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1 Úó

3ïÄH{5�¯K�¬�9�éõØÓ��{:X���K)nØ,ÌnØ,�¼Ø�

ª±9H{Xê�,Ù¥A^H{Xê5?1H{5íä���{´�«��{B�¢^�

�{.

H{Xêkéõ«, Ù¥���´�~^��«Ò´ Dobrushin H{Xê δ(P ).

Rhodius [10]Ú Neumann, Schneider [9]ÑQïÄL�
ØÓ�êe�H{Xê,¿y²
ù


H{XêÑ�±� DobrushinH{Xê¤��.
� (E,E )´���ÿ�m, P =

(
Pij
)
´Ùþ����ÅVÇÝ
, π´ P �ØCÿÝ,

[4]½Â
 P � Dobrushin H{Xê�

δ(P ) =
1

2
essπ sup

x,y∈E
||P (x, ·)− P (y, ·)||Var. (1.1)

ùp ||µ||Var := 2 sup
A∈E
|µ(A)| = sup{

∫
E
fdµ : |f | ≤ 1}´'uÎÒÿÝ µ��C�.

'u δXê�ïÄ®²?1
éõc,¿���
éõ��(J[2].

C
c5, Hairer, Mattingly [5, 6]�<3Meyn, Tweedie [8]�Ä:þ,ÏLÚ\ V �ê,

í2��
 LV �m9Ùéó�m L∗V ,¿3Ùþ?Ø�êÂñ!õ�ªÂñ!g�êÂñ�

�X�¯K,nÜ
 drift^�!Lyapunov¼ê���
éÐ�(J. V �ê¢Sþ�±w�
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´��~^�ê�í2,3A^Ù?1äNïÄ�,�±uy§mÿ
ïÄÀ�,Jø
#�

�{Úng, ¦ïÄL§��{z.Ïd,�5�õ�<Ý�u V �ê��'ïÄ¥,¿òÙ

í2�
�2��+�. [7]Ò´ò V �ê�Vg� δXê!H{5�éX,í2��
 δV X

ê:½ÂÎÒÿÝ µ� V �ê� ||µ||V := sup{
∫
E
fdµ : ||f ||V ≤ 1},Ù¥ V : E → [1,∞]´

�� π-a.s.�k�¼ê,

||f ||V := sup
x∈E

|f(x)|
V (x)

. (1.2)

u´éuê¼Ø P (x,A)(x ∈ E,A ∈ E )½Â

||P ||V := sup
x∈E

||P (x, ·)||V
V (x)

.

ddÒò δ(P )í2� δV (P ):

½Â 1 éu¼ê V : E → [1,∞),½Â�ÅVÇÝ
 P 'u V �2Â DobrushinXê

�

δV (P ) := essπ sup
x,y∈E

1

V (x) + V (y)
||P (x, ·)− P (y, ·)||V . (1.3)

�âù�½Â,w,k δV (I) = 1.¿�dd��
�êH{�,�«�½�{:

�� ψØ���±Ï�ê¼ó X = (Xn)n≥0´�êH{���=� X ´H{��ÙØ

CÿÝ� π,��3�� π-a.s.k�¼ê V : E → [1,∞] ¦� π(V ) < ∞¿�� nv
��

k δV (P
n) < 1.

dd�±wÑ δV (P )�H{5k���éX,ÏdéH{5��½Ò=��
é δV (P )

��O¯K. Ù¢l[7]¥��'5��±é²w�wÑ,éulÑ�m�ê¼ó5`k

δV (P1P2 · · ·Pn) ≤ δV (P1)δV (P2) · · · δV (Pn).

Q,lÑ�m� δV (P )´�ë¦È�/ª���,@oëY�m�q´N���/Q?

