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Abstract: In this paper, we study the existence of periodic solutions of damped impulsive
problems via variational method. By presenting a new approach, we obtain the critical points of
impulsive systems with periodic boundary under some assumptions, which generalizes the known
results and enriches the research methods of impulsive problems.
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1 Introduction

Impulsive differential equations arising from the real world describe the dynamic of
processes in which sudden discontinuous jumps occur. In recent years, impulsive problems
attracted the attention of a lot of researchers and in consequence the number of papers related
to this topic is huge, see [1-6] and their references. For a second order differential equation
2" + f(t,z,x’) = 0, one usually considers impulses in the position = and the velocity x’.
However, in the motion of spacecraft one has to consider instantaneous impulses dependent
only on the position, and the result in jump is discontinuous in velocity, but with no change
in position [7, 8]. Let tg =0 < t; <ty < --- < t, < t,41 = 2m. Recently, the following

Dirichlet boundary value problems with impulses

' +gt)x + f(t,x) =0 ae. t €0,27], (1.1)
Ax/(tj) = ‘r,(tj)_x/(tj_) :Ij<x<tj))’ J=12---,p, (12>
z(0) = x(27) (1.3)

were studied by variational method in [9, 10], where f : [0,27] x R — R is continuous,
g € C|0,2r], and the impulse functions I; : R — R is continuous for every j. After that,
impulsive problems (1.1)—(1.2) with periodic boundary

z(0) — z(27) = 2'(0) —2'(27) =0 (1.4)
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was also investigated in [6] when g(¢) = 0.

Generally, people are used to obtain the critical points of impulsive problems via Moun-
tain pass theorem or Saddle point theorem. In this paper, we use Lagrange multipliers
theorem, that is conditional extremum theory, to investigate impulsive problems (1.1)—(1.2)
with periodic boundary

x(0) — z(27) = 2'(0) — 2'(27) = 0. (1.5)

The organization of the paper is as follows. In Section 2, we give variational structure of
impulsive problem (1.1)-(1.2)—(1.5). In Section 3, critical points corresponding to periodic

solutions of impulsive problems (1.1)—(1.2) are obtained by constrain theory.

2 Variational Structure

In this section, we always assume that f: R x R — R is 2w-periodic in ¢ for all x € R
and satisfies the following carathéodory assumptions:

(1) for every x € R, f(-,z) is measurable on [0, 27];

(2) for a.e. t € [0,2x], f(t,-) is continuous on R;

(3) there exist a € C(R*,RT) and b € L'(0,2m; RT) su;:h that |F(t,z)| + [f(t,x)] <

)b(

a(|x|)b(t) for all x € R and a.e. t € [0, 27|, where F(t,z) = / f(t,s)ds.
0

We also assume that g € L'(0,27; R) is 27-periodic with /2” g(s)ds = 0, and the
impulse functions I; : R — R is continuous for every j. ’
Multiplying equation (1.1) by e“®), we can see that impulsive problem (1.1)4-(1.2)-+(1.5)
is equivalent to
(eSO + e f(t 2) =0 ae. t €0,2n] (2.1)

t
with (1.2)+(1.5), where G(t) = / g(s)ds.
0
We now investigate impulsive system (2.1)4(1.2)4(1.5). Define Hilbert space

Hy ={x:[0,27] — R | 2(0) = 2(27), /(a:'2 + 2?)dt < 400}

0

27
with the norm ||z| = ([ (2"2 + 2?)dt)"/2. Consider the functional ¢(z) defined on H}_ by
0

2m 2m x(t;5)
1 p
o(z) = 2/eG(t)|$'(t)|2dt—/eG(t)F(t,x)dt+ZeG(tj) / I;(s)ds.
0 0 J=1 0

Proposition 2.1 Under our assumptions, functional ¢(x) is weakly lower semi-continuous

1
on H,_.
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27
Proof First, it is easy to see that functional / eC® |z’ (t)|2dt is convex continuous.

0
27

Consequently, by Mazur Theorem, / eC® |2’ (t)|2dt is weakly lower semi-continuous on H .

0
On the other hand, by Proposition 1.2 in [13], we know that if sequence {z} converges
2

weakly to z in Hj_, then {z;} converges uniformly to z on [0, 27]. Hence /eG(t)F(t, x)dt —

0
z(tj)

» :
Z eCt) / I;(s)ds is weakly continuous on H,_ . Thus we complete the proof.
j=1 0

The following result is evident.
Proposition 2.2 Under our assumptions, o(x) is continuously differentiable on Hj_,
and for every v € Hj_, one has

2 2

(¢ (z),v) = /eG(t)x/(t)v’(t)dt — /ec(t)f(t,x)vdt + ZeG(tj)Ij(w(tj))v(tj).

