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Abstract: In this paper, Drinfeld double over monoidal Hom-Hopf group-coalgebras is in-
troduced. Via the definition of crossed monoidal Hom-Hopf T-coalgebras and the definition of
quasitriangular monoidal Hom-Hopf group-coalgebras, we get the result that this Drinfeld double
is a quasitriangular monoidal Hom-Hopf group-coalgebra.
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1 Introduction

Braided T-categories introduced by Turaev [1] are of interest due to their applications in
homotopy quantum field theories, which are generalizations of ordinary topological quantum
field theories. Braided crossed categories based on a group G, is braided monoidal categories
in Freyd-Yetter categories of crossed G-sets (see [2]) play a key role in the construction of
these homotopy invariants. In [3], Zhou and Yang studied cotriangular weak Hopf group-
coalgebras and promoted Kegel theorem on the weak Hopf group-coalgebras. Motivated by
this fact, Yang [4] introduced the notion of a monoidal Hom-group-coalgebra as a develop-
ment of the notion of monoidal Hom-coalgebras in sense of Caenepeel and Goyvaerts (see
[5]), and as a natural generalization of the notions of both the Hom-type Hopf algebras and
the Hopf group-coalgebra in [1, 6], and constructed a new kind of braided T-categories.

Starting from a finite-dimensional Hopf algebra H, Drinfeld [7] showed how to obtain
a quasitriangular Hopf algebra D(H), the quantum double of H. It is now very natural to
ask how to construct Drinfeld quantum double for finite-type monoidal Hom-Hopf group-
coalgebras. In this article, we essentially construct Drinfeld quantum double over monoidal
Hom-Hopf group-coalgebras.
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This article is organized as follows. In Section 1, we recall some notions and results about
monoidal Hom-Hopf group-coalgebras. In Section 2, we construct the Drinfeld quantum
double over monoidal Hom-Hopf group-coalgebras and study quasitriangular monoidal Hom-

Hopf group-coalgebras.

2 Preliminaries

In this section, we recall the definitions and properties of monoidal Hom-Hopf algebras
and monoidal Hom-Hopf group-coalgebras. Throughout this paper, we always let G be a
discrete group with a neutral element 1 and k a field. If U and V are k-spaces, Ty y :
U®V — V ®U will denote the flip map defined by Ty v (u ® v) = v ®@ u for all w € U and
veV.

Definition 2.1 (see [4]) A monoidal Hom-G-coalgebra is a family of k-spaces C' =
{(Ca,&c,) }acc together with a family of k-linear maps A = {A, 5: Cop — Co @ Cslapec
and a k-linear map ¢ : C; — k, such that A is coassociative in the sense that

(Aaﬁ (029] fa’j)Aaﬁﬁ = (fai X Aﬂﬁ)Aawg,y for any Oé,/B,"y c G, (21)
(e®éc,)A1 0 = fai = (o, ®e)A,1 forall a e G. (2.2)

Remark 2.2 (Cy,&c,, Ay 1,€) is a monoidal Hom-coaglegbra in the sense of Caenepeel
and Goyvaerts [5].
Following the Sweedler’s notation for G-coalgebras, for any a, 8 € G and ¢ € (Cqs,¢c,. ;)
one writes
Anp(c) = c1,0) @ cap) € Co ® Cp.

The coassociativity axiom (2.1) gives that, for any «, 3,7 € G and ¢ € (Cupy,8c. 5, )

(cama) @ caaps) ® o) (Cem) = o (cam) ® (Coman @ cemmern).  (2:3)

Definition 2.3 (see [4]) A monoidal Hom-Hopf G-coaglebra is a monoidal Hom-G-
coalgebra H = ({H,,&m, }, A, ) together with a family of k-linear maps S = {S, : H, —
H,-1}aec such that the following data holds:

Each H, is a monoidal Hom-algebra with multiplication m,, and unit 1, € H,.(2.4)
For all o, B € G, A, g and € : H; — k are algebra maps. (2.5)
For a € G, ma(Sa-1 @ idp, )An-1 .0 = €ly = My (idy, @ Sq-1)Aq o1 (2.6)

Note that (Hy,mq, 11,44 1,€,51) is a monoidal Hom-Hopf algebra. A monoidal Hom-
Hopf G-coalgebra H is termed to be of finite type if, for all a € G, H,, is finite-dimensional
as k-vector space.

