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Abstract: In this paper, we introduce the notions of an a-McCoy ring and weak a-McCoy
rings to study McCoy properties and weak McCoy properties relative to an endomorphism « of a
ring R. By using various ring extensions, we prove that a ring R is a right a-McCoy ring if and
only if R[z] is a right a-McCoy ring, and the direct limit of a direct system of right weak a-McCoy
rings is investigated in the last section. It is shown that if R is a right weak a-McCoy ring. Some
well-known results on McCoy rings are generalized.
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1 Introduction

Throughout this note, R denotes an associative ring with identity and « denotes a
nonzero endomorphism, unless specified otherwise. For a ring R, we denote by nil(R) the
set of all nilpotent elements of R and 7,,(R) the n-by-n upper triangular matrix ring over
R. In [8], Nielsen introduced the notion of a McCoy ring. A ring R is said to be right
McCoy (resp., left McCoy) if for each pair of nonzero polynomials f(z),g(z) € R[x] with
f(z)g(x) = 0, there exists a nonzero element r € R with f(z)r = 0 (resp., rg(z) = 0). A
ring R is McCoy if it is both left and right McCoy. The name of the ring was given due
to N. H. McCoy who proved in [7] that commutative rings always satisfy this condition A

ring R is called weak McCoy if for each pair of nonzero polynomials f(x Z a;z’ and
) = > bz’ € R[z] with f(x)g(z) = 0, there exists a nonzero element 7 € R such that

j=0
a;r € nil(R) (resp., rb; € nil(R)). A ring R is called weak McCoy if it is both right and

left weak McCoy Due to Rege and Chhawchharla [9], a ring R is called Armendariz if for

given f(x Z a;x" and g(x Z bjzl € Rlz], f(z)g(z) = 0 implies that a;b; = 0 for
=0
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each 4,7 (the converse is obviously true). It is well-known that every reduced ring (i.e., rings
without nonzero nilpotent elements in R) is an Armendariz ring and every Armendariz ring
is McCoy Recall that if v is an endomorphism of a ring R, then the map R[x] — R[z]| defined

by Z a;rt — Z a(a;)z® is an endomorphism of the polynomial ring R[z] and clearly this

map extends . We shall also denote the extended map R[z] — R[z] by « and the image of
f(z) € R[z] by a(f(z)). For basic and other results on McCoy rings, see, e.g., [3, 8, 10, 11].

We consider the McCoy properties related to an endomorphism « of a ring R and call
them a-McCoy rings. It is clear that every McCoy ring is an a-McCoy ring, but we shall
give an example to show that there exists an a-McCoy ring which is not McCoy. A number
of properties of this version are established. It is proved that a ring R is a right a-McCoy
ring if and only if R[z] is right a-McCoy. Moreover, we show that a ring R is right a-McCoy
if and only if R[z]/(x™) is right a-McCoy. For a right Ore ring R, if « is an endomorphism
of R with Q(R) the classical right quotient ring of R. It is proved that R is right a-McCoy if
and only if Q(R) is right a-McCoy. Moreover, a weak form of a-McCoy rings is investigated
in the last section. We show that in general weak a-McCoy rings need not be a-McCoy. It
is proved that if R is a right weak a-McCoy ring, then the n-by-n upper triangular matrix
ring T,,(R) is a right weak a-McCoy ring. And hence some results on McCoy rings are
generalized.

2 a-McCoy Rings and Examples

In this section, we relate the problem on the various McCoy properties of a ring R to
an endomorphism « of R. We begin with the following definition.

Definition 2.1  An endomorphism « of a rmg R is called rlght (resp left) McCoy,

if for each pair of nonzero polynomials f(z) = Z a;z" and g(x Z bjzd € Rlx] with
=0 Jj=
a(f(z))g(x) = 0 (resp., f(z)a(g(z)) = 0), there exists a nonzero element r € R such that

a(f(x))r = 0 (resp., ra(g(x)) = 0). A ring R is called right (resp., left) a-McCoy if there
exists a right (resp., left) McCoy endomorphism « of R. R is an a-McCoy ring if it is both
right and left a-McCoy.

