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Abstract: In this paper we study the optimal dividend problems in the Brownian motion

model with interest and randomized observation time. By using stochastic control theory, we obtain

the associated Hamilton-Jacobi-Bellman (HJB) equation with the optimal value function, which

show that the optimal dividend strategy is a barrier strategy, and give the explicit expression for

the optimal value function, which generalize the results of [19].
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1 Introduction

Finding the optimal dividend strategy for an insurance company is a very popular
research topics in actuarial mathematics. It was first proposed for measuring the stability
of an insurance company by De Finetti [1]. In recent years, many papers were published
about the optimal dividend strategy. See, for example, Jeanblanc and Shiryaev [2], Amussen
et al. [3], Gerber and Shiu [4], Bai and Paulsen [5], Bayraktar et al. [6, 7], Wang [8]
and the references therein. One can refer to Avanzi [9] and Albrecher and Thonhauser
[10] for knowing more about the models with dividends before 2009. But in all of the
above-mentioned literatures, the surplus process need continuously observed, which cannot
be realized in practice. Albrecher et al. [11–14] first introduced the idea of randomized
observation time in the classical risk model, the diffusion model and the Lévy model, in
which the risk process can be“looked”only at random times. Avanzi [15] and Peng et al.
[16] considered this idea in the dual model. The model was extended to the dual model with
diffusion by Liu et al. [17] and Avanzi et al. [18].
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Brownian motion model is a Brownian motion with a positive drift. This model can
be viewed as a diffusion approximation of the classical risk model, but it often leads to
more simple calculation of the characteristics than the classical risk model, such as ruin
probability. Wang and Liu [19] studied the expected discounted sum of dividends paid until
ruin in the Brownian motion model with interest under the assumption that the dividend
strategy is restricted to a barrier strategy and the dividends can only be paid at some
randomized observation times. Naturally, one interesting problem appears: is the barrier
strategy optimal or not? In this paper, assuming that the surplus of a company is modeled
by the Brownian motion model with interest, we show that the barrier strategy is the optimal
dividend strategy among all the admissible dividend strategies by using stochastic control
theory.

This paper is organized as follows. In Section 2, the Brownian motion model with
interest and randomized observation time is shortly discussed. In Section 3, it is shown
that the optimal value function can be characterized by the associated HJB equation. In
addition, the verification theorem is stated and proved. In Section 4, we show that the
optimal dividend strategy is a barrier strategy, and the explicit expression for the optimal
value function is given.

2 The Model

Let (Ω, F , {Ft}t≥0, P ) be a filtered probability space on which all random processes
and variables introduced in the following are defined. We assume that the surplus process of
an insurance company is modeled by the Brownian motion model and the company invests
all the surplus in the risk-free asset. Let {X(t); t ≥ 0} be the surplus of the company
before a dividend strategy is imposed. Then {X(t); t ≥ 0} satisfies the following stochastic
differential equation

dX(t) = (c + rX(t))dt + σdB(t), (2.1)

where c > 0 is the drift coefficient, r > 0 is the force of interest, σ > 0 is the standard
deviation and {B(t); t ≥ 0} is a standard Brownian motion.

Let {Ti; i = 1, 2, · · · } denote the random observation times. Let Zi = Ti − Ti−1 with
T0 = 0 be the ith time interval between observations, we assume that {Zi; i = 1, 2, · · · } are
independent random variables with an exponential distribution of mean 1

β
. Let Li be the

dividend payment at Ti. Let {XL(t); t ≥ 0} denote the surplus process after an admissible
dividend strategy L is imposed.

A dividend strategy L = {Li; i = 1, 2, · · · } is called admissible, if Li ≤ XL(Ti−) and
no dividend is paid after ruin. Denote Π the set of all admissible dividend strategies.

Let τL = inf{t : XL(t) ≤ 0} be the ruin time. Assume that dividends are discounted
at a constant force of interest δ. In this paper we assume δ > r. For a given admissible
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strategy L, we define the value function VL as

VL(x) = Ex

[ ∞∑
i=1

exp(−δTi)I{Ti≤τL}Li

]
, (2.2)

where I{·} is the indicator function and Ex is the expectation corresponding to the law of
{XL(t); t ≥ 0} with XL(0) = x. We aim to find the optimal value function, which is defined
as

V (x) = sup
L∈Π

VL(x) for x ≥ 0, (2.3)

and find an optimal dividend strategy L∗ that satisfies V (x) = VL∗(x). For technical reasons,
we define V (x) = 0 for x < 0.