0 0

Proposition 2.3 Under our assumptions, if x € H_ is a critical point of ¢, then z is
one 27-periodic solution of problem (2.1)+(1.2)+(1.5).

Proof Let z be a critical point of ¢ in Hj_, then for every v € Hi_ we have

27 27 p
(@' (z),v) = / eCO gy dt — / O f(t, xyvdt + Y eI (a(ty))o(t;) = 0. (2.2)
0 0 J=1

We now check that x satisfies (2.1)+(1.2)+(1.5).

Since z € H,_, we have z(0) = z(27). Evidently, the Sobolev space H}(0,2r) C H;, .
For any fixed j € {0,1,2,---,p}, let Hj(¢j,t;41) = {v € H5(0,27) : v(t) = 0,V¢t € [0,t;] U
[tj41,27]}. Then

tit+1 tit1
GOy dt — / O f(t,x)vdt = 0,Y v € Hi(t;, tj41).
tj tj

It implies that (e“®z’) + %D f(t,2) = 0 a.e. t € [t;,t;41]. Hence z satisfies
(DY + O f(tx) =0 ae. te [0,27]. (2.3)

That is, x satisfies equation (2.1).
Take v € H}(0,27) and multiply (2.3) by v, then integrate between 0 and 2. (2.3) gives
27 21 ti+1 27
P
that /(eG(t)x')’UdtJr/eG(t)f(t,x)vdt =0. That is ) /(eG(t)x’)'vdt+/eG(t)f(t,ac)vdt =
=0
0 t 0

0 J
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0. By integration by parts, we have

27 p 2m
— / eSOy dt — Z G AL (t)u(t;) + / @ f(t,z)vdt = 0.
0 j=l1 0

Combining with (2.2), which implies that

Z G Az (t)(t; Z G (2(ty))v(ty), Yo € HY(0,2r).

Hence
Az (t;) = I;(z(t;)) for every j =1,2,--- ,p. (2.4)

This is just condition (1.2).
On the other hand, in (2.2), let v = 1, then

27

—/eG(t)f(t,:z;)dt + ) e (a(ty) = 0. (25)

0

2 2m
Moreover, integrating (2.3) between 0 and 27, we get /(ec(t)x’)’dt + /eG(t)f(t,a;)dt =0.
0 0
It gives that
2m

— Z (2'(t]) —2'(t7)) +e ™ (21r) — 902/ (0) = —/eG(t)f(t,ac)dt. (2.6)

0

27
At last, by (2.4), (2.5), (2.6) and G(27) = G(0) since / g =0, one has 2/(0) = 2/(27).
0
Thus we complete the proof.

2m
Remark 2.4 Since g € L'(0, 27; R) with / g(s)ds = 0, G(t) is absolutely continuous
0

and 27-periodic, from which one has that e“(®

is continuous , 27-periodic and positive
function. Hence, from the viewpoint of variational functional ¢, there are no difference
between problem (1.1)—(1.2)—(1.5) and equation " + f(¢,x) = 0 with (1.2)—(1.5). Therefore,
with a similar proof as [6], we can obtain critical points by saddle point theorem using similar

conditions.

3 Critical Points in Constraints

The following Lagrange multipliers theorem is well known (see Theorem 2.1 in [11] or
Theorem 3.1.31 in [12]).

Lemma 3.1 Let ¢ € C*(H;.,R) and M = {z € Hy_ : ¢;(z) = 0,j = 1,--- ,n},
where ¢; € C*(H3.,R), j = 1,---,n, and ¢|(z),--- , ¢, (z) are linearly independent for
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each © € Hy.. Then if u € M is a critical point of ¢|ys, there exist \; € R j =1,--- ,n,
such that

() = DA (). (3.1)

We now give the following minimization principle in constraint M.

Lemma 3.2 (see Theorem 1.1 in [11]) Let M be a weakly closed subset of a Hilbert
space X. Suppose a functional ¢ : M — R is

(i) weakly lower semi-continuous,

(il) p(u) — +oo as [|ul| — oo, u € M,
then ¢ is bounded from below and there exists ug € M such that p(ug) = ijreff ®.

Using the above lemmas, the author of [11] consider the following Neumann problem

e =0 on 9%

{ —Au = f(u) in Q,

for some suitable  C RY and f(u) under natural constraints (see [11]). Inspired by his
work, in this section, we take our attention to find the critical points of functional ¢ over a
set of constraints M C Hj .

For x € H} ,let T = / t)dt, #(t) = z(t) — Z and H) = {x € H} | =0}, then
one has
2m
~ 112 ™ 2
fali < 5 [ o2 (32
0
and
2 2
/jQ(t)dt < /x’Q(t)dt. (3.3)
0 0

By (3.3), we have
2m 2m

</ﬂwwﬂﬂﬂéﬂdﬂwwm- (3.4)

0 0
It is easy to see that HL = R® H) .

