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Abstract: In this paper, we introduce the notions of an α-McCoy ring and weak α-McCoy

rings to study McCoy properties and weak McCoy properties relative to an endomorphism α of a

ring R. By using various ring extensions, we prove that a ring R is a right α-McCoy ring if and

only if R[x] is a right α-McCoy ring, and the direct limit of a direct system of right weak α-McCoy

rings is investigated in the last section. It is shown that if R is a right weak α-McCoy ring. Some

well-known results on McCoy rings are generalized.
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1 Introduction

Throughout this note, R denotes an associative ring with identity and α denotes a
nonzero endomorphism, unless specified otherwise. For a ring R, we denote by nil(R) the
set of all nilpotent elements of R and Tn(R) the n-by-n upper triangular matrix ring over
R. In [8], Nielsen introduced the notion of a McCoy ring. A ring R is said to be right
McCoy (resp., left McCoy) if for each pair of nonzero polynomials f(x), g(x) ∈ R[x] with
f(x)g(x) = 0, there exists a nonzero element r ∈ R with f(x)r = 0 (resp., rg(x) = 0). A
ring R is McCoy if it is both left and right McCoy. The name of the ring was given due
to N. H. McCoy who proved in [7] that commutative rings always satisfy this condition. A

ring R is called weak McCoy if for each pair of nonzero polynomials f(x) =
m∑

i=0

aix
i and

g(x) =
n∑

j=0

bjx
j ∈ R[x] with f(x)g(x) = 0, there exists a nonzero element r ∈ R such that

air ∈ nil(R) (resp., rbj ∈ nil(R)). A ring R is called weak McCoy if it is both right and
left weak McCoy. Due to Rege and Chhawchharia [9], a ring R is called Armendariz if for

given f(x) =
m∑

i=0

aix
i and g(x) =

n∑
j=0

bjx
j ∈ R[x], f(x)g(x) = 0 implies that aibj = 0 for
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each i, j (the converse is obviously true). It is well-known that every reduced ring (i.e., rings
without nonzero nilpotent elements in R) is an Armendariz ring and every Armendariz ring
is McCoy. Recall that if α is an endomorphism of a ring R, then the map R[x] → R[x] defined

by
m∑

i=0

aix
i →

m∑
i=0

α(ai)xi is an endomorphism of the polynomial ring R[x] and clearly this

map extends α. We shall also denote the extended map R[x] → R[x] by α and the image of
f(x) ∈ R[x] by α(f(x)). For basic and other results on McCoy rings, see, e.g., [3, 8, 10, 11].

We consider the McCoy properties related to an endomorphism α of a ring R and call
them α-McCoy rings. It is clear that every McCoy ring is an α-McCoy ring, but we shall
give an example to show that there exists an α-McCoy ring which is not McCoy. A number
of properties of this version are established. It is proved that a ring R is a right α-McCoy
ring if and only if R[x] is right α-McCoy. Moreover, we show that a ring R is right α-McCoy
if and only if R[x]/(xn) is right α-McCoy. For a right Ore ring R, if α is an endomorphism
of R with Q(R) the classical right quotient ring of R. It is proved that R is right α-McCoy if
and only if Q(R) is right α-McCoy. Moreover, a weak form of α-McCoy rings is investigated
in the last section. We show that in general weak α-McCoy rings need not be α-McCoy. It
is proved that if R is a right weak α-McCoy ring, then the n-by-n upper triangular matrix
ring Tn(R) is a right weak α-McCoy ring. And hence some results on McCoy rings are
generalized.

2 α-McCoy Rings and Examples

In this section, we relate the problem on the various McCoy properties of a ring R to
an endomorphism α of R. We begin with the following definition.

Definition 2.1 An endomorphism α of a ring R is called right (resp., left) McCoy,

if for each pair of nonzero polynomials f(x) =
m∑

i=0

aix
i and g(x) =

n∑
j=0

bjx
j ∈ R[x] with

α(f(x))g(x) = 0 (resp., f(x)α(g(x)) = 0), there exists a nonzero element r ∈ R such that
α(f(x))r = 0 (resp., rα(g(x)) = 0). A ring R is called right (resp., left) α-McCoy if there
exists a right (resp., left) McCoy endomorphism α of R. R is an α-McCoy ring if it is both
right and left α-McCoy.

It is clear that every right McCoy ring is right α-McCoy. However, we can give the
following example to show that there exists a McCoy endomorphism α of a ring S such that
S is not a McCoy ring.

