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Abstract: Let L be a generalized Hom-Lie algebra, V a H-Hom-Lie ideal of [L, L]. In this
paper, we mainly discuss the central invariant of L. Using the method of Hopf algebras, we obtain
that H-invariant of V' is contained in H-invariant of the center of L. It generalizes the main results
by Cohen and Westreich (1994).
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1 Introduction

Hom-algebras were firstly studied by Hartwig, Larsson and Silvestrov in [4], where they
introduced the structure of Hom-Lie algebras in the context of the deformations of Witt and
Virasoro algebras. Determination of derivation algebras is an important task in Lie algbra,
see [11]. Later, Larsson and Silvestrov extended the notion of Hom-Lie algebras to quasi-
Hom Lie algebras and quasi-Lie algebras, see [5] and [6]. Wang et al. (see [10]) studied the
structure of the generalized Hom-Lie algebras (i.e., the Hom-Lie algebras in Yetter-Drinfeld
category 2YD).

Let H be a Hopf algebra, and A be an H-module algebra. Cohen and Westreich [2]
showed that if H is quasitriangular and A is quantum commutative with respect to H, then
Aop C Z(A). Tt is now a naive but natural question to ask whether we can obtain same
results for the generalized Hom-Lie algebras that are analogous to [2]. This becomes our
main motivation of the paper.

To give a positive answer to the question above, we organize this paper as follows.
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In Section 2, we recall some basic definitions about Yetter-Drinfeld modules, (monoidal)
Hom-Lie algebras and generalized Hom-Lie algebras. In Section 3, we discuss the central

invariant of generalized Hom-Lie algebras (see Theorem 3.8).

2 Preliminaries

In this section we recall some basic definitions and results related to our paper. Through-
out the paper, all algebraic systems are supposed to be over a field k. The reader is referred
to [1] as general references about monoidal Hom-algebras and monoidal Hom-Lie algebras, to
[7] and [9] about Hopf algebras, and [3] about Yetter-Drinfeld categories. If C' is a coalgebra,
we use the Sweedler-type notation for the comultiplication: A(c) = ¢; ® ¢ for all ¢ € C.

From now on we always assume that H is a Hopf algebra with a bijective antipode
S. The Yetter-Drinfeld category 2D is a braided monoidal category whose objects M are
both left H-modules and left H-comodules, morphisms are both left H-linear and H-colinear

maps and satisfy the compatibility condition
hlm(,l) (9 hg My = (hl . m)(,l)hg 9 (hl . m)o

or equivalently p(h-m) = hym(_1)S(hs)®(h2-mg), where the H-module action is denoted h-m
and the H-comodule structure map is denoted by pas : M — H ® M, p(m) = m(_1) ® my for
allh € H,m € M. The braiding 7 is given by 7(m®n) = m_1)-n®@my forallm € M,n € N,
M, N are objects in #YD.

Let A be an object in £YD, the braiding 7 is called symmetric on A if the following
condition holds, for any a,b € A, ((a(1)-b)(~1)-ao) ® (a(-1)-b)o = a®b, which is equivalent

to the following condition

ac—1)b®ag=0by @S (b-1)) - a (2.1)

2.1 Monoidal Hom-Algebra

Recall from [1] that a monoidal Hom-algebra is a triple (A, u, ) consisting of a linear
space A, a k-linear map u: A® A — A and a homomorphism « : A — A for all a,b,c € A,
such that

a(ab) = a(a)a(d), a(la) = 14, ala)(be) = (ab)a(c), laa = als = a(a).

