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Abstract: In this paper, we study the Maschke type theorems of partial group comodules.
By the methods of weak Hopf group coalgebras, we obtain the classical Maschke type theorems of
Hopf algebras, which generalized those of Hopf algebras and results of [8].
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1 Introduction

Partial actions of groups as powerful tools were introduced during the study of operator
algebras by Exel [2]. With the further development, many positive results were proposed
[3-6]. Caenepeel and the other authors developed a theory of partial actions of Hopf algebras
[1] and introduced the notion of a partial entwining structure as a generalization of entwining
structure (see [9]).

On other hand, the notion of a Hopf m-coalgebra which generalized that of a Hopf algebra
was introduced and played an important role, consequently group entwining structures and
group weak entwining structure were carefully studied. Motivated by this fact, we introduce
the notion of a partial group comodule and give a Maschke type theorem for them. Because
the “coassociativity” of a partial structure is destroyed, the generalization is not trivial and
easy.

In this paper, we first recall basic definitions of partial group comodules and give some
examples. Then we state a Maschke-type theorem of partial group Hopf modules which
generalizes the relevant results of Hopf modules (see [7, 8]), entwined modules, group Hopf
modules, etc..

The organization of the paper is as follows: First we introduce the notion of partial

group comodules and then give our main result-Maschke type theorem.
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Conventions We work over a commutative ring k. We denote by ¢ the unit of the
group 7 and use the standard (co)algebra notation, i.e., A is a coproduct, ¢ is a counit, m
is a product and 1 is a unit. If 1 appears more than once in the same expression, then we
use different 1'. The identity map from any k-space V to itself is denoted by idy . Write
a, for any element in A, and [a] for an element in A = A/kerf, where f is a k-linear map.
For a right 7-C-comodule M, we write py g(m) =) m(o},a) ® m(u,p) for any a, 8 € © and
m € M,g.

2 The Main Results

Definition 2.1 A m-coalgebra over k is a family of C' = {C,}
with a family k-linear maps A = {A, 5: Cop — C, ® Cs}
k such that for any «, 8,y € 7,

(1) (Bap @ide,)Bapy = (ide, @ Dpy)Dasy

(2) (ide, ®e)Ay; = (e ®ide,)A; o =1idc,.

Here we extend the Sweedler notation for comultiplication, we write

acn Of k-spaces endowed

afen and a k-linear map ¢ : C; —

Ao p(Cap) = Y Capra @ Capap, @B €T, ¢ € Cag.

Remark (C;, A, ;,¢) is a coalgebra in the usual sense.
Definition 2.2 A Hopf m-coalgebra( Hopf group coalgebra) is a family of algebras
H = {Ha},c, and also a m-coalgebra {H,, A ={Aqs},e}, 5
S ={S41:Hy— Hy1},, of k-linear maps called an antipode such that for any a € 7.
(3) Zsa—l(hla)hga—l = E(h)la—l, Zh1a5a(h2a—1> = £(h>1a.
Definition 2.3 Let H be a Hopf group coalgebra and A = {A,}
algebras endowed with a family of k-linear maps {pa,g : Aag — Ao ® Ag}

endowed with a family

be a family of
. A is called

aecTm

a,Bem
a right partial group comodule-algebra if the following conditions are satisfied:

(4) pa,p(ab) = pa,p(a)pa,s(b), a,b € Aqp.
(5) (Pa,g ®idm,)pap~(c) = 3 c(io),a) L(o1,0) @ C(uy,m181(111,8) @ C(1],6m)2v> € € Aapy-
(6) > e(dinyi)dioje) = d; d € Aq.

Example 1 Let H ba a Hopf group coalgebra and e = {e, } be a central idempotent

aem
such that A, g(eqas)(ea ® 1g) = e, ® €5 and e(e;) = 1, then H is a right partial group
comodule-algebra.

Definition 2.4 Let H ba a Hopf group coalgebra and A be a right partial group

comodule-algebra. An A-module M = {M,} with a family of k-linear maps

aeTm

{pap s Map — M, @ Hp}

a,Bem

is called a partial (H, A)-Hopf module if the following conditions are verified for any m €
M,, m e M.gs, m’ e Mg, a € Ayp:

(7) 22 e(mqu.)moy.a) = m-

(8) (Paup @ idm,)pap~(m) = S Mg 0y - L0.0) © (1) 15 L(1118) © (1) )21



No. 1 A Maschke type theorem for partial m-comodules 23

(9) pas(m -a)= Zm([o],a) " ([0),a) @ M) 3y M([1].5)-
We define the coinvariants of M as

MO = {m = {Ma}ocy | Pas(Map) =D Ma - 1(0a) @ L0}

and denote M7 the category of partial (H, A)-Hopf modules.
Example 2 Let H ba a Hopf group coalgebra and A be a right partial group comodule-

algebra. It is easy to prove that A is a partial (H, A)-Hopf module with the multiplications
as A-actions.

