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Abstract: In this paper, we study the problem of a minimal solution to a special class of
anticipated backward stochastic differential equation. When the generator is continuous and sat-
isfying a similar linear growth condition, we prove the existence of minimal solutions. Here, our
hypotheses are weaker than the before papers, however, we obtain a better lemma and the same
result.
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1 Introduction

The notions of non-linear backward stochastic differential equations (BSDEs) were in-
troduced by Pardoux and Peng [11]. A solution of this equation, associated with a terminal
value £ and a generator or coefficient f(¢,w,y, z), is a couple of adapted stochastic processes
(Y(t), Z(t)){te[O,T]} such that

Y (¢) —f—l—/t f(s,Y(s),Z(s))ds—/t Z(s)dW (s),

where W is a d-dimensional standard Brownian motion. This type of nonlinear backward
stochastic differential equations were first studied by Pardoux and Peng in [11], and they
established the existenceness and uniqueness of adapted solution under the global Lipschitz
condition. Since then, many people try to weaken the conditions of generators to get the
same results and study some different forms of BSDEs. For examples, Aman and Nzi [1]
studied BSDEs with oblique reflection and local Lipschitz. Bahlali [2] studied backward
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stochastic differential equations with locally Lipschitz coefficients. Situ [9] and Royer [10]
studied BSDEs with jumps. It is now well-known that BSDEs provide a useful framework for
formulating a lot of mathematical problems such as used in financial mathematics, optimal
control, stochastic games and partial differential equations (see [12-14] ). Based on the above
applications, specially in the field of finance, and optimal control, recently, a new type of
BSDEs, called anticipated BSDEs (ABSDEs), were introduced by Peng and Yang [4] as the

following

iqw:§03+1)ﬂ&Y@LZ@LY@+ﬂQLZ@+ﬁ@DMS—Z‘Z@MW@%MHQH,
Y(t) = €(t),t € [T,T + K],
Z(t) =n(t),t [T, T+ K],

(1.1)

where 6(-) : [0,7] — R*, 9(:) : [0,T] — R" are continuous functions and satisfy that
(i) there exists a constant K > 0 such that for each t € [0, 7],

t+60(t) <TH+K, t+9(t) <T+ K,

(ii) there exists a constant L > 0 such that for each ¢ € [0,7] and each nonnegative

integrable function g(-),

/tTg(s +0(s))ds < L /tT+K g(s)ds, /tTg(s +9(s))ds < L/tT+Kg(5)dS_

Under global Lipschitz conditions, Peng and Yang proved the existencenee and uniqueness
of solution (see Theorem 4.2 in [4]).

For anticipated BSDEs, we mention that the generator includes not only the values
of solutions of presents but also the future. So ABSDEs may be used in finance. From
Theorem 2.1 in [4], we know that there is a duality between stochastic differential equations
with delay and anticipated BSDEs which can be used in optimal control. We also mention
that, following Peng and Pardoux [11], many papers were devoted to BSDEs with continuous
coefficients. Especially, many scholars studied the minimal solution of BSDEs, it is refered
to [3, 5-8].

Motivated by the above papers, in this paper, we study a special class of 1-dimension
ABSDEs as the following

T T
Y(t) =¢(T) +/ f(s,Y(s), Z(5), E7Y (s + 0(s))ds —/ Z(s)dW(s), te][0,T],
t t
Y (t) = &(1), te[l,T+K)].
(1.2)
Set g(t,y, 2, u(r)) = f(t,y,2, EZ pu(r)), where t € [0,T], y € R, 2 € RY, p(-) € L*(F;R),
r € [t,T + K|]. We get the minimal solution of this type of ABSDEs with continuous

coefficients. Furthermore, we give an application of the minimal-solution theorem.
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2 Main Reaults
Before starting our main results, we give some necessary notions and hypotheses.
2.1 Preliminaries

Let (2, F, P) be a complete probability space, and let (W (t)):cjo,7] be a d-dimensional
standard Brownian motion on (€, F, P). Let {F;};c0,r) be the natural filtration generated
by W.

Now, we give the definitions of some spaces and norms, which will be used later. For
x,y € R* we denote by |z| the Euclidean norm of z, and denote by (x,y) the Euclidean
inner product. For a € R¥*4 let |a| = v/Traa*.

o L*(Fr;R) = {R-valued Fr-measurable random variables such that E[|¢|?] < co};

e 12.(0,T;R?) = {Revalued F;-adapted random processes such that

E / p(t)Pdt < oo};

0

e 52(0,T;R) = {continuous processes in L%(0,7;R) such that E[ sup |p(t)|?] < oc}.
te[0,T]
We also need the following assumptions.