Besides those conditions given to f(t,x),¢(t) and I;(z),j = 1,--- ,k in Section 2, we

also assume that there exist constants a, 3 >0, §{; € R, j =1,---,k, such that
ft,z)f(t,—z) <0, ae.te]|0,2n],V|z] > «, (3.5)
ft
fitz) 2 é x) >0, ae. te0,21], (3.6)
4
Ij(fj):(), _ﬂ<IJ/(‘(E)§07 Jg=1-k, (37)
a(z) < 2 + o(a"), (3.8)
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where constant 0 < 1 < 2 and the function a is from carathéodory assumption (3).

For convenience, we denote A = max{e“®} and B = min{e“®}, then A, B > 0.

Theorem 3.3 If above assumptions hold and 6B — A(2||b||; + pB)7 > 0, then problem
(1.1)=(1.2)—(1.5) has at least one solution.

Remark 3.4 We only need to prove that problem (2.1)—(1.2)—(1.5) has at least one
solution.

Consider the subset M of Hj _ defined by

2m

M:{xEHQIW:/ eCW f(t, x)dt Z eCEI I (2(t,)) = 0.

0

o t
2 p z(t;)

Since /eG(t)F(t, x)dt — Z ety / I;(s)ds is weakly continuous, one obtains that the set

0 i=1 0
M is weakly closed.
2m p
Let functional T'(x) = /ec(t)f(t, x)dt — Z eCU) T (x(t;)). For Vv € H}_, we have
0 g=1

27

T(z),v) = /Gmf (t,z)vdt — Z DT (ty))u(ty).

0 =

Then by conditions (3.6) and (3.7), one has I''(x) # 0, which indicates that I'(x) linearly
independent for each x € H; .
Remark 3.5 Tt is easy to see that, by conditions (3.5)-(3.7), we have that, V u € H3

there exists a unique ¢ € R such that u +c¢ € M. In fact, V u € f[zl,r, one has that v is
2m

p
continuous and the function T'(¢) = /eG(t)f(t,u + c)dt — Z eI (u(t;) + ¢) defined on
0 j=1
R is continuous and strictly increasing, moreover, I'(—o0) < 0,T'(4+00) > 0.

Lemma 3.6 Under our assumptions, x € Ha_ is a critical point of ¢ if and only if

x € M and z is a critical point of ¢|y;.

Proof If x € H,_ is a critical point of ¢, by choosing v = 1 in (2.2), we have

27 p
j=1

0

i.e., z € M, and hence z is a critical point of p|y.

On the other hand, if x is a critical point of ¢|s, by Lemma 3.1, there exists A € R
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such that for every v € Hj |

2m 2m

/eG(t)x’(t)v'(t)dt - /eG(t)f(t, x)vdt + i G (x(t)))v(t))
= )\(/ eC® i (t, x)vdt — Zp:eG(tj)Ij{(x(tj))v(tj)). (3.9)

Choosing v = 1 and observing that € M, we have

27

)\(/ G(t)f t, .CU Z Gt’)II )) 0,

0

which follows that A = 0 since f5 > 0 and I; < 0. Putting it into (3.9), one has ¢'(z) = 0.

Thus we complete the proof.

b(z) = /eG(t)Ft r)dt —

0

To functional

=1

<.

we have the following results.

Lemma 3.7 Under our assumptions, we have

(i) ®(u+c) < ®(u), YV u+ce M, where uec H} , ccR.

(ii) Let u, + ¢, € M, where u,, € HL and ¢, € R. Then if ||u, + ¢,|| — oo, one has
[[tn]] — 0.

Proof First, by conditions f, > 0 and I; < 0,5 = 1,--- ,k, one has the convexity of

@(t5)
F(t,-) and —/ I;(s)ds, that is F'(t,u) > F(t,u+¢c) + f(u+¢)(u — (u+c¢)) and
0

u(ty) u(t)+e
—/0 Ii(s)ds > —/0 Ii(s)ds — I;(u(t;) + o) (u(t;) — (u(t;) + ¢)).

The above two inequalities give that

2m t;) 21 u(t;)+e
/ GO Pt u)d Z Gts) / / COF(t,u+ c)d Z Gts) / I;(s)ds
0 0 0
27
—c/eG(t)f(t,u+c)dt+cZeG(t1)Ij(u(tj) +c),
0 j=1

which follows (i).
Next, we turn to prove (ii). Define functional ¥ : H) x R — R by the following
2m
p
(u,c) = / O f(t,utc)dt =y DI (uty) +c).
j=1

0
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Since f; > 0 and I} < 0, ¥(u,-) is strictly increasing. From Remark 3.5, we know that,
Vu € Hj_, there exists a unique ¢ = c¢(u) € R such that v + ¢ € M. By contradiction, we
assume that, going to a subsequence if necessary, u, + ¢, € M, |u, + ¢, || — oo and {||u,||}
is bounded. Then we may assume u, — v weakly in Hl_ and ¢, — 400 (similar analysis
for ¢, — —o0). Since u,, — v weakly in Hj_, then by the Proposition 1.2 in [13], one has
u, — v uniformly on [0, 27].

