2.7)

where

[SI[)

P(t,s) = 2a-28 — 2(a — %)(ﬂ — ;)ca65/0 (1—2)*"

X / 1(1 — )2 b(ta, sy)dydz + b2(t, s). (2.8)

Similarly, if we differentiate (2.3) with respect to s and then ¢, the equation (2.5) can
also be attained, because the variable s and the variable ¢ are symmetry in (2.5). So we
don’t need to consider the precedence of the partial differential about ¢ and s.

If the function b(¢, s) is nondecreasing with respect to ¢ and s, i.e., b(tx, sy) < b(t, sy) <
b(t,s), where z,y € (0,1). Thus

[S][)

b(t.5) > 2026 =20 = (0= Penes [ (1=
/1(1 — ) 2 dydzb(t, s) + b (L, s) (2.9)

or
V(t,s) > 2a - 20 — 2cacsb(t, s) + b2(t, 5).
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Next, we consider the discriminant of the quadratic polynomial 2% — 2c,csx + 2a - 23,

so the discriminant is represented as follows:

D 5,
Z:cacﬁ—Za-Qﬁ.

The bound ¢%; < 2H is easy, since

r(g CH) < F(H+%)F(2—2H),H c (%,1). (2.10)

Thus the discriminant D is negative, whence (¢, s) > 0, and the minimal value of ¥ (t, s) is
attained at b(t, s) = cocs.

Now, we show that the b(t,s) = c,cs can also make ¢(¢, s) a minimal value. Further,
we obtain

a(t,s) = cacﬂt“_%sﬁ_%.

Following the assumption of the b(t,s), we have the form of the function a(¢,s) =
t*=259~3b(t,s). Because b(t,s) = cocg is a constant, so we let a(t,s) = kt* 25773, and
substituting it to (2.3).

t s t s
o(t,s) = 2% — 2/ / K. (t,u)Ks(s,v)a(u,v)dvdu +/ / a®(u,v)dvdu
0 Jo 0 Jo

t20¢82[3 t20482ﬂ
= %5 — 2k aCp + K
s 2020 Calp + 2023
t2a82ﬂ
= Sa2d [k* — 2kcqcp + 2a20), (2.11)

since

t s t s
//Ka(t,u)Kg(s,v)a(u,v)dvdu:k/ Ka(t,u)uaédu/ Kps(s,v)v® 2 dv
o Jo 0 0
t20¢82ﬁ

2023 >

t s t s t2ozs2ﬁ
/ / a*(u,v)dvdu = k:Q/ / w1 dudu = k? .
o Jo o Jo 202f3

Hence, when k = c,cg, ¢(t, s) have a minimal value 2a-23 —cZ,c3. Thus the minimum among

and

all a(t, s) such that b(t,s) = a(t, s)t>~*s2~ 7 is nondecreasing is attained at b(t, s) = c,cs.

3 An Approximation of a Fractional Brownian Sheet by Power Function
with A Negative Index

From Lemma 2.1, we obtain that the square integral function a(t, s) is positive, and
we get an approximation of a fractional Brownian sheet by power function with a positive

index in Theorem 2.2. In this section, we try to construct an approximation of a fractional
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Brownian sheet by power function with a negative index, that is, a(t, s) = kt%’“s%’ﬁ, where
k>0, apfc€ (%,1). In fact, if & < 0, then a(t,s) < 0, while the kernel of a fractional
Brownian sheet is positive number. So, it is unreasonable to use a(t,s) < 0 to approximate
the kernel of a fractional Brownian sheet.
Let
t s 2
f(t,s,k)=FE [W“’B(t, s) — k/ / uéavéﬁB(du,dv)] ,
0o Jo

then we need to evaluate

t s 2
. a,B . R
min max E [W (t,s) /o /0 a(u,v)B(du,dU)] mnin max f(t, s, k), (3.1)
0<s<S 0<s<S

where A = {a(t,s) = ktz=“s2=F k> 0} C Ly([0,T] x [0, S]) is some class of functions.
Lemma 3.1 (1) The function f(¢,s, k) admits the following representation:
3 (220 228

tos k) = 129620 — 8k ts 4 k2 : .
F(t,5,k) y s TN o0 228

(2) For all k € R,
max f(t7 87 k) = f(T7 S7 k)'