Remark 2.4 Let H = ({H,,én,},A,e,S) be a monoidal Hom-Hopf G-coalgebra.
Suppose that the antipode S = {S,}acc of H is bijective. For any a € G, let HS be
the opposite algebra to H,. Then H? = {H%"},cq, endowed with the comultiplication and
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the counit of H and with the antipode S°? = {S% = S;,ll}aeg, is an opposite monoidal
Hom-Hopf G-coalgebra of H. The coopposite monoidal Hom-G-coalgebra equipped with
H? = H,-1 as an algebra and with the comultiplication A, g = Tcﬁ,l,ca,lﬁﬁ—aa—l and
with the antipode S®P = {S<P = S 1} cq.

Definition 2.5 (see [4]) A monoidal Hom-G-coalgebra H = ({H,,&n. }, A, €, 5) is said
to be a monoidal Hom-T-coalgebra provided it is endowed with a family of algebra isomor-
phisms ¢ = {¢s : Hy — Hpap-1 }a,pec such that each g preserves the comultiplication and
the counit, i.e., for all o, 8,7 € G,

(5 ® 0p) © Doy = Dpap-1,5,5-1 0 g, €0p5=¢,

and ¢ is multiplicative in the sense that p.5 = @, 0 @g for all o, 8 € G.
Let H be a monoidal Hom-T-coalgebra. Then one has that ¢1|H, = idg, , o' = @a-1,
for all @ € G' and ¢ preserves the antipode, i.e., g0 .Sy = Sgap-1 0 g for all o, B € G.

3 The Drinfeld Quantum Double for Monoidal Hom-Hopf 7-Coalgebras

In order to construct the Drinfeld quantum double for monoidal Hom-Hopf T-coalgebras
and study the definition of quasitriangular monoidal Hom-Hopf group-algebra. The following
definitions are necessary.

Definition 3.1 The Duality C*. Let C = ({C,,&c.,A,e}) be a G-coalgebra and
A an algebra with multiplication m and unit element 14. For any f € Homy(C,, A) and

g € Hom(Cp, A), we have their convolution product by

(f*9)(c) =m(f ®g)Aas(c) = flca,a))g(cep) € Homy(Ca g, A)
for all ¢ € C, 3. Equations (2.1) and (2.2) will imply that k-space
Conv(C, A) = @D Homy(Ca, A)
acG

endowed with the convolution product * and the unit element 1,4¢, is a G-algebra, called a
convolution algebra.

In particular, for A = k, the G-algebra Conv(C, k) = @,ccCy is called dual to C' and
is denoted by C*.

Definition 3.2 The Mirror H. Let H be a monoidal Hom-T-coalgebra. Then the

notion of the mirror H of H is given by the following data.
e For any a € G, set H, = H, 1.
e For any «, 0 € G, the G-coalgebra structure is defined by
Ao = ((pp@idu, )0 Dp-raps-1)(h)

= ¢p(hap1a-19) @hep1) € Ha @ Hg (3.1)

*

for any h € Hys = Hg-1,-1. The counit of H is given by ¢ € Hf = H,.
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e For any a € G, the ath component of the antipode S of H is given by S, = (o4 05,-1.
e For any a € G, the ath component of the crossed map @ of H is given by %, = ¢,.