2.2 Monoidal Hom-Lie Algebra

Recall from [1] that a monoidal Hom-Lie algebra is a triple (L, [,], &) consisting of a

linear space L, a bilinear map [,] : L ® L — L and a homomorphism « : L — L satisfying
Oé[l, l/] = [Oé(l), O‘(”)]v
(,I'T=—[l',]] (Skew — symmetry),
Oy [a(D),[U',1"]] = 0 (Hom — Jacobi identity)
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for all 1,I’,1” € L, where O denotes the summation over the cyclic permutation on I,1’,1”.
2.2 Generalized Hom-Lie Algebra

Let H be a Hopf algebra. Recall from [10] that a generalized Hom-Lie algebra is a triple
(L,[,], @), which is a monoidal Hom-Lie algebra in a Yetter-Drinfeld category #YD, where
L is an object in YD, o : L — L is a homomorphism in #YD and [,] : L& L — L is a
morphism in £YD satisfying

(1) H-Hom-skew-symmetry
1] = —[iy U], 1,1 € L. (2.2)
(2) H-Hom-Jacobi identity
{IU!"y+{reo)Aen)(xl'2!")}+{1en) ()l ®1")} =0 (2.3)
for all [,I,1" € L, where {{ @' ® 1"} denotes [a(l),[l',!"]] and 7 the braiding for L.

3 Main Results

In this section we always assume that the braiding 7 is symmetric. We consider some
H-analogous of classical concepts of ring theory and of Lie theory as follows.

Let A be a monoidal Hom-algebra in #YD. An H-Hom-ideal U of A is not only H-stable
but also H-costable such that o(U) C U and (AU)A = A(UA) C U.

Let L be a generalized Hom-Lie algebra. An H-Hom-Lie ideal U of L is not only
H-stable but also H-costable such that a(U) C U and [U, L] C U.

Define the center of L to be Zy(L) = {l € L|[l, L]g = 0}. It is easy to see that Zy (L)
is not only H-stable but also H-costable.

L is called H-prime if the product of any two non-zero H-Hom-ideals of L is non-zero.
It is called H-semiprime if it has no non-zero nilpotent H-Hom-ideals, and is called H-simple
if it has no nontrivial H-Hom-ideals.

Definition 3.1 If A is a monoidal Hom-algebra in # YD, the monoidal Hom-subalgebra

of H-invariant is the set
Ao ={a€ Alh-a=c¢e(h)a,a(a) = a}.

Example 3.2 Let {z1,22,23} be a basis of a 3-dimensional linear space A. The

following multiplication m and linear map « on A define a monoidal Hom-algebra (see [8]):

- mlam(x17x2> - xg,m(fl?l,l'g) - b$37

( )
m(xa, x1) = To, m(xe, y) = xa, m(22, x3) = brs,
( )
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where b is a parameter in k. Let G be the cyclic group of order 2 generated by g. The group
algebra H = kG is a Hopf algebra in the usual way,

p(z1) = e@ w1, p(r2) = e @ x2, p(3) = g @ w3,

€Ty =140 T =T, Ty =Ta,g T3 =—T3,1=1,2,3,

where e is the unit of the group G. It is not hard to check that A is a monoidal Hom-algebra
in gy’D.

We assume that Ag is a linear space spanned by {z;,z2}, then Ag is the monoidal
Hom-subalgebra of H-invariant.

From a monoidal Hom-algebra (L, ) in #YD, Wang et al. [10] gave a derived monoidal
Hom-Lie algebra (L, [,], ) in £YD (that is a generalized Hom-Lie algebra) as follows for all
a,be L,

LI:L®L— L, [a,b =ab— (a1 - b)ao. (3.1)

In what follows, we always assume that the generalized Hom-Lie algebra means the
above generalized Hom-Lie algebra.

The following lemma is referred to [10].

Lemma 3.3 Let (L, [,], ) be a generalized Hom-Lie algebra. Then

(1) [e(a), be] = [a, ba(c) + (a1 - a(b))]ao, cl;

(2) [ab, a(c)] = a(a)[b, ] + [a, b( 1 - cJa(bo);

(3) [ab, a(c)] = [a(a), be] + [a(—1) - a(b), (ap(-1) - ¢)ago] for all a,b,c € L.
l

Define ad, (1) = [z,!] for all =, 6 L. By Lemma 3.3 (1), we have
adq(zy(Im) = ad,(l)a(m) + (x—1) - a(l))ady, (m).