3 Hamilton-Jacobi-Bellman Equation

In this section, the HJB equation associated with (2.3) is obtained and the verification
theorem is stated and proved.

Suppose V (x) is twice continuously differentiable on [0,∞). Consider a small time
interval (0,4t], where 4t > 0 is sufficiently small so that the surplus process will not reach
0 if there is no dividend paying in the interval. The strategy L is that paying amount l ≥ 0
as dividend if T1 ≤ 4t. By the strong Markov property of the surplus process, we have

V (x) ≥[
(1− β4t)Ex[V (X(4t))] + β4t[l + V (x− l)]

]
e−δ4t + o(4t). (3.1)

Applying Itô formula, we get

Ex[V (X(4t))] =V (x) + (c + rx)V ′(x)4t +
σ2

2
V ′′(x)4t + o(4t). (3.2)

Plugging (3.2) into (3.1), rearranging the terms, dividing by 4t and then letting 4t tend to
0, we have

σ2

2
V ′′(x) + (c + rx)V ′(x)− (β + δ)V (x) + β[l + V (x− l)] ≤ 0.

We obtain the HJB equation associated with (2.3) as follows

max
0≤l≤x

{β[l + V (x− l)]}+ LV (x) = 0, (3.3)

where

LV (x) =
σ2

2
V ′′(x) + (c + rx)V ′(x)− (β + δ)V (x). (3.4)

Because ruin is immediate and no dividend is paid if the initial surplus x = 0, we get the
boundary condition V (0) = 0.

The next Theorem states the verification theorem.
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Theorem 3.1 Let H(x) : [0,∞) → [0,∞) with H(0) = 0 be a twice continuously
differentiable function. Assume that H(x) is dominated by a linear function. If H(x)
satisfies

max
0≤l≤x

{β[l + H(x− l)]}+ LH(x) ≤ 0, (3.5)

we then have

H(x) ≥ V (x). (3.6)

Furthermore, if H(x) satisfies

max
0≤l≤x

{β[l + H(x− l)]}+ LH(x) = 0, (3.7)

we then have

H(x) = V (x). (3.8)

Proof Let L = {Li; i = 1, 2, · · · } be any admissible strategy and XL(t) be the
surplus process associated with the dividend strategy L. Denote S = {Ti; i = 1, 2, · · · }.
For convenience we let H(x) = 0 for x < 0. From generalized Itô formula, we know that

e−δ(t∧τ)H(XL(t ∧ τ)) =H(x)− δ

∫ t∧τ

0

e−δsH(XL(s−))ds

+
∫ t∧τ

0

e−δs
[
(c + rXL(s−))H ′(XL(s−)) +

σ2

2
H ′′(XL(s−))

]
ds

+
∫ t∧τ

0

σe−δsH ′(XL(s−))dB(s) + R, (3.9)

where

R =
∑

s∈S, s≤t∧τ

e−δs[H(XL(s−) +4XL(s))−H(XL(s−))].

Defining

K(t) =
∑

s∈S, s≤t

e−δs4XL(s))− β

∫ t

0

e−δs4XL(s))ds

and

J(t) =
∑

s∈S, s≤t

e−δs[H(XL(s) +4XL(s))−H(XL(s))]

− β

∫ t

0

e−δs[H(XL(s−) +4XL(s))−H(XL(s−))]ds,
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we have

e−δ(t∧τ)H(XL(t ∧ τ))

=H(x)− δ

∫ t∧τ

0

e−δsH(XL(s−))ds

+
∫ t∧τ

0

e−δs
[
(c + rXL(s−))H ′(XL(s−)) +

σ2

2
H ′′(XL(s−))

]
ds

+ β

∫ t∧τ

0

e−δs[H(XL(s−) +4XL(s))−H(XL(s−))]ds

+
∫ t∧τ

0

σe−δsH ′(XL(s−))dB(s) + J(t ∧ τ)

=H(x) +
∫ t∧τ

0

e−δs[β(H(XL(s−) +4XL(s))−4XL(s)) + LH(XL(s−))]ds

+
∑

s∈S, s≤t∧τ

e−δs4XL(s))−K(t ∧ τ) + J(t ∧ τ).