Dually, a monoidal Hom-G-algebra is a family of k-spaces A = {(Aq, 4. ) }aca together
with a family of k-linear maps m = {ma 3 : Ay ® Ag — Ausptapec and a k-linear map

1 : k — A, such that m is associative in the sense that, for any «, 8,v € G,

Magq(Map @Ea,) = Mapy(§a, @mg ), (3.2)

and for all o, 5 € G,

Ma1(ida, @M) =Ea, =Mi1a(NRida,). (3.3)

A monoidal Hom-Hopf G-algebra is a G-algebra H = ({H,,&nu, }, m,n) endowed with a
family of k-linear maps S = {S, : Hy, — H,-1}acc such that each (H,,{y, ) is a monoidal
Hom-coalgebra with a comultiplication A, and a counit &,; the map n : & — A; and the
maps Mg : Hy ® Hg — H,p (for all o, 8 € G) are coalgebra homomorphisms; and for any
a € G, one has that

Ma-1.0(Sa @idg, ) A = eali = Maa-1(idg, ® Sa)Aa. (3.4)

A monoidal Hom-Hopf G-algebra H is said to be of finite type if, for all &« € G, H, is
finite dimensional as k-space.

Furthermore, a monoidal Hom-Hopf T-algebra is a monoidal Hom-Hopf G-algebra H
with a set of coalgebra isomorphisms ¢ = {t3 : Hy, — Hpag-1}apec called a conjugation,
satisfying the following conditions:

e 7 is multiplicative, i.e., Y3 01), = 13, for any 3,y € G. It follows that, for any a € G,
1|Hy = idy, .

e 1) is compatible with m, i.e., for any «, 3,7 € G, we have

Myay=146y-1 © (Vg @ Py) = Uy 0 M g.
e 1 is compatible with 7, i.e., no v, =7 for any v € G.

Let H be a monoidal Hom-Hopf T-algebra. Similar to that of [9] we have the construc-
tion H,y, (called a packed form of H) which can form a Hom-Hopf algebra.

Remark 3.3 Let H be a finite type monoidal Hom-Hopf T-algebra. The dual of H
is the monoidal Hom-Hopf T-algebra defined as follows. For any o € G, the ath component
of H* is the dual coalgebra (H*,£571) of the algebra (H,,&,). The multiplication of H* is
given by

(mas(f ©9),h) = (f ® 9, Dap) (3.5)

for any f € (H,&71),9 € (Hzg,fgfl) and h € (Hup,&ap), With a, 8 € G. The unit of H* is
given by ¢ € Hf C H*. The antipode &/* of H* is given by </ = S*_, for any a € G. For
any § € G, the conjugation isomorphism 9§ = ..
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Remark 3.4 Given any crossed monoidal Hom-Hopf T-coalgebra, then ((H™*),)?
is the monoidal Hom-Hopf algebra obtained from (H*),; by replacing its comultiplication

with the new one A* = A*<P given by
(A*(f);h @ k) = (f, kh) (3.6)

for any f € H; C ®pecHj and h,k € H,, with o € G. We also replace the antipode with
the new one obtained by &, = &** = (8*)~!. In particular, we have < . (f),h >=<
1, S5 (h) >, for any f € H? and h € H,-1, with o € G. We can obtain the crossed monoidal
Hom-Hopf T-coalgebra denoted by H*"“*? based on ((H*),,)“?. Note that @pstcor o =
CH o = Y ©h-1 for any a € G.

BeG
Let H be a finite type monoidal Hom-Hopf T-coalgebra. We define the Drinfeld quantum

double D(T") of H as follows. Consider the following vector spaces

Ho-s @ HYMP = Hos © H"" = H, @ (D H;
BeG

for any o € G. A multiplication is obtained by setting, for any h,k € H,-1, f € H7, and
g € Hy with 7,0 € G,

(ha® f)(k®g)
= & 1 (haza1)k® f(g,55 " (hs1)(()palhra-150)))
= &i(haza1)k® {911, Palhra-150))) (92, S5 (h26-1)))& 2 (g12).  (3.7)
For any h,k € H,—1 and f € H}
(h® f)(k®e)=hk®& ' (f).