Lemma 3.4 Let (L,[,],«) be a generalized Hom-Lie algebra, and let € L. Then

Drp(z@y)=y@r, m(y@z) =2y;

(2) adx(y) = 2y — ya;

(3) ad,(yz) = ad,(y)a(2) + a(y)ad,(2);

(4) ad?(yz) = ad?(y)a?(2) + 2a(ad,(y)ad,(2)) + a*(y)ad?(z), for all y, 2 € L.

Lemma 3.5 Let (L,[,],«) be a generalized Hom-Lie algebra. Assume that L is H-
simple. Then Zy (L) is a field.

Proof Note that Zy(L)o = Zu(L)NLy = Z(L)N Ly = Z(L)o, where Z(L) is the usual
center of L. Taking 0 # x € Zy(L)o, we have that Lx = I # 0 is an H-Hom-ideal, thus
I = L. That is to say that for some y € L, we obtain zy = yx = 1. Since

?(h-y) = alh-y1=alh-y)(zy) = alh -y)(e(h)zy)
= alh-y)((he-2)y) = (h- (yx))(y)
= (h-Daly) = e(h)la(y) = e(h)a’(y).

We can get h -y = e(h)y, that is, y € Lo.
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We need to show y € Zy(L). For any z € L, by Lemma 3.4 (1), [z,2] = zz — 2z = 0.
Thus yz — zy =0, i.e., [y, 2] = yz — zy = 0 by Lemma 3.4 (2). This shows that y € Zy(L).

Lemma 3.6 Let (L,[,],«) be a generalized Hom-Lie algebra, and let = € Lo, I,m € L.
Then

(1) ad2 (al) = a*(z)ad? (1)

(2) if ad?(L) = 0 and char(k) # 2, then ad,(l)(Lad,(m)) = 0.

Proof (1)1t is easy to show that (1) holds by Lemma 3.4 (4).

(2) For all [,m € L, we have

0 = ad(lm) = ad:()a’(m) + 2a(ad,(l)ad,(m)) + o*(1)ad?(m)
= 2ad;(a(l))ad,(a(m)),

and so ad,(l)ad,(m) = 0 since char(k) # 0. Thus by Lemma 3.4 (3), one gets
ad,(1)(Lad,(m)) =0

for all [, m € L.

Lemma 3.7 Let (L,[,],«) be a generalized Hom-Lie algebra. If L is H-simple with
char(k) # 2, assume that I is an H-Hom-Lie ideal of [L, L]. Let x € I satisfying

(i) ad.(I) = 0;

(ii) ad%([L,L]) =0.
Thus « € Zy(L).

Proof Let z € Iy. Forany m € L,l € [L,L] and y € I. By Lemma 3.3 (1),

0 = ad;([a(l), my]) = adz([l, m]a(y)) + adz((I-1) - a(m))[lo, y))- (3.2)

First, we have

= ady([l,m])a’(y) + 2a(ad,([l,m])ad, (a(y))) + o*([I,m])ad; (a(y))
2 ad([1,m))a’(y) € o
Hence
ad2 ([, m]a(y)) = 0. (3.3)
Similarly,

ad? ((I(—1y - a(m))[lo, y])
= ad2(l-1y - a(m))e?([lo, y]) + 20(ady (I—1) - a(m))ad,([lo, y]))
+0?(l—1y - a(m))adz ([l y])-

Since | € [L, L] and [,] is H-colinear, ly € [L, L], ad,([lo,y]) 90 and ad?([lo, y]) @ 0. Hence

adz ((l-1) - a(m))[lo,y]) = ad; (1) - a(m))e’([lo, y])- (34)
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Substituting (3.3) and (3.4) into (3.2), we obtain
adz (I - a(m))o?([lo, y]) =0 (3.5)

forally € I, 1 € [L, L], m € L. We now consider two cases.