0<t<T
0<s<S

Proof By the straightforward calculations, we have
t s L .
f(t, s, k) =t**s*® — 2kE [Wo"ﬁ(t, s)/ / u? vz P B(du, dv)}
o Jo

t S
+ k2/ / w20 2P dudu
o Jo

t s
=t**s% — 2kE [W“”G(t, s)/ / uz*v* "’ B(du, dv)}
o Jo

) £2-2a 5228

k : .
T 0 223

According to representation (1.1), we have

t s
E [Wo"ﬁ(t,s)/ / ué_“vé_ﬁB(du,dv)]
o Jo

t s
:/ / Ka(t,u)Kg(s,U)u%_o‘v%_ﬁdvdu
o Jo

t s

—/ Ka(t,u)uéadu/ Kp(s,v)vz " dv
0 0

af

CaCp

=4 ts, (3.2)
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since
t 1 t 1 1 1 “ 1 3
/ K, (t,u)u>"%du —/ u?"%(a— )caufa/ 72 (x —uw)* 2dzdu
0 0 2 t
1 Y Y 5
= (a— )ca/ x4z [/ u' 72 (z — u)‘“?du} dz
2 0 0
t 1
1 a—2 1—2« a—3
=(a—=)cy | x472 (zs) (r —xs)* " 2xds|dx
2 0 0
1 ! g
= (a— )cat/ s1729(1 — 5)* " 2ds
2 0
1 1
= (o — i)catB(2 — 20, — 5)
1 r'2-2a)(a-2
2 I'(;—a)
T2 -2 (o + 3
et ?) (@t3) _,e, (3.3)
I —a) Ca
and .
/ Kg(s,v)v%_ﬁdv = QES.
0 Cp

This completes the proof of assertion (1).

Assertion (2). Differentiating the function f with respect to t, we have

of 201 23 1_2q 08 2/41—2a\2 S
— =t 2 — 8kt T —— k() ———| .
ot as cacﬁs + R ) 2—20

2-28

Let z = kt'~2%, we consider the discriminant

D_of20: 28, 2 ,20(20- (28)%(2 — 2B) — cac) (3.4)
— =8 _— . R —_ = 8 .
4 Ca c 2-20 c2c3(2 —20)
of the follow equation
2-28
9 8 af 28
- 2 =0. .
x 525 8cac[3$a:+ as 0 (3.5)

Because the denominator ¢Z,c3(2 — 23) of the right hand of equation (3.4) is positive.

So we need to consider the numerator. We have
200+ (28)*(2 = 2B) — cicj < 0,

since (20)%(2 — 26) < ¢§ < 20, and the distance between (24)%(2 — 2f) and 3 is longer
than the distance of c% and 2. Hence % < 0. So the roots of equation (3.5) is not exist
with respect t in R,. We obtain that % is positive. Hence, f(¢,s, k) is nondecreasing for
all t. Similarly, we also obtain that f(t, s, k) is nondecreasing for all s. Following the above
discussion, we get

rgav; ft,s, k) = f(T, S, k).
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Now, from Lemma 3.1, we easily obtain the following main result.
Theorem 3.2 Let A = {a(t,s) = ktz2=*s27% k> 0,a,0 € (%, 1)}, then

a€A 0<t<T
0<s<S

min max F [W“’ﬂ (t,s) / / a(u,v)B(du, dv) = f(T,S, k"),

_ 4(2—2a)(2—-28)-a-B
where k* = WM

Proof First of all, we calculate the value of the constant & which makes max flt, s, k)
Ugsgs
a minimal value.

Following assertion (2) of Lemma 3.1, we have
max f(t,s, k) = f(T,S, k).

0<t<T
0<s<S

So we need evaluate the k such that the minimum of f(T,S, k) can be attained at the k in
the next work, that is,
min max f(t,s,k) _gnln f(r, S, k).

kERy 0<t<T
0<s<S

Now, differentiating f(T,S, k) with respect to k,

8f B Oéﬁ T2 2« S2—25
%= 8 MTS+2k2_2a YL

Then we have
42 -20)(2-20) - a- 3

k* =
T1—2aS1—2ﬂcacﬁ

which makes the derivative % is zero. So, if k > k*, then %L > 0, that is, f(T,S,k) is
increasing; if k£ < k*, then ﬂ < 0, that is, f(7, 95, k) is decreasing. Thus the minimum of

f(T,S,k) is attained at k = k*. Hence

T, S, k*).
]ggﬁng%f(tsk) (T, S, k)

This completes the proof.
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