It is clear that every right McCoy ring is right a-McCoy. However, we can give the
following example to show that there exists a McCoy endomorphism « of a ring S such that
S is not a McCoy ring.

Example 2.2 Let Z be the ring of integers. Consider the ring

Sz{(a b>|a,b,c€Z}.
0 c

b 0
Let @ : S — S be an endomorphism defined by « (( g )) = ( g 0 ) I f(x) =
c

n i bi m ; . . .
> . z' and g(z) = > ) 29 are nonzero polynomials in S[z] such that
=\ 0 ¢ j=0 0 fi
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a(f(x))g(x) = 0. Then we have

a(f(z)g(x) = x
! k=0 (H;k< 00 0
+n

This implies that

n+m n+m
S5 w030 F wepet o
k=0 i+j=k k=0 i+j=k
Let fi(z Za z', gi(x) = Y d;a? and go(x Z e;z?. Then we have fi(z)g1(x) =
7=0

fi(x)gs(x ) = O. Since every reduced ring is an Armendarlz ring, it follows that a;d; =

a;e; = 0 for each 4, j. If a; = 0, then we are done. If a; # 0, then we have d; = e; = 0. Now

(0 0)
T =
0 f

for some f; # 0, then r # 0 and a(f(x))r = 0. This shows that the endomorphism « of S is
right McCoy. Similarly, we can prove that the endomorphism a of S is left McCoy. But S
is neither left nor right McCoy by [10, Theorem 2.1].

According to [1], an endomorphism « of a ring R is called right (resp., left) reversible if
whenever ab = 0 for a,b € R, ba(a) = 0 (resp., a(b)a = 0). A ring R is called right (resp.,
left) a-reversible if there exists a right (resp., left) reversible endomorphism « of R. R is

if we let

a-reversible if it is both left and right a-reversible.

Note 2.3 It is well-known that every reversible ring is a McCoy ring. Based on this
fact, one may suspect that every left (resp., right) a-reversible ring is McCoy. But this is not
true by Example 2.2 and [1, Example 2.2]. In general, we do not know if every a-reversible
ring is a-McCoy. In fact, Example 2.2 shows that a right a-reversible ring can be a-McCoy.

The next proposition gives more examples of right a-McCoy rings.

Proposition 2.4 Let R be a ring and o« an endomorphism of R. Then R is a right
a-McCoy ring if and only if R[z] is a right a-McCoy ring.

Proof Assume that R is a right a-McCoy ring. Let p(y) = fo + fiy + -+ + fmy™,
q(y) = go + g1y + -+ + gny" be in Rlz][y] with a(p(y))q(y) = 0. We also let

fi=ai, +ai @+ A aw, 2, g5 = bjg +bj x4+ by x

for each 0 <4 < m and 0 < j < n, where a;,,a;,," " ,@uw,,bjy, 05, -+ ,b,;, € R. We claim
that R[] is right a-McCoy. Take a positive integer k such that & > max{deg(f;), deg(g;)}
for any 0 < i <m and 0 < j < n, where the degree is as polynomials in R[z] and the degree

of zero polynomial is take to be zero. Then

p(a®) = fo+ fie + -+ frx™ q(2") = go + g12® + - + go2™* € R[x],
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and hence the set of coefficients of the f;s (resp., g;s) equals the set of coefficients of p(a*)
(resp., g(z¥)). Since a(p(y))q(y) = 0, we have a(p(z*))q(x*) = 0. It follows that there exists
0 # r € R C R[] such that a(p(z*))r = 0. This 1mp11es that a(p(y ))r = 0, and so R[z] is

right a-McCoy. Conversely, suppose that f(y Z ayt, g(y) = Z bjy’ € Rly|\{0} such

that o(f(y))g(y) = 0. Since R]z] is right a- McCoy, there exists 0 75 r( ) € R[z] such that
a(f(y))r(x) = 0. This shows that a(a;)r(z) = 0 for each i. It follows from 0 # r(x) that
there exists 0 # r; € R such that a(a;)r; = 0 for each i. Therefore, a(f(y))r; =0 and so R
is right a-McCoy.