We now have the following main result of this section.
Theorem 3.5 Let H be a finite-type monoidal Hom-Hopf T-coalgebra. Then D(H)

is a crossed monoidal Hom-Hopf T-coalgebra with the following structures:

e For any o € G, ath component D, (H) is an associative algebra with the multiplication

given in eq. (3.7) and with unit 1,-1 ® ¢;
e The comultiplication is given by
Ay ps(h®F) = [ps(hap-1a-1p) ® F1] ® [hep-1) ® F (3.8)

for any o, 3 € G,h € ﬁaﬁ and F € H*"*P where we have that A*(F) = F} ® F}
defined by eq. (3.6);

e The counit is obtained by setting

eh® f)=(eh®f)=(en)(f 1y (3.9)

for any h € Hy, and f € H with v € G}
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e For any o € GG, the ath component of the antipode of D(H) is given by

Sa(h®F) = [8.8.7(h) ®e][la ® (& (F))]
= [PaSa-1(635:(h) ®e][la ® (85 (F))] (3.10)

for any h € H, and F' € H*°°P, where 7, is the antipode of H**? and S, = (405,
is the antipode of H;

e For any o € G, the conjugation isomorphism is given by

ea(h® f) = lps(h) ® erer.con 5(f)] = [a(h) ® p5-1(f)] (3.11)
for any h € H, and f € HxbeoP with v € G.

Proof First, for any a € G, we will show that D, (H) is an Hom-associative algebra
with unit. Then we will show that A, defined as above, is multipilcative, i.e., that any A, s is
an algebra map. After that, we show that € is an algebra map. Finally, we will check axioms
for the antipode and the conjugation isomorphisms are compatible with the multiplication.

Hom-associativity Let a bein G. The multiplication definition eq.(3.7) is associative
if and only if, for any h, k,l € (Ho-1,&0-1), f € (H}, €571, q € (Hy &), and p € (H;,871)
with 3,0,v € G,

((h@® f)(k®q)Ep, (I ®p) = Ep, (b ® (@ q)(l ®p)). (3.12)

By computing the left-hand side of (3.12), we obtain

((h® f)(k® q))ép.m( ®p)
= f 1((fa—1 (h(12,a*1))k>(12,oﬁ1))€0f1(l) ® (f<Q117 (Poc(h'(ll,ofléa)»

(g2, S5 (h2,s-1))Es ™ 2 (@12)) (€ (p11), (€21 (Ra2,a-1))K) (11,0~ 17a)))
(€37 (p2), ST (&1 (hazia=1))E) 20-))E (€7 (P12)),

by the antimultiplicativity of S and the multiplicativity of ¢,

&1 (haziz,a-1))(E-1 (kaz,a-1)) ® (@11, Pa (h(11,0-160))) (@2, S5 (R(2,5-1)))

(€1 (p1n1)s Palkara—17a)) (& (P112), Pal€a-1ra(ha211a-17a))))

( (p21), ~ ( —1(h(122,’y‘1)))><€; 1(p22)75y (k(Q'y‘l)»f ( )( ((hz); 2(1)12))
31 (haz,a 1) (€1 (kaza-1)) ® (@11, Pa(Ea16a(ha11,a-160)))) (G2, S5 (€51 (ha2.5-1))))
(€7 P111), Palkra17a)) (€7 (P112); Pa(Ea-1ya(ha12.0-170))))

(&~

Y(p21), S (& -1 (R y-0)ET (P22), S5 (k-0 &5 (& 2 (q12)€ % (12))
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while, by computing the right-hand side, we obtain

{p.mn(h® f)((k®q)(l®p))