(1) If [1, [L, L]] = 0, then we have ad?(L) = 0. By Lemma 3.6 (2), ad,(l)(Lad,(m)) = 0.
Since L is H-simple, we get ad,(L) =0,V [ € L, and hence x € Zy(L).

(2) Now assume U = [I,[L, L]] # 0. It is easy to see that U is an H-Hom-Lie ideal of
[L,L]. By (3.5) we have ad2(L)U = 0. Let Q = {y € LlyU = 0}, then Q is an H-stable
H-costable left ideal of L, we claim @ = 0. If not, then L = QL since L is H-simple. By
(2.1) we have

QLC(Q.I]+1QC QL] +Q.

Thus L=Q +[Q,L]. Let y € Q,l € [L,L] and uw € U. Then

[y, Ju = ylu = y[l, ul.

Since [l,u] € U, y[l,u] = 0, and thus [Q, [L, L]] C Q and Q[L, L] C Q. Hence

L=QL=Q(Q+[Q,L)CQ.

This implies LU = 0, which contradicts the assumption U # 0. Hence, ¢ = 0, and so
ad?(L) = 0. Similarly to case (1), one gets © € Zg(L).

Theorem 3.8 Let (L, [,], ) be a generalized Hom-Lie algebra. Let L be H-simple with
char(k) # 2, and assume that V is an H-Hom-Lie ideal of [L, L] such that [V, V] C Zy(L)o.
Then Vo C Zy(L)o.

Proof Let V be an H-Hom-Lie ideal of [L, L] such that [V, V] C Zg(L)o. Let x € V5.
We consider the following two cases:

(1) ad, (V) = 0, which implies that € Zy (L) by Lemma 3.7.

(2) ad, (V) # 0. For v € V, we have

[z, [, L]}, a(v)]
D, [z, L)1) - aw), [z, [z, L]]o]
2.1) —[e(vo), [, [z, 87 (v_1)) - L]]]
D [[e, v S M (1)) - (L)), [a(voo), 2]) + [z, [[z, L], ]
= |[[z,a(L)], [a(v),z]] + [z, [[x, L], v]]
C [z, L], [Vi2]]l + [z, [[z, L], v]]

- 0+ [xv [[L7L]7UH - [Z‘,V] C ZH(L)O

We obtain [ad?(L),V] C Zy(L)o. By Lemma 3.6 (1), we have ad?(zl) = o?(z)ad?(l). If
ad?(l) # 0 for some [ € L, then (ad?(1))™' € Zg(L)o by Lemma 3.5. In this case, it is easy to
see that x € Zg(L)o. Now we assume ad?(L) G Zg(L)o. Let y € L with ad?(y) ¢ Zx(L)o.
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Then we choose z € V such that 0 # ad,(z) = v € Zy(L)o. Thus there exist vy, ve,v3 €
Zy(L)o such that [z, ad2(y)] = vi, [a(z), ad?(zy)] = vy and [a?(2), ad?(x*y)] = v3. Now we

have

v = [o(2), ad;(zy)] = [a(2), wad;(y)]
= [z.2]a(adi(y)) + 2, adi(y)] = ua(ady(y)) + zvr.

By Lemma 3.5, u is invertible. Thus ad?(y) = a~'(u"tvy — u=!(zv,)). However, by v, €
Zy(L), x € Vy and Lemma 3.4 (1), we have zv; = vz, and so ad?(y) = o~ (u " vy —

u™ ! (v12)). Similarly, we have

vs = [a?(2),ad;(2%y)] = [a(a(2)), zady (vy)]
= [a(2),z]alad;(y)) + z[a(2), a(ad; (zy))]
= [a(2), a(@)|o(ad(zy)) + zla(z), alad? (x))
= a(u)a(ad:(xy)) + zvs
= ua(ad?(zy)) + zvs,

z

and thus ad?(zy) = a ' (u"tvs — u=!(vox)). Using Lemma 3.6 (1), we have

ady(vy) = wady(y) = o (a(z)(u v) — a(z)(u™ (1))

= a Y(zu Ha(vy) — (zu Ha(vir)) = a H(u  (voz) — uH(v12?)).