+
∫ t∧τ

0

σe−δsH ′(XL(s−))dB(s). (3.10)

Noting that K(t) and J(t) can be denoted as

K(t) =
∫ t

0

e−δs4XL(s)dNβ(s)− β

∫ t

0

e−δs4XL(s))ds

and

J(t) =
∫ t

0

e−δs[H(XL(s) +4XL(s))−H(XL(s))]dNβ(s)

− β

∫ t

0

e−δs[H(XL(s−) +4XL(s))−H(XL(s−))]ds,

where Nβ(t) is a Poisson process with parameter β, we then have that K(t) and J(t) are
martingales with zero-expectation, together with condition (3.5), we get

Ex[e−δ(t∧τ)H(XL(t ∧ τ))] ≤H(x) + Ex

[ ∑
s∈S, s≤t∧τ

e−δs4XL(s))
]

=H(x)− Ex

[ ∞∑
i=1

exp(−δTi)I{Ti≤t∧τ}Li

]
. (3.11)

Because H(x) is dominated by a linear function, we know that

H(XL(t ∧ τ)) ≤ k1XL(t ∧ τ) + k2 ≤ k1e
rt[x +

c

r
+ | σ

∫ t

0

e−rsdB(s) |] + k2

for some positive constants k1 and k2, hence

e−δ(t∧τ)H(XL(t ∧ τ)) ≤ k1e
(r−δ)t

[
x +

c

r
+ | σ

∫ t

0

e−rsdB(s) | ] + k2



44 Journal of Mathematics Vol. 37

if t ≤ τ and e−δ(t∧τ)H(XL(t∧ τ)) = 0 if t > τ . By dominated convergence theorem, we have

lim
t→∞

Ex[e−δ(t∧τ)H(XL(t ∧ τ))] = 0. (3.12)

Let t tend to ∞ in (3.11) and using (3.12) yield

H(x) ≥ Ex

[ ∞∑
i=1

exp(−δTi)I{Ti≤τ}Li

]
= VL(x). (3.13)

Because (3.13) holds for any admissible strategy L, we have H(x) ≥ V (x).
If condition (3.7) holds, we take the admissible strategy L∗i = l(XL∗(Ti−)), where l(x)

satisfies
β[l(x) + H(x− l(x))]}+ LH(x) = 0.

By a similar argument, we get H(x) = VL∗(x), hence H(x) = V (x) and L∗ is the optimal
dividend strategy. The proof is completed.

4 The Optimal Dividend Strategy

In this section, we show that there exists a twice continuously differentiable concave
function V (x) which is dominated by a linear function and a solution to the HJB equation
(3.3) with the boundary condition V (0) = 0, and the optimal dividend strategy is a barrier
strategy. In addition, the explicit expression for V (x) is given.

Let us find a twice continuously differentiable, increasing and concave solution V (x) to
(3.3) with V (0) = 0, and V (x) is dominated by a linear function. If there exists some point
b > 0 with the following properties:

V ′(x) > 1 : x < b, V ′(x) ≤ 1 : x ≥ b.

Because
∂[l + V (x− l)]

∂l
= 1− V ′(x− l) < 0

for l ∈ [0, x] if x < b, and 1 − V ′(x − l) ≥ 0 for l ∈ [0, x − b) but 1 − V ′(x − l) < 0 for
l ∈ [x − b, x) if x > b, we have that l + V (x − l) is decreasing in [0, b) with respect to l if
x < b, and l + V (x− l) is increasing in [0, x− b) but decreasing in [x− b, x] with respect to
l if x > b. Hence a candidate of the optimal dividend strategy should be

L∗i =

{
0, XL∗(Ti−) < b,

XL∗(Ti−)− b, XL∗(Ti−) ≥ b.

Therefore (3.3) is translated into

σ2

2
V ′′(x) + (c + rx)V ′(x)− δV (x) = 0, x < b, (4.1)

σ2

2
V ′′(x) + (c + rx)V ′(x)− (β + δ)V (x) + β[x− b + V (b)] = 0, x ≥ b. (4.2)



No. 1 Optimal dividend strategy in the Brownian motion model with interest and ... 45

Noting that V (x) behaves differently depending on wether x is below or above the barrier b,
we denote V (x) as

V (x) =

{
V1(x), x < b,

V2(x), x ≥ b.