(H1) Assume that for all ¢ € [0,T7], g(t,w,y, z, 1) : [0,T] x Q@ x R x RY x L*(F;R) —
L*(Fy; R), where r € [t,T + K], and g satisfies the following conditions

T
E [/ |g(t,0,0,0)|2ds} < 0.
0
(H2) For allt € [0,T],y € R,z € R u(-) € L3(F,;R),r € [t,T + K], we have

l9(t,y, 2, p(r)] < ur(@)(f + |yl + B [(u(r)7]) + uz(t)]2],

T

where f; = ¢(¢,0,0,0) is a adapted process which satisfies E/ |f:[2dt < 0o. ui(t) and uy(t)
0
are nonnegative, deterministic real functions and satisfy

/Ooo(m(t) +u?(t))dt + /OOO u3(t)dt < oo,

moreover, u1(t) < ui(t+ 0(t)), 0(t) satisfies (i) and (ii).

(H3) For any t € [0,T],y € R,z € R g(t,y,z,-) is increasing, and for fixed t €
[0,T], g(t,-,-,-) satisfies the following jointly continuous condition: y,y" € R, z,2" € RY,
u(), mu(-) € LA(FR),r € [t, T+ K], and if |[y" —y| — 0, [2" — 2| = 0, E  sup |u"(s) —

s€[t, T+K
wu(s)|*> — 0,n — oo, we have |g(t,y", 2", u™(r)) — g(t,y, z, u(r))| — 0,n — oo.[ |

Lemma 2.1 Set

gn(tvyazvu(’r» - g<t7u7Q7 V(r))+ul(t)n‘u_y|

inf
(u,q) ERIHL; vEL2(F,;R)

+ uz(t)nlg — 2|+ wn (OEF (u(r) = v(r))*]
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then g, (¢,y, z, u(r)) has the following properties.

(a) Linear growth: for any t € [0,T],y € R,z € R u(-) € L*(F;R),r € [t,T + K], we
have

19n(t,ys 2, 0(r)] < wr (8)(fe + lyl +E7[(u(r)7]) + ua(t)]z].

(b) Monotone property in n : for any t € [0,7],y € R,z € R, u(-) € L*(F;R),r €
(t, T+ K], gn(t,y, 2, 11(r)) < gns1(t,y, 2, 1(r)) < g(t,y, 2, u(r)), and g, (¢, y, 2, -) is increasing.

(¢) Lipschitz condition: for any t € [0,T],y,y’ € R, z,2" € RY u(-), (/' () € L*(F;R), 7 €
[t, T+ K],

19 (t,y, 2, 1(r)) = gu(t, ', 2/ 1 ()] S ws(t)ly — ¢/ + ua(t)]2 — 2| + wr (BT |u(r) — p'(r)].

(d) Strong convergence: if (y",z") — (y,2), y,y" € R,2z,2" € R u(-),u"(-) €

L*(FuR),re[t,T+ K] and E sup |u"(s) — u(s)|*> — 0, we have
set,T+K]

gn(t7yn7zn7/’bn(/r)) - g(t7 y7 Z7 /’L(/r))7n — Q.

Proof We use the similar method as used in [3, 6] to prove (a), (b) and (c) are obvious.
We only need to prove (d). By the definition of infimum, for each n € N, n > 1, there exist
u" € R, ¢" € R, v" € L3(F;R), r € [t,T + K], such that

g(ta yn7 Zn? )un(,r)) 2 g”(tv yn7 Zn? .u‘n(r))

> gl u”,q" 0" (0) +uOnla” — "]+ wa(t)nlg” — 2|+ s (B (7 () — " ()T -

> a0+ "+ ER G0 0)) + w17 ) — [ (0 + "]+ B 07 (0))7) + wae)la”]
Hua @O+ "+ E™ (7 0)) ) + ua (01" + e (@la” — "] + ua(O)nlg” - 2"
Fun (nE” (5" (r) — 0" ()~ ©

> () 0"+ ET G0 0)) + w0 ] - (O — 7|+ w0l - 2"
(OB (" (1) = v (1) ]+ (Onlu” — |+ wat)nlg” - 27|
Fun (nE” (57 (r) = v ()~ ©

> O+ "+ B (0 (0)) + w0 = Dla” = g+ ua(®)n — Dlg" — 2"
Fun (1) (n — DE” (4" (r) — " (1)) — = (2.1)

For the above proof, we apply the triangle inequality a* — b* < (a — b)* and = = (—a)™.
Thus we have
ur (t)(n — D)fu" —y"| +ua(t)(n = 1)|¢" = 2" + ui (t)(n — DE™ (u" (r) — v"(r))" —
< 2 (@)(fi + [y + B (0" (r)7) + ua(t)]2"]]. (2.2)