Hence v122 — 2vow +v3 = 0, that is, 22 + 0'x + 0° = 0, where ' = —2vy /vy, 0° = v3 /vy, and
0',0° € Zy(L). And so by Lemma 3.3 (2) and Lemma 3.4 (1) we have

0 = [0 a(2)] = [2*, a(2)] + 0"z, a(2)]
= of[2®,2]) + a(0) [z, 2] + [0", 21 - 2la(z0)
= of[2?,2]) + (0" [, 2].
By Lemma 3.4 (1), one has a([z?, 2]) = —a(6')[z, 2] = a(6')u, and similarly we have
a([2?, 2]) = a(z[z, 2] + [z, 2]z) = 2a([z, 2]7) = —20(uz) = —2ux.

Since u € Zy(L)o, a(6') = —2z. Since char(k) # 2, v = —(1/2)0' € Zy(L).

References
[1] Caenepeel S, Goyvaerts I. Monoidal Hom-Hopf algebras[J]. Comm. Algebra, 2012, 40(6): 1933-1950.
[2] Cohen M, Westreich S. From supersymmetry to quantum commutativity[J]. J. Algebra, 1994, 168(1):

1-27.
[3] Cohen M, Fishman D, Montgomery S. On Yetter-Drinfel’d categories and H-commutativity[J].
Comm. Algebra, 1999, 27(3): 1321-1345.



718 Journal of Mathematics Vol. 36

=

Hartwig J. Deformations of Lie algebras using o-derivations[J]. J. Algebra, 2006, 295(2): 314-361.

Larsson D, Silvestrov S. Quasi-Lie algebras[A]. Fuchs J, Mickelsson J, Rozenblioum G, Stolin A,
Westenberg A. Noncommutative Geometry and Representation Theory in Mathematical Physics[C].
Eds. Contemp. Math. 391, Providence, RI: Amer. Math. Soc., 2005, 241-248.

[6] Larsson D, Silvestrov S. Quasi-Hom-Lie algebras, central extensions and 2-cocycle-like identities[J].
J. Algebra, 2007, 288(2): 321-344.

[7] Montgomery S. Hopf algebras and their actions on rings[M]. CMBS Lecture Notes Vol 82, Provi-
dence, RI: AMS, 1993.

[8] Makhlouf A, Silvestrov S. Hom-algebra structures[J]. J. Gen. Lie Theory, 2008, 3(2): 51-64.
[9] Sweedler M. E. Hopf algebras[M]. New York: Benjamin, 1969.

[10] Wang S X, Wang S H. Hom-Lie algebras in Yetter-Drinfeld categories[J]. Comm. Algebra, 2014,
42(10): 4526-4547.
[11] Yang H Y. Derivation algebras of a class of modular Lie algebras[J]. J. Math., 2010, 30(3): 409-413.

=

I XHom-FRHHHLAEE

ALY, FAE?, FEHS
(LTRGBS 2B, Wl g #7 2 453007)
(2.8 2 e B 515 BBV 50, WM B S 453003)
(3. BRI S B =R =B, 280N 239000)
WE: WLE A XHom-ZE %, VR[L, LI — NH-Hom-Z= B A8, A SC 3 B 78 7T LI
O AN ) L R I Hopt R B b i 7 vk, B3 TVIIH-A S & & fELK O H-R A8 &b, X e

7 19944FECohenfllWestreich ) = 4515
X #iE): Kk EHom-1CH; | X Hom-Z2{REL; Yetter-Drinfeld Yl

MR(2010)E 8% 4> 2 5: 16W30; 17B05 FESES: 01533