According to Theorem 16.69 of Breiman L [20], we know that equation (4.1) has two positive
independent solutions f1(x) and f2(x), and thus the equation

σ2

2
V ′′(x) + (c + rx)V ′(x)− (β + δ)V (x) = 0

has two positive independent solutions f3(x) and f4(x). In addition, f1(x) and f3(x) are
strictly decreasing, but f2(x) and f4(x) are strictly increasing. In fact, the explicit expres-
sions for f1(x), f2(x), f3(x) and f4(x) are given by

f1(x) = e−
(c+rx)2

rσ2 U(
1
2

+
δ

2r
,
1
2
,
(c + rx)2

rσ2
), (4.3)

f2(x) = (c + rx)e−
(c+rx)2

rσ2 M(1 +
δ

2r
,
3
2
;
(c + rx)2

rσ2
), (4.4)

f3(x) = e−
(c+rx)2

rσ2 U(
1
2

+
δ + β

2r
,
1
2
,
(c + rx)2

rσ2
), (4.5)

f4(x) = (c + rx)e−
(c+rx)2

rσ2 M(1 +
δ + β

2r
,
3
2
;
(c + rx)2

rσ2
), (4.6)

where M(a1, a2;x) and U(a1, a2;x) are called the confluent hypergeometric functions of
the first and second kinds respectively. M(a1, a2;x) and U(a1, a2;x) satisfy the following
properties:

d
dx

M(a1, a2;x) =
a1

a2

M(a1 + 1, a2 + 1;x), (4.7)

d
dx

U(a1, a2;x) = −a1U(a1 + 1, a2 + 1;x), (4.8)

M(a1, a2; 0) = 1, (4.9)

lim
x→∞

M(a1, a2;x) = ∞, (4.10)

lim
x→∞

U(a1, a2;x) = 0, (4.11)

U(a1, a2;x) = x−a1 [1 + o(| x |−1)] as x →∞, (4.12)

M(a1, a2;x) =
Γ(a2)
Γ(a1)

exxa1−a2 [1 + o(| x |−1)] as x →∞. (4.13)

Therefore the solution of (4.1) can be expressed as

V1(x) = A1f1(x) + A2f2(x) (4.14)

for some constants A1 and A2.
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Using (4.13), we get lim
x→∞

f4(x)
x

= ∞. Because V (x) is dominated by a linear function,

the solution of (4.2) can be expressed as

V2(x) = A3f3(x) + Dx + F (4.15)

for some constants A3, D and F .
Plugging (4.15) into (4.2), we get

D =
β

β + δ − r
(4.16)

and
F =

β(V (b)− b)
β + δ

+
βc

(β + δ)(β + δ − r)
. (4.17)

Plugging (4.16) and (4.17) into (4.15) and letting x tend to b, we have

V2(b) =
β + δ

δ
A3f3(b) +

β(c + rb)
δ(β + δ − r)

(4.18)

and
F =

β

δ
A3f3(b) +

β(c + rb)
δ(β + δ − r)

− β

β + δ − r
b. (4.19)

The conditions V (0) = 0 and V ′
1(b−) = V ′

2(b+) = 1 imply that

A1f1(0) + A2f2(0) = 0, (4.20)

A3f
′
3(b) +

β

β + δ − r
= 1, (4.21)

A1f
′
1(b) + A2f

′
2(b) = 1. (4.22)

From (4.20)–(4.22), we have

A1 =
f2(0)
h′(b)

, A2 = −f1(0)
h′(b)

, A3 =
(δ − r)

(β + δ − r)f ′3(b)
,

where h(x) = f1(x)f2(0) − f1(0)f2(x). The value of b is determined by V1(b−) = V2(b+),
i.e.,

h(b)
h′(b)

=
(δ − r)(β + δ)
δ(β + δ − r)

f3(b)
f ′3(b)

+
β(c + rb)

δ(β + δ − r)
. (4.23)

Using (4.12) and (4.13), we can easily show that

lim
x→∞

h(x)
xh′(x)

= ∞ (4.24)

and

lim
x→∞

f3(x)
f ′3(x)

= 0. (4.25)
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Hence there exists a positive solution to the equation (4.23) if

(δ − r)(β + δ)
f3(0)
f ′3(0)

+ βc > 0. (4.26)

If (δ − r)(β + δ) f3(0)
f ′3(0)

+ βc ≤ 0, then b = 0, by a similar argument, we have

V (x) = A4f3(x) +
β

β + δ − r
x +

βc

(β + δ)(β + δ − r)
(4.27)

for some constant A4. The condition V (0) = 0 implies that

A4 = − βc

(β + δ)(β + δ − r)f3(0)
. (4.28)

Theorem 4.1 If (δ − r)(β + δ) f3(0)
f ′3(0)

+ βc ≤ 0, then the function

V (x) =
βc

(β + δ)(β + δ − r)

[
1− f3(x)

f3(0)

]
+

β

β + δ − r
x (4.29)

is twice continuously differentiable, concave, dominated by a linear function and a solution
to the HJB equation (3.3).