Since E[|E7t (u"(r))~|?] < E[E7¢|(u"(r))|?] < E|u"(r)|?> < oo, then when n € N, n > 1,
we derive

limsup uy (t)(n — 1)|u”™ — y"| < oo, limsupus(t)(n —1)|¢" — 2"| < o0,

n—oo n—oo

limsup uy (t)(n — DE”* (u™(r) — v™(r))" < oo,

n—oo
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and lim v" =y, lim ¢" = z. By (2.2), we have

n—oo

E[|2us ()(fo + |y"| + EF (1" (r)7) + 2ua(t)]2"] + %'2]

1
< ARG () |y + 4uz ()27 + 4uf (0BT (1™ (r) "1 + ua () fi + 5)2]
< AE[AuT(6)]y" ] + duz(t)|2"]? + 4ud (8)|(u" (1) "] + O < oo,
therefore

lim sup E[(u (t)(n — DET* (u™(r) — v™(r))")?] < o0. (2.3)

n—oo

For an appropriate A > 0, there exists a N > 0, such that for any n > N,

ur(t)(n = DET (" (r) = v"(r))" < A

and
(sup ws(t) + 1)(n = DE™ (") ~ " (1) < 4
Then
" n A
E7t (u™(r) — v™(r)) T < (= 1)(t§'[1313,] ORI (2.4)

By the above inequality, we know {E”t(u"(r) — v"(r))";n € N,n > 1} is bounded in
L3 (Fi; R), with (2.4), we get

lim E[(E” (4" (r) — 1" (r))*)?] = 0.

From (2.4), we also have E”*[v"(r)] > E7* [ (r)] — =5 o TGESIE
t€[0,T]

On the other hand, since g(t,y, z, ) is increasing and (2.3), we have

S =

n n n n n n n n n A
g(tay Iy o <T>>>gn(t)y 2 (T))}g(t,u 4 5 U (r>_(n_1)( sup Ul(t)+1)>_
t€[0,T)

Since g is continuous in L*(F;R), we have

A
lim g(t,u®, ¢* pu"(r) — =g(t :
Jm gt 1" ()~ G ey m@m ) Y
t€[0,T

From assumption (H3), we obtain lim g, (t,y", 2", u™(r)) = g(t,y, z, u(r)).
Consider the following equations

Y (t) :§(T)—|—/t gn(S,Y"(s),Z”(s),Y”(S—H9(s)))ds—/t Z"(s)dW (s), t€[0,T],

Y (t) = &(1), te [T, T+ K.

U(t):g(T)Jr/ l(s,U(s),V(s),U(s+t9(3)))d3/t V(s)dW(s), te][0,T],
U(t) =&(t), te[T, T+ K],
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where [(t,y, z, u(r)) = C(f: + |yl + |2| + EZ*(u(r)) ™), by the comparison theorem in [4], for
any t € (0,7 + K], n>m,m,ne N,U(t) > Y"(t) > Y™(t) a.e..
Before giving our main result, we give the following lemma.

Lemma 2.2 Assume that £(-) € S4(T,T + K;R), then there exists a constant M > 0
T

which only dependson T+ K, L, E  sup |£(t)[%, / (up (t) +u3(t))dt, ]E/ | f:|*dt such
te[T,T+K] 0 0
that

T
E sup |Y™(t)]*dt < M, ]E/ |Z™(t))?dt < M.
0

te[0, T+ K]
Proof Using Ito’s formula to [Y™(t)[?, we have
T
E(T)* =E[y"()* - 2]E/ Y"(8)gn(s,Y"(s), Z"(s), Y™ (s + 0(s)))ds
t
T
+ ]E/ |Z™(s)|ds. (2.5)
t

Thus by (H1)—(H3), (i), (ii) in introduction and Lemma 2.1 (b), Young’s inequality, Fubini’s
lemma, (a + b+ ¢)? < C(a? + b* + ¢2), Holder’s inequality, we have

T
E|Y"(t)|2+]E/ |Z™(s)|?ds
t

= E|§(T)|2—|—2E/t Y"(8)gn(s,Y"(s), Z"(s),Y"(s+ 6(s)))ds

< E(T)] +2E / Y™ (5) (un () o+ wa (5)[ Y™ (5)] + wal)| 27(5)]
+u1(s)]Efs Y™ (s +0(s))])ds
2 ' £us”szs Tl "(s)|*ds Tluszs
< EED) *E/t 35+ Sus(s) (9 *E/t FEAIE “E/t FEIR
T+K
B[ SuleePs
< C[,+023E/t |Y"(s)|2ds+;E/t 127 (s)[2ds. (2.6)

So choose a fixed 8 > 0 such that % = %, we have

1 T T
ElY™(t)|* + 2E/ |Z™(s)[Pds < C'{1 + IE/ Y™ (s)|?ds}. (2.7)
¢ t
By Gronwall’s lemma, we obtain
T
supE/ [Y"(s)[?ds < o0.
n 0