2 Ì�(JÚy²

�
(J�ã��B,k�Ñ�
Ä�ÎÒ9b�. b�G��m E þ���à�ëY

�mê¼L§ Ps,t ÷v±e^�µ

(1) é?¿� t ≥ u ≥ s ≥ 0,Ñk Ps,t = Ps,uPu,t;

(2) é?¿� t ≥ 0, Ñk limMt↓0 Pt,t+Mt = limMt↓0 Pt−Mt,t = Pt,t = I = (δij), =

limMt↓0 Ps,t+Mt = limMt↓0 Ps,t−Mt = Ps,t;

(3) é?¿� t ≥ 0,Ñk Qt := limMt↓0
Pt,t+Mt−I

Mt = limMt↓0
Pt−Mt,t−I

Mt .

dd�±�� Ps,t¥�����'u t´ëY���[3],u´Òk:

½n 2 éu��à�ëY�mê¼L§ Ps,t,ek supi qi(t) <∞, t ≥ 0 ,K

δV (Ps,t) ≤ e−
∫ t
s
α̃V (Qu)du.



Ù¥

α̃V (Qt) := inf
i 6=j

[
qij(t) + qji(t) +

1

Vi + Vj

∑
k 6=i,j

(qik(t)Vi + qjk(t)Vj − |qik(t)− qjk(t)|Vk)

]
.

y du Ps,t ¥�����'u t´ëY���,�â½Â, δV (Ps,t)Ò´ Ps,t ¥�

����²LO����,¤± δV (Ps,t)'u t�´ëY���.@o��y² δV (Ps,t) ≤
e−

∫ t
s
α̃V (Qu)du,Ù¢�I�y�

d ln (δV (Ps,t))

dt
≤ −α̃V (Qt)

=�. ùp^�[7]¥y��'u δV (P )Xê����~��5�µ

δV (P1P2) ≤ δV (P1)δV (P2).

dd�±�Ñéu¤k� s < t,Ñk

δV (Ps,t+Mt) = δV (Ps,tPt,t+Mt) ≤ δV (Ps,t) · δV (Pt,t+Mt),

�Ò´

δV (Ps,t+4t)− δV (Ps,t) ≤ δV (Ps,t) · (δV (Pt,t+4t)− 1).

@oéu¤k�4t > 05`Òk

δV (Ps,t+4t)− δV (Ps,t)
4t

≤ δV (Ps,t) ·
δV (Pt,t+4t)− 1

4t
.

d�2-4t ↓ 0,=�

lim
4t↓0

δV (Ps,t+4t)− δV (Ps,t)
4t

≤ δV (Ps,t) · lim
4t↓0

δV (Pt,t+4t)− 1

4t
.

d�5¿��â�c�b½,k limMt↓0
Pt,t+4t−I
4t = Qt,=

Pt,t+4t = I +Qt4t+ o(4t),

�Ò´ Pt,t+4täkXeÝ
/ª
1− q1(t)4t+ o11(4t) q12(t)4t+ o12(4t) · · · q1n(t)4t+ o1n(4t) · · ·
q21(t)4t+ o21(4t) 1− q2(t)4t+ o22(4t) · · · q2n(t)4t+ o2n(4t) · · ·

...
...

...
...

...

 .

2�â δV (P )�½Â,k

δV (Pt,t+4t) = sup
i 6=j

1

Vi + Vj

∑
k

|Pt,t+4t(i, k)− Pt,t+4t(j, k)|Vk

= sup
i 6=j

1

Vi + Vj
[|1− qi(t)4t− qji(t)4t|Vi + |1− qj(t)4t− qij(t)4t|Vj

+
∑
k 6=i,j

|qik(t)4t− qjk(t)4t|Vk] + o(4t).