= & 1(haz,a-1)(E-1 (kaza-1)) ® (P11, Pa(k1,a-19a))) (D2, 55 (k@,y-1)))
(@& 72(P12)11s Pal€a1 (M) (11,0-1570)))((GE 2 (P12))2, S35 (a1 () 2.5-17-1))))
f;_l (NE 2 (q12)€  (p1212))

by the antimultiplicativity of S and the comultiplicativity of ¢,

= fsfl(h(ua—l))(f 1(ka2,a-1)1) ® <p117(Pa(k(117a—lrya))><p2,5,y (k@q-1)))
(11, 0a(a-15a(h(111,0-160) ))><f (p1211))’<100t(ga*l’ya(h(112,o¢*1'ya)))>
(a2, 55 1 (&1 (he2,s-1))(E 2 (P122)), S5 1 (&1 (h21,0-1))))
(f)( 5 ((hz) v (p1212))
&1 (haza-1) (€1 (kaza-1)) ® (@11, Pal(Ea-16a(ha11,a-160)))) (g2, S5 (€51 (h22,5-1))))
(€ P111), Palkra170)) € (P112))s 0o (Ea1ra(h12.0-170))))
(€571 (P21)), S5 (&1 (hian v (P22), ST (ba-1)) €5 (& (@12)85 2 (p12))-

Unit Let a be in G. For any h € H,-: and f € H} with v € G, we have
(lar@e)(h® f) = Laa(h) @& (f)

= fi—l(h(m,a—l))la—l ® ffz(Sfl(h(2,1)))511(wa(h(ll,l)))fgﬁ(cfu)
(h @ f)(loﬁl ® 8)'

Remark 3.6 Where we use the fact that both S} and ¢, commute with e.
Multiplicativity of A Let us prove that A, g is an algebra map for any «, 5 € G.
For any h,k € Hg-14-1, f € H} and g € Hi with v,6 € G, we have

Aap((h® f)(k®g)) = Aap(h® f)Aas(k®g). (3.13)

This is proved by evaluating both terms in the above equation (3.13) against the general
teem pRr@q@y (p€ H 1,q € Hj ,, and 2,y € H,s).

Multiplicativity of € Let us prove that ¢ is an algebra map for any h,k € Hy, f € H,
and g € Hj with v,0 € G,

<E7h®f><57k®g> = <E7h><f7 1’Y><57k><ga 16>

and

(e, (h® f)k®g)) = (& (ha21)k® f(g11, h11,6))) (g2, S5 " (ha,5-1))&5 > (g12))
= (&,&(m2)) (e, k){f,15) (911, hs)) (92, S5 (hia.s-1)) (&2 (912), 1s)
= (& k) {f,15){9, 55 H(hezs—)hs)) = (& h)(f,1,) (e, k) (g, 1s)-
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This proves that ¢ is multiplicative. Moreover, since ¢ is obviously unitary, it is an algebra
homomorphism.
Antipode Let h € Hy and let f € H} with v € G,

(h® f)1,0)Sa-1 (A ® f)2,a-1))

(Pa-1(haa1) ® [)[(Pa1 © Sa)E5 " (hz,a) ®€)(la-1 ® Fu(E(f2)))]
(La-1 (61 (h1a-1)) 905 (h2.a) ® E(f1)E) (Lot @ Ha(f2))

(e,h® flly-1 ®e

and

Sa-1((h® f)a,a-1))(h® f)2,0)
= [(Sal3' (ha,w) ®e)(la-1 ® (& (fN(h2a-1) ® fo)
= (Salh(,) ®€)(hza-1) ® Z(E(FNE (F2)r1, 1) (F2)2, 15)€ 72 (& (f2)r2)
= (f,1))8(h(,)h@a-1) ® €
= (,h® f)ly-1 ®e.