Corollary 2.5 A ring R is a right McCoy ring if and only if R[z] is right McCoy.

Let R be a ring and A a multiplicative monoid in R consisting of central regular ele-
ments, and let A™'R ={u"'a|u € A,a € R}, then A™'R is a ring. For an endomorphism «
of R with a(A) C A, the induced map & : A™'R — AR defined by a(u"'a) = a(u)'a(a)
is also an endomorphism. We have the following result for the right a-McCoy property.

Proposition 2.6 Let R be a ring with an endomorphism «. If R is right a-McCoy,
then A™'R is right a-McCoy.

Proof Assume that R is right a-McCoy and let

f(z) = Zu a;z’, g(x Z bz’ € AT R[]

7=0

with a(f(z))g(x) = 0. Then we have

F(z) = (umtm—1---u) f(z), G(x) = (0yvp_1--vo)g(x) € R[x].

Since R is right a-McCoy and a(F(z))G(z) = 0, this implies that there exists a nonzero
r € R such that a(u,ty, 1 upu; ‘a;)r = 0 for all 4,7, and so a(a;)r = 0 since A is a
multiplicative monoid in R consisting of central regular elements and u;,v; € A for all 4, 5.
It follows that a(u; 'a;)r = a(u;)"*a(a;)r = 0 for all 4,j. This shows that A~!'R is right
a-McCoy.

The ring of Laurent polynomials in x, with coefficients in a ring R, consists of all formal

sum > m;x’ with obvious addition and multiplication, where m; € R and k,n are (possibly
i=k
negative) integers. We denote this ring by R[z; 33_1] For an endomorphism « of a ring R,

the map a : R[z; 27! — R[x;x7!] defined by a( E a;x’) = E a(a;)r! extends a and is also
i= i=k
an endomorphism of R[z;z™].

Corollary 2.7 Let R be a ring. If R is a right a-McCoy ring, then R[z;x~!] is right
a-McCoy.

Proof Let A = {1,z,22,---}, then clearly A is a multipicatively closed subset of
R[z]. Since R[x;z~ '] = A~'R[z], it follows directly from Proposition 2.6 that R[z;z~'] is
right a-McCoy.

According to [2], an endomorphism « of a ring R is called semicommutative if ab = 0

implies that aRa(b) = 0 for all a,b € R. A ring R is called a-semicommutative if there exists
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a semicommutative endomorphism « of R. Recall from [3] that a ring R is said to be right
linearly McCoy if given nonzero linear polynomials f(z),g(z) € R[z] with f(z)g(z) = 0,
there exists a nonzero element r € R with f(x)r = 0. We can define linearly a-McCoy rings
similarly. It was proved in [3, Proposition 5.3] that every semicommutative ring is right
linearly McCoy. The next example gives an example of right linearly a-McCoy rings which

is not a-semicommutative.

Example 2.8 Let R = Zy & Zs, where Zs is the ring of integers modulo 2. Then R
is a right linearly a-McCoy ring since R is a commutative reduced ring. Let o : R — R be
an endomorphism defined by «((a,b)) = (b,a). For (1,0),(0,1) € R, we have (1,0)(0,1) =0
but (1,0)(1,1)x(0,1) # 0. It follows that R is not a-semicommutative.

Let A(R,«) be the subset {x~‘rz’|r € R,i > 0} of the skew Laurent polynomial ring
R[z,27; a], where a : R — R is an injective ring endomorphism of a ring R (see [5] for more
details). Elements of R[z, 2~ '; a] are finite sums of elements of the form z~*rz* where r € R
and 7 is a non-negative integer. Multiplication is subject to zr = a(r)z and ra=! = 27 a(r)
for all » € R. Note that for each j > 0, z7irz’ = =+ (r)2*+9). It follows that the set

A(R, a) of all such elements forms a subring of R[z,z~"; a] with

gt st = xf(z‘Jrj)(aj(T) + ai(s>>x(i+j)’

(27 rz?) (a7 sx?) = 2~ (o (r)ad(s)) 2+

for r;s € R and 7,7 > 0. Note that « is actually an automorphism of A(R, «).

