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Abstract: In this paper, we study strongly spirallike mappings of type 8 on the unit ball
in complex Banach spaces. By using the definition and the geometrical characteristic of strongly
spirallike mappings of type (3, the growth and covering theorems for the above mappings are ob-
tained. Combining zero of order k of strongly spirallike mappings of type [, the corresponding
growth and covering theorems are also obtained. The results extend the corresponding results of
spirallike mappings.
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1 Introduction and Lemmas

Growth and covering theorems for biholomorphic mappings are important parts in ge-
ometric function theory of several complex variables. Especially as the biholomorphic map-
pings were restricted with the geometric characteristic, many scholars started to discuss the
problem. From the geometric characteristic of spirallike mappings of type (, Feng Shuxia
[1] gave the definitions of almost spirallike mappings of type 3 and order «, spirallike map-
pings of type 8 and order a and strongly spirallike mappings of type 8 and order «, and
obtained their growth and covering theorems. Liu X S [2] considered the order of zero and
aiso obtained the growth and covering theorems for spirallike mappings of type (3, almost
starllike mappings of order o and starllike mappings of order a. And also there are many
refining growth and covering theorems for other biholomorphic mappings (see [3-5]).

In 2001, Hamada and Kohr [6] firstly gave the definition of strongly spirallike mappings
of type a on the unit ball B” in C", and later Xu Q H [4] generalized the definition on the

unit ball B in complex Banach spaces. In this paper, we mainly discuss the growth and
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covering theorems for strongly spirallike mappings of type 8 on B, and where D is the unit
disc.

Definition 1.1 [4] Suppose that f is a normalized locally biholomorphic mapping on
B. If
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then f is said to be a strongly spirallike mapping of type 3, and if 5 = 0, then f is said to
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be a strongly starllike mapping.

Remark From Definition 1.1 we know that the image of the unit ball under the
2

1
mapping e Z[’—T [(Df(x))~! f(x)] is in the circle where the center is % cos 3 —isin 3
—c

2
and the radius is 1702 cos 3. Yet
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so the circle must be in the right half-plain, and thus strongly spirallike mappings of type 3
must be spirallike mappings of type .

Lemma 1.2 (see [7]) Suppose that f : D — D is holomorphic and f(0) = 0, then
lf(0)] <1, and |f(2)| < |z|,Vz € D.

Lemma 1.3 (see [8]) Suppose that f: D — D is holomorphic and z = 0 is the zero of
f(2) of order k(k € N), then |f(2)| < |z|F,Vz € D.

Lemma 1.4 (see [1]) Suppose that f: B — X is a normalized biholomorphic spirallike
mapping of type 3,3 € (=5, %). If we denote z(t) = f~'(exp(—e—ift) f(z)) (0 <t < +00)
for x € B\ 0, then

(1) Hx(t?” strictly decreases monotonically for ¢ € [0, +00);

m |f( ( ))” d—x = —¢ x Lz or arbitrari 00);
(2) tim g = 10 = —e D (1)) F(a(0)] for arbitrasily ¢ € (0, +0c);
(3)

d
AN — — cos g (el 1 € (0, +00).
Lemma 1.5 (see [1]) Suppose that z(t) : [0, +00) — X is differentiable in the point of
€ (0,400), and ||z(t)]| is also differentiable in the point of s, then

ar o s

ReTo [ ()] = 1o

€ [0, +00).

2 Main Results

Theorem 2.1 Suppose that f is a normalized biholomorphic strongly spirallike map-

ping of type S on B, c € (0,1), B € (— 5 2) then
S P T L ET7- S
@t el)? = S T dale 1
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When 8 =0, i.e., f is a strongly starllike mapping on B, we have the same result.
Proof Fix z € B\ {0}, and let zy = Tl then zo € 0B. Let

e"ﬂszo Df(Cxo)) L f(Cxo)l, D\ {0},
4(0) = ¢ [(Df(Cxo)) ™" f(Cxo)], ¢ € D\ {0} W
e . ¢=0.

Since f is a normalized biholomorphic strongly spirallike mapping of type 5 on B, then by

Definition 1.1, we have

S LLDIW) )] - (G cos - ising)] <

Suppose = = (xo = [(|e?xo, # 0, then we have

c
le <{— = cos 3,

1 2
(%;Cosﬂfisinﬂﬂ <

|6—i61

CTIO[(Df(Cxo))_lf(Cxo)] -

c
[ cos 3,

ie.,

2
9(0) — (155 cos § — isin )] <

= cosﬁ ¢ e D\{0}.