Thus -
supE/ |Z™(s)2ds < oo.
n 0



946 Journal of Mathematics Vol. 36

At last, by BDG inequality, there exists a constant M, which only depends on T + K, L,
T

E sup |§(t)|2,/ (ul(t)+u§(t))dt,IE/ | f:|*dt such that
] 0 0

te[T, T+K

T
E sup [Y"(t)]* <M, ]E/ |Z™())?dt < M.
0

te[0,T+ K]

Theorem 2.3 (Minimal-solution theorem) Under assumptions (H1)-(H3), (i), (ii),
equation (1.2) has a minimal solution, that is if Y is another solution of equation (1.2).
Then for any given terminal value £(+) € S%(T,T + K;R), we have

Y() <Y'(t), ae., for all ¢t€][0,T+ K].

Proof Due to for any ¢t € [0,7 + K], n > m,m,n € NJU(t) > Y"(t) > Y™ (¢) a.e.,
there exists a stochastic process {Y (t),t € [0,T + K]} such that Y"(¢) T Y (¢),n — co. Due
T+K

to the monotone convergence theorem, E [Y™(t) — Y (t)|*dt — 0,n — oo. Using Ito’s
0
formula to |Y"(t) — Y™ (¢)|?, we obtain

E[Y"(t) — Y™(t)|* + E/t |Z™(s) — Z™(s)|*ds

< 2E/t (Y (s) =Y™(5))(gn(s, Y"(5), Z"(s), Y" (s + 6(s)))
— g (8,Y™(3), Z™(5), Y™ (s + 0(s)))ds.

By Lemma 2.1, Lemma 2.2, we have

E/t |Z™(s) — Z™(s)|?ds

< 2<E /OT Y™ (s) — Ym(s)|2ds>

—gm(8,Y™(s), Z™(s), Y™ (s + 6(s))) |2ds>

N

(E / 19a(5, Y7 (5), Z7(5), Y™ (s + 0(s)))

1
2

2

< ¢ <E /OT Y™ (s) Y’"(s)|2ds)

Thus .
E/ |Z™(s) — Z™(s)|*ds — 0,n,m — oo.
0

T
So there exists a Z € L%(0,T;R?) such that lim E/ |Z™(s) — Z(s)|?ds = 0. Using Ito’s

0
formula, BDG inequality and Lemma 2.1, Lemma 2.2, we can easily obtain

lim E sup |Y™(¢) - Y(¢)’dt = 0.
=00 te[0,T+K]
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Furthermore, there exists a subsequence of {n}, which we still denote this subsequence by
{n} such that

T+K 1 T 1
E/ V() — Y (Oldt < 5 E/ 27 - Z(B)|dt < o
0 0

By the linear growth, we get

|9n (s, Y™ (s), 2" (5), Y" (s + 0(s)))]|
< w(8)(fs + Y™ (8)| +EF Y™ (5 + 0(5))]) + ua(s)|Z7(s)|
< w(s)(fs +sup Y7 (s)] + s:pEfs Y2 (s +0(s)l) + ua(s) sup [ 27 ()],

while

T T T
E/ up(s)sup EF=|Y™ (s + 0(s))|ds <E/ u?(s)ds—i—]E/ E7:|Y"(s 4 0(s))[*ds
0 n 0 0
T

T
< 21&/ supEfs|Y"(s+e(s))Y(s+0(s))|2ds+21@/ E7 Y (s + 6(s))[*ds + C’
n 0

0
T+K o0 T+K
< 2LE/ SO IYn(s) - Y(s)lds + 2LE/ 1V (s)lds + €' < .
0 el 0
Thus
sup 7Y™ (¢ + 6(1))| € L*([0,T],d?).
Using the similar method, we get

sup |V (t)| € L2([0,T + K], dt), sup|2™(t)| € L*([0, T + K], dt).

Controled convergence theorem leads to

/0 gn(s,Y"(s), Z"(s), Y™ (s + 0(s)))ds —>/O 9(s,Y(s),Z(s),Y(s+0(s)))ds,n — .

By BDG inequality, we have

2

E sup
t€[0,T]

/t Z"(s)dW (s) — /t Z(s)dW(s)| < C"E/t |Z™(s) — Z(s)*ds — 0,n — oo.

Thus there exists a subsequence, which we still denote by {n} such that

sup — 0,n — oo.

t€[0,T]

/t ' Z"(s)dW (s) — /t ' Z(s)dW (s)

Then (Y, Z) is a solution of equation (1.2). Now, we are going to prove Y is a minimal
solution of equation (1.2). Assume (Y’,Z’) is another solution of equation (1.2), by the
comparison theorem in [4], we have Y (t) < Y'(t) a.e. for any t € [0,T + K|. The proof is

completed.
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