Definition 2.5 Let H ba a Hopf group coalgebra and A be a right partial group
comodule-algebra. A right partial 7m-H-comodule map 6 = {6, : H, — Aa}a€7r such that
> L0, 0a(Sa(1(),a-1))) = 14 is called a right total integral of A.

Definition 2.6 Let M e M“fH and tr = {tr, : M; — My}, be a family of k-linear

maps such that try(m) =) mo},a)0a(Sa(m],a-1))). Then tr is called a trace map of M.
We define t1 : HMQ — [ Ma, tr ((Ma) wer) = (tra(mi)) penr
In the following parts we always suppose that

Z Loj,aya ® L(ny,p)b = Z al(o],a) ® bl(n),8)

for any a € A, and b € Hp.

Proposition 2.7 m = (m,),, is a coinvariant of M if and only if tr(m) = m.
Proof If m = (my) ., € MYCH, then

T(m) = mola) - Oa(Sa(mua—)) = Y Ma - Lo),e)0a(Salliia)) = Ma.

Conversely, if tr(m) = m, we have

pa.p(tras(m))
= D Man)0e) * OolSalm(y) (apy1)20-1)) @ 00811185 (M1 () y15-1)
= DM - Lo, a>9 (Sa(m(y,a-1)26-1a-120-1))

®my,a-118L(1.8S8(m(, —1)2ﬁ—1a—11ﬂ—)
= qum,a)'1<[01,a>9a(5a(m<[11,a1 ® 1, Zma' (0l,e) @ 1(1,8)-

Given M € M35~ we define
: M; ® Ho — M; ® Hay wa(m@h) =Y m- 1o @ hl(ya), m € M, h € Hy.
It is trivial to prove that w? = w,, so we can define
M; ® Ho, = (M; ® Hy)/kerw,,

as a k-space.
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We claim that M; ® H = {M; ® H,} € szH with the actions given by

e
[m @ ha) - aa =D [m-agos @ ha(qm)]

and the partial coactions given by

pas([m @ hagl) = Y [m - 1(o15) @ hagral(1apyial ® hasasli),ap2s-

It is easy to prove that the actions are well-defined. We only have to show the coactions
are well-defined. In fact, we have
Pa.s(M & hag —m - 1(0.i) © hapa(p).ap)
= > m- 1o @ hagral(1],am1a @ hassl(),am)28
—m - Lol L(popi) © hapral@lepyialemia © Papaslianasl@.aszs = 0
DM ®hap] o0 * Laone) ® (M @ hassl 1) 5011 010.0) © 7 @ hasa) 150129
= Z[m Lo L0 Lo @ Papria g apmial (es)iol (1)1
©has20msL (11,0200 L (1028 © Rapy2692y L((1).am)28020
= Y Im- L lon) ® hapyiasial(epmyiasta lap)1a
®h0¢/3“/104ﬁ2ﬁ1([1],&57)1a62ﬁ1([1]vaﬁ)2ﬁ ® ha37271([1],a[3'y)2'y
= (pa,s ®idp,)papy([m @ hap,]),

Y ellm ® hal )M © kol g, = D e(hazilmed) [ - Loy @ hataliiaya)]
= [m® hyl.

P p([M @ hagl - Gag) =Y pas([m - Gap(or.i) @ haplas(y.am))
= ) M as(o)n Lo ® Pasiatas(ii)aniel(1),8)10] ® Pagaptap().as2sl(1],ap)2s
= D (M@ hap] (g0 * Gasiiole) @ M @ hag] (4] 5 Tas),0)-

We define £ = {¢, : M; ® H, — M,} where

aen?
Ealm @ h)) = mo).m0a(Sa(ma-1)h), m € My, h € Ha.
Then we claim that &, is well-defined for any o € 7. Indeed, for any m € M;, h € H,,
§a(m @ h —m 1015 @ hl(),a))
= Y mola) - OalSalmpra—)h) = (M- 101,101 a0 (Sa (7 L01) (1), 0-1)) AL (110))
= ) mora) - OalSa(mara-1)h) = m(0)a) - Lo 0.0 0a(Sa (My.a- L (010 (1.0-1) AL (11.0))
= Zm([om>'9a(5( -1)h) = m(pol.e) - L(10].0)0a (Sa(m().a-1) L0Li)10-1 )AL ([11.5)20) = 0

Lemma 2.8 For any o € 7, £, 0 pq opﬁ‘f[a =tidy,, where p, : M; ® H, — M, ® H, is a

canonical map.