Furthermore, for ¢ = 0, the above inequality holds by eq. (1), thus the above inequality
holds for arbitrarily ¢ € D, so we have

1 _ a2 1 2
|2CCO§ﬂ[g(C) +isinf)] — ;LCC | <1, eD.
Suppose
1-¢2 1+4c2
§Q) = o lol€) + isin ) - L
then we have |p(¢)| < 1 and p(0) = —c¢, Let ¢(¢) = »(©) —p(0) it is clear that [p(¢)| < 1
7 1= p(0)p(¢)’
and (0) = 0, so we have |¢(¢)| < |¢| by Lemma 1.2, i.e.,
1—¢? 1+ c?
QCCOSB[Q(O +isinf)] - ——+c
R I <l
Lt el lo(Q) + sin )] — 1)
ie.,
(0(Q) +isin ) —coss

(g(¢) +isin 3)) + cos 3
Let g(¢) +isin 8 = A+ Bi(A, B € R), and from the above inequality, then we have

1 +c2|<|2
e

21412
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so g(¢) + isin g is in the circle taking a as the center and r as the radius in the complex

plain, and here

_1 +02|C|2 2¢/¢]
ST osﬁ,rzmcosﬁ.
Then Rea —r < Re(g(¢) + 1 smﬂ) < Rea+r, ie.,
1-— 1
U] con < Reg(0) < T cos

1+ ¢[¢]
According to (1), and let ¢ = ||z||, we obtain

— ¢l ¢

]l (1 + efl=[])
1 — ¢l

=@ =elel) o 5 < Refeo, (D f(2)) " f(2)]} <

T+ o] 0s 3. (2)

Let
2(t) = [ exp(—e~7t) f(2))(0 < t < +20),
by Lemma 1.4, then ||z(¢)|| is differentiable almost everywhere in [0, +00), and

1) = e (D () Fla0) )

From (2), (3) and Lemma 1.5, we obtain

[z@)[|(1 + cllz(®)]) dz(t),  dl|z(t)]| [z(@)[|(1 — cllz(®)])
T —gey . s Reo( ) = T s . o @
dlIf( (t))H

Also from Lemma 1.4, we have —cos G| f(xz(t))|l, then from (4) we obtain

1 dllf(zv(t))l\ =@ +clz@®]) _ dlz@)]l

Lf@)I dt L—clz®) = dt 5)
L difGE@) @) = clz@])
@) dt Ltz

For 7 > 0, from the left of (5) we obtain

I MV@@II L=z dz()]
AHf(ﬂC(t) dt < /|m(t dt,

1L+cllz(@®)])  dt
thus l|lz(7)]] ]
log £ (a(r)| ~ 0g (2} < log s — ok i

L@ el A+ =)
| '

If@I = A +czm)D? ]
Let 7 — +oo, from Lemma 1.4 we obtain || f(z)|| > a +||x”|| IER Also from the right of (5)
c
: ]
we can obtain ||f(z)]| < ————. Hence
(1 —cf]})?
]l ]l
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and so we have f(B) D iB, this completes the proof.

Theorem 2.2 Suppose that f is a normalized biholomorphic strongly spirallike map-
ping of type S on B, ¢ € (0,1), § € (—g, g), and x = 0 is the zero of f(z) — z of order
k+ 1(k € N), then

]|
— <)) < —_ -
(1 +cfl||*) (1 = clj]|*)* :
When g = 0, that is, when f is a strongly starllike mapping on B, we have the same result.
Proof With the same method of the proof of Theorem 2.1, and from Lemma 1.3 we
can obtain |¢(¢)| < [¢|*. Replacing |¢| with |¢|* in the proof of Theorem 2.1, so we can

obtain
L @) @0+ =@l _ dla]
REOI - dz@lF  © “
_ 1 @) @l - ]
SOl d L+ el
From the left of (6), we have
T A, [T 1—ce@®F de®)]
/o||f<x<t>>| i dtffo eI + @) e
thus
log I/ (e(r)]| — log I/ @)]| < log — 2N ol
=B T (e B W clla)?
1o ] _ w - w
— toellatllew | o~ 15 —lolleles [ 1o~ 1150
= log{le() (1 + ellz(M)*)F} — log{llzl|(1 + ellz*)~F},
So we have
W @l (]
@l = GxdemE el
Thus we obtain ” ”
Also from the right of (6) we can obtain
]

this completes the proof.
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