Proposition 2.9 If R is an a-rigid ring, then A(R, «) is right a-McCoy.

Proof 1t follows directly from the fact that A(R, «) is an a-rigid ring by [4] and that
every a-rigid ring is right a-McCoy.

Proposition 2.10 Let R be a ring and « an endomorphism of R. Then R is a
right a-McCoy ring if and only if R[z]/(x") is a right a-McCoy ring, where (™) is the ideal
generated by z™.

Proof Assume that R is right a-McCoy and we denote the element Z in R[z]/(z™)
by uw. Then

R[:C]/(xn) = R[U] =R+Ru+---+ Runfl’

where v commutes with elements of R and u” = 0. Let f(y) =

2

be nonzero polynomials in R[u|[y] with a(f(y))g(y) = 0, where

p ) q .
fiy* and g(y) = > g;%’
=0 =0

n—1

n—1

S t

fi= E aisUy g5 = E bth~
s=0 t=0
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q .
Moreover, if we let k,( Z aisy', hi(y) = > bjy?. Then we have
i=0 =0
p
0 = alfy)aly) = alf Zggy
=0
p n—1 q n—1
= O ala)uy) O] buu'y’)
i=0 s=0 j*O =0
n—1 p n—1 n—1
= ) O alaiy Zb Wt =0 alk(y) Y ha(y)ut.
s=0 =0 t=0 75=0 s=0 t=0

It follows that Y «(ks(y))hi(y) = 0, where k = 0,1,--- ,n — 1. If a(ki(y)) = 0, take
s+t=k
r =u""!. Then we have 0 # r € R[u], and so

p p

n—1
a(fm)r = Q_(Q_alaw)yyu)u"" = (3_alan)y)u"~" = alky(y)u"" =0.
s=0 i=0 =0
If a(ko(y)) # 0, it follows from g¢(y) # 0 that there is a minimal k¥ € {0,1,---n — 1} such
that hy(y) # 0 and a(ko(y))hi(y) = 0. Since R is right a-McCoy, there exists a nonzero
element ¢ € R such that a(ky(y))c = 0. Let v’ = cu™'. Then we have 0 # r’ € R[u] and

a(f(y)r' = (Z( . a(ai)y' ) u)eu "t = (Z afap)y’)cu™ ! = 0.

Conversely, suppose that

P

Fy) =Y ay' gly) =D by’ € Ry\{0}

i=0 =0

such that a(f(y))g(y) = 0. Since f(y) and g(y) are nonzero polynomials of R[z]/(z™)[y] and
R[z]/(z™) is right a-McCoy, it follows that there exists 0 # ry(x Z cpz® € Rlx]/(z™)

such that a(f(y))ri1(z) = 0. Let ¢, # 0 with ko minimal. Then we obtam alf(y))ek, =0
and so R is right a-McCoy.

Corollary 2.11 Let R be a ring and n any positive integer. Then R is right McCoy
if and only if R[z]/(z™) is right McCoy.

A ring R is called right Ore if given a,b € R with b regular, there exist a;,b; € R with
b1 regular such that ab; = ba;. It is well-known that R is a right Ore ring if and only if the
classical right quotient ring Q(R) of R exists. Suppose that the classical right quotient ring
Q(R) of R exists. Then for an endomorphism « of R and any ab~! € Q(R) where a,b € R
with b regular, the induced map @ : Q(R) — Q(R) defined by a(ab™') = a(a)a(b)~! is also

an endomorphism.
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Proposition 2.12 Let R be a right Ore ring with Q(R) the classical right quotient
ring of R. If & is an endomorphism of R, then R is right a-McCoy if and only if Q(R) is
right a-McCoy.