Example 2.2 Let Z be the ring of integers. Consider the ring

S =

{(
a b

0 c

)
|a, b, c ∈ Z

}
.

Let α : S → S be an endomorphism defined by α

((
a b

0 c

))
=

(
a 0
0 0

)
. If f(x) =

n∑
i=0

(
ai bi

0 ci

)
xi and g(x) =

m∑
j=0

(
dj ej

0 fj

)
xj are nonzero polynomials in S[x] such that
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α(f(x))g(x) = 0. Then we have

α (f (x)) g (x) =
m+n∑
k=0

( ∑
i+j=k

(
ai 0
0 0

)(
dj ej

0 fj

))
xk

=
m+n∑
k=0

( ∑
i+j=k

(
aidj aiej

0 0

))
xk = 0.

This implies that
n+m∑
k=0

(
∑

i+j=k

aidj)xk = 0,

n+m∑
k=0

(
∑

i+j=k

aiej)xk = 0.

Let f1(x) =
n∑

i=0

aix
i, g1(x) =

m∑
j=0

djx
j and g2(x) =

m∑
j=0

ejx
j . Then we have f1(x)g1(x) =

f1(x)g2(x) = 0. Since every reduced ring is an Armendariz ring, it follows that aidj =
aiej = 0 for each i, j. If ai = 0, then we are done. If ai 6= 0, then we have dj = ej = 0. Now
if we let

r =

(
0 0
0 fj

)

for some fj 6= 0, then r 6= 0 and α(f(x))r = 0. This shows that the endomorphism α of S is
right McCoy. Similarly, we can prove that the endomorphism α of S is left McCoy. But S

is neither left nor right McCoy by [10, Theorem 2.1].
According to [1], an endomorphism α of a ring R is called right (resp., left) reversible if

whenever ab = 0 for a, b ∈ R, bα(a) = 0 (resp., α(b)a = 0). A ring R is called right (resp.,
left) α-reversible if there exists a right (resp., left) reversible endomorphism α of R. R is
α-reversible if it is both left and right α-reversible.

Note 2.3 It is well-known that every reversible ring is a McCoy ring. Based on this
fact, one may suspect that every left (resp., right) α-reversible ring is McCoy. But this is not
true by Example 2.2 and [1, Example 2.2]. In general, we do not know if every α-reversible
ring is α-McCoy. In fact, Example 2.2 shows that a right α-reversible ring can be α-McCoy.

The next proposition gives more examples of right α-McCoy rings.
Proposition 2.4 Let R be a ring and α an endomorphism of R. Then R is a right

α-McCoy ring if and only if R[x] is a right α-McCoy ring.
Proof Assume that R is a right α-McCoy ring. Let p(y) = f0 + f1y + · · · + fmym,

q(y) = g0 + g1y + · · ·+ gnyn be in R[x][y] with α(p(y))q(y) = 0. We also let

fi = ai0 + ai1x + · · ·+ awi
xwi , gj = bj0 + bj1x + · · ·+ bvj

xvj

for each 0 ≤ i ≤ m and 0 ≤ j ≤ n, where ai0 , ai1 , · · · , awi
, bj0 , bj1 , · · · , bvj

∈ R. We claim
that R[x] is right α-McCoy. Take a positive integer k such that k > max{deg(fi),deg(gj)}
for any 0 ≤ i ≤ m and 0 ≤ j ≤ n, where the degree is as polynomials in R[x] and the degree
of zero polynomial is take to be zero. Then

p(xk) = f0 + f1x
k + · · ·+ fmxmk, q(xk) = g0 + g1x

k + · · ·+ gnxnk ∈ R[x],
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and hence the set of coefficients of the f ,
is (resp., g,

js) equals the set of coefficients of p(xk)
(resp., q(xk)). Since α(p(y))q(y) = 0, we have α(p(xk))q(xk) = 0. It follows that there exists
0 6= r ∈ R ⊆ R[x] such that α(p(xk))r = 0. This implies that α(p(y))r = 0, and so R[x] is

right α-McCoy. Conversely, suppose that f(y) =
m∑

i=0

aiy
i, g(y) =

n∑
j=0

bjy
j ∈ R[y]\{0} such

that α(f(y))g(y) = 0. Since R[x] is right α-McCoy, there exists 0 6= r(x) ∈ R[x] such that
α(f(y))r(x) = 0. This shows that α(ai)r(x) = 0 for each i. It follows from 0 6= r(x) that
there exists 0 6= rj ∈ R such that α(ai)rj = 0 for each i. Therefore, α(f(y))rj = 0 and so R