If (δ − r)(β + δ) f3(0)
f ′3(0)

+ βc > 0, then the function

V (x) =





h(x)
h′(b) , 0 ≤ x < b,

δ−r
β+δ−r

f3(x)
f ′3(b)

+ β
β+δ−r

(x− b) + β(δ−r)
δ(β+δ−r)

f3(b)
f ′3(b)

+ β(c+rb)
δ(β+δ−r)

, x ≥ b
(4.30)

is twice continuously differentiable, concave, dominated by a linear function and a solution
to the HJB equation (3.3), where b is determined by (4.23).

Proof If (δ−r)(β+δ) f3(0)
f ′3(0)

+βc ≤ 0, it is straightforward to verify that the function given
by (4.29) is twice differentiable and satisfies the differential equation (4.2) with boundary
condition V (0) = 0. Because of the facts that

V ′(0) = − βc

(β + δ)(β + δ − r)
f ′3(0)
f3(0)

+
β

β + δ − r
≤ 1

and

V ′′(x) = − βc

(β + δ)(β + δ − r)f3(0)
f ′′3 (x)

= − 2βc

σ2(β + δ)(β + δ − r)f3(0)
[(β + δ)f3(x)− (c + rx)f ′3(x)] < 0,

we know that V ′(x) < 1 for any x > 0, hence V (x) is concave and satisfies the HJB equation
(3.3) with boundary condition V (0) = 0.

If (δ − r)(β + δ) f3(0)
f ′3(0)

+ βc > 0, using (4.23) and the facts that

σ2

2
h′′(b) = δh(b)− (c + rb)h′(b)
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and

σ2

2
f ′′3 (b) = (δ + β)f3(b)− (c + rb)f ′3(b),

we have

h′′(b)
h′(b)

=
δ − r

β + δ − r

f ′′3 (b)
f ′3(b)

,

which implies that the function given by (4.30) is twice differentiable. Noticing that, for
x ≥ b, we have

V ′′(x) =
δ − r

β + δ − r

f ′′3 (x)
f ′3(b)

=
δ − r

β + δ − r

2[(δ + β)f3(x)− (c + rx)f ′3(x)]
σ2f ′3(b)

< 0,

and hence V ′(x) < 1. For x < b, using the formulas

(a2 − 1)M(a1 − 1, a2 − 1, z) = (a2 − 1− z)M(a1, a2, z) + zM ′(a1, a2, z),

(a2 − 1)M(a1, a2 − 1, z) = (a2 − 1)M(a1, a2, z) + zM ′(a1, a2, z)

and
U(a1, a2, z)− U ′(a1, a2, z) = U(a1, a2 + 1, z),

we have

f ′′′1 (x) = −8r(c + rx)
σ4

e−
(c+rx)2

rσ2 U(
δ

2r
− 1

2
,
3
2
,
(c + rx)2

rσ2
),

f ′′′2 (x) =
2r(δ − r)

σ2
e−

(c+rx)2

rσ2 M(
δ

2r
− 1

2
,
1
2
;
(c + rx)2

rσ2
),

hence
h′′′(x) = f ′′′1 (x)f2(0)− f1(0)f ′′′2 (x) < 0.

Noting that h′(b) = f ′1(b)f2(0) − f1(0)f ′2(b) < 0, then it follows that V ′′′(x) > 0. Hence
V ′′(x) is strictly increasing. Since

V ′′(b) =
δ − r

β + δ − r

f ′′3 (x)
f ′3(b)

< 0,

we have V ′′(x) < 0 for any x < b, therefore V ′(x) is decreasing in [0, b]. Because V ′(b) = 1,
we have V ′(x) > 1 for x ≤ b. Hence V (x) is concave and satisfies the HJB equation (3.3)
with boundary condition V (0) = 0. The proof is completed.

Combining Theorem 3.1 with Theorem 4.1, we obtain the following proposition.
Proposition 4.2 The optimal dividend strategy is a barrier strategy. The barrier is 0

if
(δ − r)(β + δ)

f3(0)
f ′3(0)

+ βc ≤ 0
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or determined by (4.23) if

(δ − r)(β + δ)
f3(0)
f ′3(0)

+ βc > 0.

The functions V (x) given by (4.29) and (4.30) are the optimal value functions respectively.
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带利率和随机观测时间的布朗运动模型中最优分红策略

刘 晓,余宏伟

(安徽师范大学数学计算机科学学院,安徽芜湖 241003)

摘要: 本文研究了带利率和随机观测时间的布朗运动模型中的最优分红问题. 利用随机控制理论, 获

得了最优值函数相应的HJB方程, 表明最优分红策略是障碍策略, 并给出了最优值函数的显式表达式, 推广

了文献[19]的结果.
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