No. 1 A Maschke type theorem for partial m-comodules 25

Proof In fact, for any m € M,, we have

€a 0P © pa(m) =D Moy o) - fa(Sa(mioo.a—)m()0)
= > g - Lqohe el Sa(m(o a1 L(ia)a1)m()i2a) = m.

Lemma 2.9 If for any « € w, h € H,, a € A,,

> ao).000a(Salagoia-1)haqu i) = Oa(h)a,

then &, is a right A,-linear map.
Proof Indeed for any o € w, h € H,, a € A,, we have

§a(lm@h]-a) = (m- a([O],i)>([o],a)9a(Sa((m ) a([o]ﬂ'))([l},a—l))ha([l]ﬂ))
= M(o},a) * A(0],1)([0],0) P (Sa(M((1],0-1) A((0),i)(11],0-1) ) Ra((1],0))
= M(o},a) * &(0,0) L(j0],0)0a (Sa(M(),a-1)a (010101 (1) 0-1) ) ha([1),0)20)

= M(o},a) * a0}, 0a (Sa(M(1),a-1)a(0)0)10-1)ha(1],0)20)
= M(o},a) - Oa(Sa(m(,a-1)h)a = Ea([m @ h)) - a.

Lemma 2.10 Let H ba a Hopf group coalgebra and A be a right partial group comodule-
algebra. If the condition in Lemma 2.9 is satisfied, then ¢ = {¢,} € M7 7.

Proof It is sufficed to prove that £ is right partial m-H-colinear. In fact, for any
a,Bem, heH,s, meée M, on one hand,

pi{ﬁgaﬂ([m ® h])
- Zmﬁomﬁ)([m,a) 'Haﬁ(saﬁ(m([ll,mﬁ)*l)>h)<[ol,a>
M (0].08)([11.8) 08 (Sas (Mp1],(a) =) 1) (1) )

= ) moLas)one)  Oa( Sl (@) -12a-1)h1a) @ M(0).a8)(1,8)S8 (M (1] (0~ y15-1) h2s
= Dm0 * Lohe) e (Sa(m).a-1)2(as)120-1)P1a) @ M1 01181 (1115)
S(m(1.a-1)20m)115-1)P28 = Y M(010) * 10}, 0 (S (11,071 B1a) ® L(pa) ) hag-

On the other hand,

. M, 9H.
(o @idu,)pa " ([m @ h])
= D 1) g0 0a(Sal(m 1010 (1) 1) h1al(0m1a) © hasl(u.am2s
= > moLe * LoLi0)efa (Sa(m(ia— 1oL @) Mal(1,08)1a) @ hapl()ap2s

= ) moge) - Loh) Ljomfa(Sa(ma-n L.)10-1 10 1))P1al (1),6)2a01a)
®hapl(n1),8)20628
= ) Mo - LoLe) (0100 (Sa (M0 L0101 h1al (1120) ® hasl(u) )

= > moge) Lo a(Sa(ma-1)hia) ® Lahas-
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Therefore we complete the proof. Now we can give our main result.

Theorem 2.11 Let H ba a Hopf group coalgebra and A be a right partial group
comodule-algebra with a total integral §, and M, N € M7 . Supposing the condition in
Lemma 2.9 is satisfied, if f; : M; — N; splits as A;-module map, then f = {f, : M, — N4}

splits as partial m-H-comodule map.

aEem

Proof Assume that there exits an A;-module map g; : N; — M; such that g; f; = idyy,.
We define

g= N Mou a a\|Yi )i 5 Na
9 =A% : Na — ga(n) =Y &allgi(nqo.n) ®nym))s n € Ve

First we claim that g, is right A,-linear. In fact, for any o € m, n € N, a € A,,

ga(n-a) = &allg:(nqors - ago10) © n(aa(1).0))
= > &allgi(ngos) - agonn @ o)) = D &allgi(nonn) @ niuw)) - @ = Ga(n) - a.

Second we prove that g is right partial m-H-colinear. Indeed, for any n € Nyg,

(G @ idn,)pd 5(n) =Y all9:(no10101) @ (0] ) ([1),00)) @ P(i1] )
= > &allg(nqo) - Lons @ P(papyalm]) © n(iam2s
= D a9 (nqo)) @ nam)) = PAsTan(n)-

Finally we have to show gf = idy,. In fact, for any o € 7, m € M, we have

Gafa(m Zfa [9:(fa(m )®fa( ) a)])

= Zﬁa gi(fi(mo1.5))) ®m(m,a>]) = allmon ® mum))
= goc O Pao © gi,a(m) =m.

Hence we complete the proof.
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