is right α-McCoy.
Corollary 2.5 A ring R is a right McCoy ring if and only if R[x] is right McCoy.
Let R be a ring and 4 a multiplicative monoid in R consisting of central regular ele-

ments, and let 4−1R ={u−1a|u ∈ 4, a ∈ R}, then 4−1R is a ring. For an endomorphism α

of R with α(∆) ⊆ ∆, the induced map ᾱ : 4−1R →4−1R defined by ᾱ(u−1a) = α(u)−1α(a)
is also an endomorphism. We have the following result for the right α-McCoy property.

Proposition 2.6 Let R be a ring with an endomorphism α. If R is right α-McCoy,
then 4−1R is right α-McCoy.

Proof Assume that R is right α-McCoy and let

f(x) =
m∑

i=0

u−1
i aix

i, g(x) =
n∑

j=0

v−1
j bjx

j ∈ 4−1R[x]

with α(f(x))g(x) = 0. Then we have

F (x) = (umum−1 · · ·u0)f(x), G(x) = (vnvn−1 · · · v0)g(x) ∈ R[x].

Since R is right α-McCoy and α(F (x))G(x) = 0, this implies that there exists a nonzero
r ∈ R such that α(umum−1 · · ·u0u

−1
i ai)r = 0 for all i, j, and so α(ai)r = 0 since 4 is a

multiplicative monoid in R consisting of central regular elements and ui, vj ∈ 4 for all i, j.
It follows that α(u−1

i ai)r = α(ui)−1α(ai)r = 0 for all i, j. This shows that 4−1R is right
α-McCoy.

The ring of Laurent polynomials in x, with coefficients in a ring R, consists of all formal

sum
n∑

i=k

mix
i with obvious addition and multiplication, where mi ∈ R and k, n are (possibly

negative) integers. We denote this ring by R[x;x−1]. For an endomorphism α of a ring R,

the map ᾱ : R[x;x−1] → R[x;x−1] defined by ᾱ(
n∑

i=k

aix
i) =

n∑
i=k

α(ai)xi extends α and is also

an endomorphism of R[x;x−1].
Corollary 2.7 Let R be a ring. If R is a right α-McCoy ring, then R[x;x−1] is right

α-McCoy.
Proof Let 4 = {1, x, x2, · · ·}, then clearly 4 is a multipicatively closed subset of

R[x]. Since R[x;x−1] ∼= 4−1R[x], it follows directly from Proposition 2.6 that R[x;x−1] is
right α-McCoy.

According to [2], an endomorphism α of a ring R is called semicommutative if ab = 0
implies that aRα(b) = 0 for all a, b ∈ R. A ring R is called α-semicommutative if there exists
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a semicommutative endomorphism α of R. Recall from [3] that a ring R is said to be right
linearly McCoy if given nonzero linear polynomials f(x), g(x) ∈ R[x] with f(x)g(x) = 0,
there exists a nonzero element r ∈ R with f(x)r = 0. We can define linearly α-McCoy rings
similarly. It was proved in [3, Proposition 5.3] that every semicommutative ring is right
linearly McCoy. The next example gives an example of right linearly α-McCoy rings which
is not α-semicommutative.

Example 2.8 Let R = Z2 ⊕ Z2, where Z2 is the ring of integers modulo 2. Then R

is a right linearly α-McCoy ring since R is a commutative reduced ring. Let α : R → R be
an endomorphism defined by α((a, b)) = (b, a). For (1, 0), (0, 1) ∈ R, we have (1, 0)(0, 1) = 0
but (1, 0)(1, 1)α(0, 1) 6= 0. It follows that R is not α-semicommutative.

Let A(R, α) be the subset {x−irxi|r ∈ R, i ≥ 0} of the skew Laurent polynomial ring
R[x, x−1;α], where α : R → R is an injective ring endomorphism of a ring R (see [5] for more
details). Elements of R[x, x−1;α] are finite sums of elements of the form x−irxi where r ∈ R

and i is a non-negative integer. Multiplication is subject to xr = α(r)x and rx−1 = x−1α(r)
for all r ∈ R. Note that for each j ≥ 0, x−irxi = x−(i+j)αj(r)x(i+j). It follows that the set
A(R, α) of all such elements forms a subring of R[x, x−1;α] with

x−irxi + x−jsxj = x−(i+j)(αj(r) + αi(s))x(i+j),

(x−irxi)(x−jsxj) = x−(i+j)(αj(r)αi(s))x(i+j)

for r, s ∈ R and i, j ≥ 0. Note that α is actually an automorphism of A(R, α).