Conjugation Let us check that ¢z is an algebra isomorphism for any «, 8 € G. For
all h,k e H ,feH;,andgeHg‘ with v,4§ € G,

(03

(ps(h® fles(k®g))(p@ )
= (a1 (0p(W)12)ps(k) ® 01 (f)(0h-1(9)11, 0a(p(h) a1,0-18-1580)))
(05-1(9)2: Sgag-1 (wa(h) 2ps-18-1)))E5 255 (05-1(9)12)) (p © )
= p(E 1 (h2)k)p ® (911, Pa(h(11,0-150))) (92, S5 (R2,5-1)))
@ﬁ—l(ffa_ (912))(z)
= wp((h® f)(k®g))(p®z)
for all z € Hys5-1,p € H*a_lﬁ_l.

For any o € G, we set n, = dim H,. Let (K(qa,i))i=1,... n, and (H(D"i))i:L...,na be dual
bases in H, and H}. Then we have the following proposition.

Definition 3.7 A quasitriangular Hom-Hopf T-coalgebra is a Hom-Hopf T-coalgebra
endowed with a family R = {Ra g = Ka,i®kg,; € Ho®Hg}a geq, called a universal R-matrix,
such that R, s is invertible for any «, 8 € G and the following conditions are satisfied:

Ra 3Aa,p(h) = (T 0 (pa-1 ®ida) 0 Agpa-1,a)(h)Ras, (3.14)
(fa ® gﬁ)Ra,B = Rap (315)

forall h € H,3 and o, 3 € G,
Ka,i ® K(1,8)i ® K@27)i = Kaika,j ® Kgj @ Ky (3.16)

K(1,a)i @ K(2,6),i ® Kyi = 0p(Kp-1ap,i) @ Kp,j ® Fyikiq,js (3.17)
(08 ® pp)(Rany) = Rgap-1,pys-1 (3.18)
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for all o, 8,7 € G.
Remark 3.8 (1) We introduce the notation fa; @ kg = Rag = (R™1)as-
(2) Ry, is an R-matrix for the Hom-Hopf algebra H; (see [8]).
Proposition 3.9 The Drinfeld double D(H) = {D,(H)}acc has a quasitriangular
structure given by
Rag = (Ka-1.0) ®€) ® (1g-1 ® kD) € Dy(H) ® Ds(H) (3.19)
and
Rop = (Sa(kan) ®e) @ (151 ® £*V) € Do(H) ® Dg(H). (3.20)
Proof Relation (3.14):
BopBs(h) = (0 (s © ida) © Auga ) () Rors.
Let o, 8,7 € G. Given h € Hg-1,-1 and f € H7, we have
Raglap(h® f)
= (K1) @) ® (1g1 @ 6 D)) (pa(h1p-10-19) ® f1) @ (hap1) @ f2))
(&1 ((5a-1,)12)Pa(h(1,6-10-15)) ® €(fi11, Pal(Fa-1,0))a1.a-170))
(Frzs 57 (Bam1,0) 20 ))E 2 (F112)) © (34 (s hia o) ® K1)
(far1s 13) (o2, 1,)€ 72 (for2)
(a1 ((Ka-1.0)12)05(ha,-10-18) ® (fi11, Pa((Ba1,0) 10~ 19a)))
(fr2: 87 (Ko ) 2e-0))ES T (f112)) @ (-1 (ha,p—1) ® KD f)