Proof Let F(x) = Z 8;x',G(z) = Y. B;27 be nonzero polynomials in Q[z] with

7=0
a(F(x))G(z) = 0. By [6, Proposmon 2.1.16], we may assume that §; = a;u™"! and 3; = b;v ™!
with a;,b; € R for each ¢, j and regular elements u, v € R. Moreover, for each j, there exists

¢; € R and a regular element w € R such that a(u)~'b; = c;w™!

2.1.16]. Let f(z) =Y a;z’,g(z) = > ¢;27. Then we have
=0 i=0

also by [6, Proposition

0 = ofF())G(x) = Za(é ZW

= 30 ala)e(vw) et = alf(@))g()(ww) .
k=0 i+j=k

This implies that o(f(z))g(xz) = 0. Then there exists a nonzero r € R such that a(f(z))r =0
since R is a right a-McCoy ring. Then a(a;)r = 0 for each i, and hence «(d;)(a(u)r) =
Now @ being right a-McCoy follows from the fact that «(F(z))(a(u)r) = 0 since a(u)r is a
nonzero element of (. On the other hand, note that if

m(zx) = Zaixi,n(x) = ija;j € Rx]

such that a(m(z))n(z) = 0. Then there exists a nonzero element 7 in @ such that a(m(z))y =
0 since @ is right a-McCoy. We may assume v = dx~! with d a nonzero element in R and
k a regular element. So we obtain a(m(z))dk™ = 0, and hence a(m(z))d = 0. This implies
that R is right a-McCoy. This completes the proof.

Corollary 2.13 Let R be a right Ore ring and Q(R) be the classical right quotient
ring of R. Then R is right McCoy if and only if Q(R) is right McCoy.

3 Weak a-McCoy Rings and its Properties

Comparing with the definition of a weak McCoy ring, we give the following definition
of weak a-McCoy rings accordingly.
Definition 3.1  An endomorphism « of a ring R is called right (resp. left) weak

McCoy, if for each pair of nonzero polynomials f(z Z a;x" and g(z Z bjz! € R[z]
=0 7=0
with a(f(x))g(z) = 0 (resp., f(z)a(g(z)) = 0), there exists a nonzero element r € R such

that a(a;)r € nil(R) (resp., ra(b;) € nil(R)). A ring R is called right (resp., left) weak
a-McCoy if there exists a right (resp., left) weak McCoy endomorphism « of R. R is a weak
a-McCoy ring if it is both right and left a-McCoy.
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It is clear that every right a-McCoy ring is right weak a-McCoy. It was shown in [10,
Theorem 2.1] that 7,,(R) is not McCoy for n > 2. The following example shows that there
exists a weak a-McCoy endomorphism « of a ring S such that S is not an a-McCoy ring.

Example 3.2 Let R be a reduced ring. Consider the ring

Sz{(a b>|a,b,c€R}.
0 c

Let a: S — S be an endomorphism defined by

a b [ a Db
“ 0 c Lo ¢ '
On the other hand, let
0 —1 10 0 1 0 0
o=(0 7)) (0a) (00 )-

be elements in S[x]. It is straightforward to check that «(f(z))g(z) = 0, and we can not
find a nonzero element r € S such that «(f(x)r = 0. This implies that S is not an a-McCoy
ring. However, S is a right weak a-McCoy ring by the following Proposition 3.3.

Proposition 3.3 Let R be a right weak a-McCoy ring and « an endomorphism of R.
Then T,,(R) is a right Weak a—McCoy ring.

Proof Let f(x Z Azt g(z Z B;z7 be nonzero polynomials in 7},(R)[z] with
a(f(z))g(x) = 0, where Al, B € T,L(R) for all i,7. If we denote by E;; the usual matrix unit

with 1 in the (i, j)-coordinate and zero elsewhere, then for each a/(A4;) there exists a nonzero
element C' = rE},, such that a(A4;)C € nil(T,(R)), where 0 # r € R.