Proposition 2.9 If R is an α-rigid ring, then A(R, α) is right α-McCoy.

Proof It follows directly from the fact that A(R, α) is an α-rigid ring by [4] and that
every α-rigid ring is right α-McCoy.

Proposition 2.10 Let R be a ring and α an endomorphism of R. Then R is a
right α-McCoy ring if and only if R[x]/(xn) is a right α-McCoy ring, where (xn) is the ideal
generated by xn.

Proof Assume that R is right α-McCoy and we denote the element x̄ in R[x]/(xn)
by u. Then

R[x]/(xn) = R[u] = R + Ru + · · ·+ Run−1,

where u commutes with elements of R and un = 0. Let f(y) =
p∑

i=0

fiy
i and g(y) =

q∑
j=0

gjy
j

be nonzero polynomials in R[u][y] with α(f(y))g(y) = 0, where

fi =
n−1∑
s=0

aisu
s, gj =

n−1∑
t=0

bjtu
t.
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Moreover, if we let ks(y) =
p∑

i=0

aisy
i, ht(y) =

q∑
j=0

bjty
j . Then we have

0 = α(f(y))g(y) = (
p∑

i=0

α(fi)yi)(
q∑

j=0

gjy
j)

= (
p∑

i=0

n−1∑
s=0

α(ais)usyi)(
q∑

j=0

n−1∑
t=0

bjtu
tyj)

=
n−1∑
s=0

(
p∑

i=0

α(ais)yi)
n−1∑
t=0

(
q∑

j=0

bjty
j)us+t = (

n−1∑
s=0

α(ks(y)
n−1∑
t=0

ht(y))us+t.

It follows that
∑

s+t=k

α(ks(y))ht(y) = 0, where k = 0, 1, · · · , n − 1. If α(k0(y)) = 0, take

r = un−1. Then we have 0 6= r ∈ R[u], and so

α(f(y))r = (
n−1∑
s=0

(
p∑

i=0

α(ais)yi)us)un−1 = (
p∑

i=0

α(ai0)yi)un−1 = α(k0(y))un−1 = 0.

If α(k0(y)) 6= 0, it follows from g(y) 6= 0 that there is a minimal k ∈ {0, 1, · · ·n − 1} such
that hk(y) 6= 0 and α(k0(y))hk(y) = 0. Since R is right α-McCoy, there exists a nonzero
element c ∈ R such that α(k0(y))c = 0. Let r′ = cun−1. Then we have 0 6= r′ ∈ R[u] and

α(f(y))r′ = (
n−1∑
s=0

(
p∑

i=0

α(ais)yi)us)cun−1 = (
p∑

i=0

α(ai0)yi)cun−1 = 0.

Conversely, suppose that

f(y) =
p∑

i=0

aiy
i, g(y) =

q∑
j=0

bjy
j ∈ R[y]\{0}

such that α(f(y))g(y) = 0. Since f(y) and g(y) are nonzero polynomials of R[x]/(xn)[y] and

R[x]/(xn) is right α-McCoy, it follows that there exists 0 6= r1(x) =
n−1∑
k=0

ckx
k ∈ R[x]/(xn)

such that α(f(y))r1(x) = 0. Let ck0 6= 0 with k0 minimal. Then we obtain α(f(y))ck0 = 0
and so R is right α-McCoy.

Corollary 2.11 Let R be a ring and n any positive integer. Then R is right McCoy
if and only if R[x]/(xn) is right McCoy.

A ring R is called right Ore if given a, b ∈ R with b regular, there exist a1, b1 ∈ R with
b1 regular such that ab1 = ba1. It is well-known that R is a right Ore ring if and only if the
classical right quotient ring Q(R) of R exists. Suppose that the classical right quotient ring
Q(R) of R exists. Then for an endomorphism α of R and any ab−1 ∈ Q(R) where a, b ∈ R

with b regular, the induced map ᾱ : Q(R) → Q(R) defined by ᾱ(ab−1) = α(a)α(b)−1 is also
an endomorphism.
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Proposition 2.12 Let R be a right Ore ring with Q(R) the classical right quotient
ring of R. If α is an endomorphism of R, then R is right α-McCoy if and only if Q(R) is
right α-McCoy.