d��Ä�,dusupi qi(t) <∞,¤±�3 εt > 0,¦�éu?¿�4t < εt�Ñk

éu¤k� i, j, 1− qi(t)4t− qji(t)4t > 0,

u´�±��

δV (Pt,t+4t) = sup
i 6=j

1

Vi + Vj
[(1− qi(t)4t− qji(t)4t)Vi + (1− qj(t)4t− qij(t)4t)Vj

+
∑
k 6=i,j

|qik(t)4t− qjk(t)4t|Vk] + o(4t),

Knþk

lim
4t↓0

δV (Pt,t+4t)− 1

4t

=− inf
i6=j

1

Vi + Vj
[qi(t)Vi + qj(t)Vj + qij(t)Vj + qji(t)Vi −

∑
k 6=i,j

|qik(t)− qjk(t)|Vk],

du qi(t) =
∑

k 6=i qik(t),¤±þª�=z�

lim
4t↓0

δV (Pt,t+4t)− 1

4t

=− inf
i 6=j

1

Vi + Vj
[
∑
k 6=i

qik(t)Vi +
∑
k 6=j

qjk(t)Vj + qij(t)Vj + qji(t)Vi

−
∑
k 6=i,j

|qik(t)− qjk(t)|Vk]

=− inf
i 6=j

1

Vi + Vj
[
∑
k 6=i,j

qik(t)Vi +
∑
k 6=i,j

qjk(t)Vj + qij(t)Vj + qji(t)Vi + qij(t)Vi + qji(t)Vj

−
∑
k 6=i,j

|qik(t)− qjk(t)|Vk]

=− inf
i 6=j

1

Vi + Vj
[(qij(t) + qji(t))(Vi + Vj) +

∑
k 6=i,j

(qik(t)Vi + qjk(t)Vj

− |qik(t)− qjk(t)|Vk)]

=− inf
i 6=j

[qij(t) + qji(t) +
1

Vi + Vj

∑
k 6=i,j

(qik(t)Vi + qjk(t)Vj − |qik(t)− qjk(t)|Vk)]

=− α̃V (Qt).

u´nþ��

lim
4t↓0

δV (Ps,t+4t)− δV (Ps,t)
4t

≤ −δV (Ps,t)α̃V (Qt).

aq��{,��±��

lim
4t↓0

δV (Ps,t)− δV (Ps,t−4t)
4t

≤ −δV (Ps,t)α̃V (Qt).



u´�ª��¤��

d ln(δV (Ps,t))

dt
≤ −α̃V (Qt).

�dy²�..

�âc¡�½Â��²; DobrushinH{XêÒ´� V (x) ≡ 1��A~,u´��

íØ 3 éu��à�ëY�mê¼ó Ps,t,ek supi qi(t) <∞, t ≥ 0 ,K

δ(Ps,t) ≤ e−
∫ t
s
α̃(Qu)du.

Ù¥

α̃(Qt) := inf
i 6=j

[
qij(t) + qji(t) +

∑
k 6=i,j

min(qik(t), qjk(t))

]
.

y d?�I-½n 2¥� V = 1,=�

α̃(Qt) = α̃1(Qt) = inf
i 6=j

[
qij(t) + qji(t) +

1

2

∑
k 6=i,j

(qik(t) + qjk(t)− |qik(t)− qjk(t)|)

]
.

2d®�¯¢ (a+ b)− |a− b| = 2min(a, b),=���(Ø.

ùp�y²�{´lH{Xê���½ÂÑu,¦·�éÙ��þ.¥� α̃Ú α̃V �5

k
��Ù�@£. d±þ���(J�±wÑ,ÃØ´ δ Xê�´ δV Xê,Ù3ëY�

m�/���þ.Ñ´d�ê/ª���þ¤���,ùTT�lÑ�m��¹´�éA�.
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THE ESTIMATE OF GENERALIZED ERGODIC COEFFICIENT

FOR CONTINUOUS-TIME INHOMOGENEOUS MARKOV

PROCESSES
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Abstract: This artical studies the estimate of the generalized ergodic coefficient for inhomo-

geneous Markov processes. On the basis of the generalization of the classical Dobrushin ergodic

coefficient, we decompose the matrix and then abtain the estimate of the generalized ergodic

coefficient, extend the result of the estimation of the ergodic coefficient for homogeneous Markov

processes, with which we can get a criterion for the geometric ergodicity.

Keywords: Inhomogeneous Markov processes; Ergodic coefficient; V -norm.

2010 MR Subject Classification: 37A30 ; 60J27