Because of the strict increase of ¥(u,-), when n is big enough, we have

0 = Y, cev) <PU(v,c,) =¥(v,¢n) — V(vp,cp)

- / SO v+ ) = F(tv, + e)]at = TP 0() + ) = L(0(t) + )]

2T
< Aloa vl [+ pABI — vl — 0
0
as n — oo. It is contradictory.
Thus we complete the proof.
Proof of Theorem 3.3 Without loss of generality, we may assume that a(z) < z? in

condition (3.8) and ¢; = 0,j = 1,2,---,p in condition (3.7). Then under our assumptions,
one has

F(t,z) < b(t)a?, |/ s)ds| < ﬁx

It implies that

27 P
Bl < A [luPbde 5> As )
0 J=1
A A
< Al + 222l < Aol + 220 T o3

by (3.2) if u € H) . Hence VY u+ ¢ € M, where u € H)_and ¢ € R, using (i) of Lemma 3.7,
we have

2m 2
1 1
olu+c) = 3 /ec(t)|u'(t)|2dt —®(u+c) > 3 /eG(t)|u’(t)|2dt — ®(u)
0 0
B, PAﬁ m 2 o 6B — AQ2|bllx + pf)

> SO - A+ DS 0 2 D 1) 3

Since 6B — A(2]|b||1 +pB)m > 0, by (3.4) and (ii) of Lemma 3.7, we have ¢(u+¢) — 400 as
|lu+c|| — 0o, u+ce M.

On the other hand, M is weakly closed and ¢ is weakly lower semi-continuous, therefore
by Lemma 3.2, there exists at least one critical point z € M of ¢|p;. Then by Lemma 3.6,
we complete the proof.



928 Journal of Mathematics Vol. 36

References

[1] Nieto J J. Basic theory for nonresonance impulsive periodic problems of first order[J]. J. Math.
Anal. Appl., 1997, 205(2): 423-433.

[2] Dong Y. Sublinear impulse effects and solvability of boundary value problems for differential equa-
tions with impulses[J]. J. Math. Anal. Appl., 2001, 264(1): 32-48.

[3] He Z, Yu J. Periodic boundary value problems for first-order impulsive ordinary differential equa-
tions[J]. J. Math. Anal. Appl., 2002, 279 (1): 1223-1232.
[4] Nieto J J, O’'Regan D. Variational approach to impulsive differential equations[J]. Nonl. Anal.
(RWA), 2009, 10(2): 680-690.
[5] Zhang X Z, Liu B. Existence of positive periodic solutions to a nonautonomous delay differential
equation with impulses[J]. J. Math., 2007, 27(2), 157-164.
[6] Ding W, Qian D. Periodic solutions for sublinear systems via variational approach[J]. Nonl. Anal.
(RWA), 2010, 11(4): 2603-2609.
[7] Carter T E. Optimal impulsive space trajectories based on linear equations[J]. J. Optim. The. Appl.,
1991, 70(2): 277-297.
[8] Carter T E. Necessary and sufficient conditions for optimal impulsive rendezvous with linear equa-
tions of motion[J]. Dynam. Contr., 2000, 10(3): 219-227.
[9] Nieto J J. Variational formulation of a damped Dirichlet impulsive problem[J]. Appl. Math. Lett.,
2010, 23(8): 940-942.
[10] Xiao J, Nieto J J. Variational approach to some damped Dirichlet nonlinear impulsive differential
equations[J]. J. Franklin Inst., 2011, 348(2): 369-377.
[11] David G C. An invitation to variational methods in differential equations[M]. Boston, Basel, Berlin:
Birkh&user, 2007.
[12] Berger M S. Nonlinearity and functional analysis[M]. San Diego, US: Els. Sci. Publish. Co. Inc.,
1977.
[13] Mawhin J, Wilem M. Critical point theory and Hamiltonian systems[M]. Berlin, Heidelberg, New
York: Springer-Verlag, 1989.

T PR T Y ok orh 22 42 ) FE) A AR

LR, T 12
(L@ S LR EFE R, Y75 FIE 226006)
(2. FFIE RS FLAE LT, VL) FIE 226007)

FE: ASCRIMAIHEDT I T BB IR K v R S8 IR R — MoBi K73k, (R — 25261 TR D

T A AR A ik RGEAFAE I T RSO T O B R T HIE 5 T 0kt REEH) 7k
R ISR Bt LS PR
MR(2010)F &% 4> % 5:  45M15; 65L10 FE S ES: 0175.13; 0176.3