Given a ring R and a bimodule p Mg, the trivial extension of R by M is the ring
T(R,M) = R@ M with the usual addition and the following multiplication

(ri,mq)(ra, ma) = (rire, rimo + mqrs).

This is isomorphic to the ring of all matrix g mn , where r € R, m € M and
r

the usual matrix operations are used. For an endomorphism « of a ring R and the trivial
extension T'(R, R) of R, @: T(R, R) — T(R, R) defined by

a((a b>>:<a(a) a(b))
0 a 0 «afa)

is an endomorphism of T'(R, R). Since T(R,0) is isomorphic to R, we can identify the
restriction of @ by T'(R,0) to a.

Corollary 3.4 If R is right weak a-McCoy, then the trivial extension T'(R, R) is a
right weak a-McCoy ring.
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Based on Proposition 3.3, one may suspect that if R is a weak a-McCoy ring, then the
n-by-n full matrix ring M, (R) is weak a-McCoy with n > 2. But the following example
erases the possibility.

Example 3.5 Let R be a reduced ring. Then R is a weak a-McCoy ring. Put
S = M, (R) and let o be an endomorphism of S defined by

a b _ a —b
“ c d -\ —¢ d '
We also let
0 —1 10 11 0 0
ﬂx)z(o 0 >+<0 0>x’ gm:(o 0>+<—1 —1)36

be polynomials in S[z]. Then we have a(f(x))g(x) = 0, and it is easy to check that S is not
a weak a-McCoy ring.

Now we consider the case of direct limits of direct systems of right weak a-McCoy rings.

Proposition 3.6 The direct limit of a direct system of right weak a-McCoy rings is
also right weak a-McCoy.

Proof Let D = {R;,¢;;} be a direct system of right weak a-McCoy rings R; for i € I
and ring homomorphisms ¢;; : R; — R; for each i < j satisfying ¢;;(1) = 1, where I is a
direct partially ordered set. Let R = li_n}lRi be the direct limit of D with ¢; : R; — R and
tj¢;; = ;. We shall prove that R is a right weak a-McCoy ring. Let o be an endomorphism of
R and take z,y € R. It follows that x = ¢;(x;),y = ¢;(y;) for some i, j € I and there is k € I
such that i <k, j < k. Now define x +y = 14 (i (z:) + ¢jx(y;)) and zy = i (Pir(x:)djx(y5)),
where ¢;i(z;) and ¢, (y;) are in Ry. It is easy to see that R forms a ring with 0 = ¢;(0) and

m

1 =1(1). Let a(f(z))g(z) = 0 with f(z Z asx® and g(zx Z byz' in R[x]. Then there
are i, ji, k € I such that a(as) = ¢, (ais) bt tj, (b5,),is <k jt < k. So we have

(as)bt Lk:(¢l (ais)¢jtk(bjt>>7

and hence
a(f(z))g(z) = (Zbk(qﬁisk(ais)):rs)( u(dj,0(b;,))zh)
m—+n
= DY wlbirlaindintbi))e =0
d=0 s+t=d

in Ry[x] since a(f(x))g(x) =0 . On the other hand, since Ry is right weak a-McCoy, there
exists s, € Ri\{0} such that v (¢ x(a;,))sk € nil(Ry) for all 0 < i < m. Let s = tx(sg).
Then we have a(as)s € nil(R) and R is right weak a-McCoy.

Corollary 3.7 The direct limit of a direct system of right weak McCoy rings is right
weak McCoy.
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Proposition 3.8 Let R be a ring and I an ideal of R such that R/I is right weak
a-McCoy. If T C nil(R), then R is a right weak a-McCoy ring.
Proof Let f(z) = > a;a" and g(x) = Y bja’ be polynomials in R[z] with a(f(z))g(z) =
i=0 j=0

0. Then we have Y a(a;)z?)(>_ b;z?) = 0 in R/I. Since R/I is right weak a-McCoy, there
i=0 j=0
exists n; € N and s ¢ I such that (a(a;)s)™ = 0. It follows that (a(a;)s)™ € nil(R) since

I C nil(R). This completes the proof.
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