and

(70 (Pa-t @ idp(10) © Aaas.a)(h ® 1) o
= (hea-) ® f2) (K1) ® ) @ (hag-n ® GL(A1))(1g- @ C70)
= (&1 (h@iza1)ka1, ® fale, ST (he)) (e Pahen,n))E > (€))
(fg—l(h(uz,ﬁfl))lﬁfl ® %(fl)(“ffil’i%@ﬂ(huu,ﬁ*la*lﬁ)»
RS ST (haza TR )
= (h@a-k@-1,) ®E(f2) ® (52—1(h(112,g—1))@<’f§(f71’i)awﬂ(h(m,ﬁ-la—lﬁ)))
(RS0 ST (b D en (FIE (RS )).
Relation (3.14) is proved by observing that evaluating the two expressions above against the
tensor idy-1 ® id} ®idg-1 @ (-, x) (for x € Hy-1,), we get the same result
(6o ((Ka1,0)12)28(h(1,5-10-15) ® (f111, Pa((Ka1,)) 11.0-190)))
(F12: 87 ((Fla-1 ) 2-H))E 2 (f112)) © (§a-1 (hap-1) @ (510D f, )
(Z2,a-1Ps(h,8-1a-18) ® (f1, Pa(T(1,a-190))) 8}~ 1(f2))®5/3*1(h(2ﬁ*1))
( ) ®
(k5"

h(za D1 ®ET(f2) ® (-1 (haizp-1)) ® (kG )’soﬁ(huu,ﬂflmlﬁ)))

S (haza)) e (FE3(sS 7), ),
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where we used

Z<f7 H(afl,i)>/{/(a717i) — f and Z(K/(afl,i)’ h>/€(a*1,i) =h

forall fe H ,,h€ Hy,-1+ and a € G.
Then we check Relation (3.16) and (3.17). The identities

(a™h,0)

L
(a1 ®6) © (150 @£\ )@ (1,0 @™ )
= (Fat.ifary) @)@ (1g01 @k D)@ (1,0 @ k@)

and

aB)" i
(08((K(ap)-11) (1.5-1a-18)) ® ) ® ((K((ap)-1.i))2,5-1) ® E) ® (1,1 ® £ 1)
— (wﬁ(ﬁ(g,la,lﬁ)i)) ® 5) ® (,g(ﬂ,ld.) ® 5) ® (1771 ® H(gﬂa—lﬁ,z‘),{(ﬁ*{j))

can be written as (identifying H, ® € with H, and 13-» ® H* with H*)

L) g e )

& Kq = K(a—1,i)R(a-1,j) &@ K,(ail’j) &® li(ail’i) (3.21)
)

K(a—1) &® I{ga
(H((a5)71,i))(17571a715) X ("i((aﬂ)*l,i))(zﬂfl) ® K:((Oéﬁ)_l’i
= Rgiaipi @ Ry O REOTOTODRET), (3.22)

The above equalities can be verified by evaluating both sides on element f € HX_, in the
first factor (respectively, on h € H,z in the third factor) (see Zunino [9], Theorem 11).
Finally, let us check that

(gDa(H) ® gDﬂ(H))Ra,ﬂ - R(X,ﬁy
1.
(§DQ(H) & fD/.;(H))Ra,ﬁ = SDQ(H)(H(Q*IJ) ® 6) ® gDﬁ(H)(lﬁfl ® %(a ,1))
*— a~ti
= (a1 (K1) @) © (Lt ®ETHR)),

Now, {,-1 is a linear isomorphism, so (-1 (K(a-1,i)))i=1,... n, is a basis of H,-1, and

<§Zi} ("{(afl,i)))i:Lm Ma

is its dual basis. So ({p, () ® {p, () Ra,p = Ra.s,

(a1 (K1) ®e) ® (Lg1 ® (71 (s D), 2))
(a1 (Ko, (KD, €72, (2)) ®e) ® 15

= (z®e)®151

= (K1) ®€) @ (11 ® (9, 7))

forx € H,-1.
This completes the proof.
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TR, A
(LAEAEKRIK R B0 515 BB 24 B, TR M 450046)
(2 RFRFEER, WL B 211189)

WE: AXWHA T monoidal Hom-Hopf -4 X% I fDrinfeld & + 1 i 7 . F H A8 Xmonoidal
Hom-Hopf T-4&AREH) & X XA = fimonoidal Hom-Hopf FE-RACEF) 2 X, 4 T HDrinfeld & 1182 )

= fiimonoidal Hom-Hopf Ff-&ARH K45 K.
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