Proof Let F (x) =
m∑

i=0

δix
i, G(x) =

n∑
j=0

βjx
j be nonzero polynomials in Q[x] with

α(F (x))G(x) = 0. By [6, Proposition 2.1.16], we may assume that δi = aiu
−1 and βj = bjv

−1

with ai, bj ∈ R for each i, j and regular elements u, v ∈ R. Moreover, for each j, there exists
cj ∈ R and a regular element w ∈ R such that α(u)−1bj = cjw

−1 also by [6, Proposition

2.1.16]. Let f(x) =
m∑

i=0

aix
i, g(x) =

n∑
j=0

cjx
j . Then we have

0 = α(F (x))G(x) = (
m∑

i=0

α(δi)xi)(
n∑

j=0

βjx
j)

=
m+n∑
k=0

(
∑

i+j=k

α(ai)cj(vw)−1)xk = α(f(x))g(x)(vw)−1.

This implies that α(f(x))g(x) = 0. Then there exists a nonzero r ∈ R such that α(f(x))r = 0
since R is a right α-McCoy ring. Then α(ai)r = 0 for each i, and hence α(δi)(α(u)r) = 0.
Now Q being right α-McCoy follows from the fact that α(F (x))(α(u)r) = 0 since α(u)r is a
nonzero element of Q. On the other hand, note that if

m(x) =
m∑

i=0

aix
i, n(x) =

n∑
j=0

bjx
j ∈ R[x]

such that α(m(x))n(x) = 0. Then there exists a nonzero element γ in Q such that α(m(x))γ =
0 since Q is right α-McCoy. We may assume γ = dκ−1 with d a nonzero element in R and
κ a regular element. So we obtain α(m(x))dκ−1 = 0, and hence α(m(x))d = 0. This implies
that R is right α-McCoy. This completes the proof.

Corollary 2.13 Let R be a right Ore ring and Q(R) be the classical right quotient
ring of R. Then R is right McCoy if and only if Q(R) is right McCoy.

3 Weak α-McCoy Rings and its Properties

Comparing with the definition of a weak McCoy ring, we give the following definition
of weak α-McCoy rings accordingly.

Definition 3.1 An endomorphism α of a ring R is called right (resp., left) weak

McCoy, if for each pair of nonzero polynomials f(x) =
m∑

i=0

aix
i and g(x) =

n∑
j=0

bjx
j ∈ R[x]

with α(f(x))g(x) = 0 (resp., f(x)α(g(x)) = 0), there exists a nonzero element r ∈ R such
that α(ai)r ∈ nil(R) (resp., rα(bj) ∈ nil(R)). A ring R is called right (resp., left) weak
α-McCoy if there exists a right (resp., left) weak McCoy endomorphism α of R. R is a weak
α-McCoy ring if it is both right and left α-McCoy.



1294 Journal of Mathematics Vol. 35

It is clear that every right α-McCoy ring is right weak α-McCoy. It was shown in [10,
Theorem 2.1] that Tn(R) is not McCoy for n ≥ 2. The following example shows that there
exists a weak α-McCoy endomorphism α of a ring S such that S is not an α-McCoy ring.

Example 3.2 Let R be a reduced ring. Consider the ring

S =

{(
a b

0 c

)
|a, b, c ∈ R

}
.

Let α : S → S be an endomorphism defined by

α

((
a b

0 c

))
=

(
a −b

0 c

)
.

On the other hand, let

f(x) =

(
0 −1
0 0

)
+

(
1 0
0 0

)
x, g(x) =

(
0 1
0 0

)
+

(
0 0
0 −1

)
x

be elements in S[x]. It is straightforward to check that α(f(x))g(x) = 0, and we can not
find a nonzero element r ∈ S such that α(f(x)r = 0. This implies that S is not an α-McCoy
ring. However, S is a right weak α-McCoy ring by the following Proposition 3.3.

Proposition 3.3 Let R be a right weak α-McCoy ring and α an endomorphism of R.
Then Tn(R) is a right weak α-McCoy ring.

Proof Let f(x) =
m∑

i=0

Aix
i, g(x) =

n∑
j=0

Bjx
j be nonzero polynomials in Tn(R)[x] with

α(f(x))g(x) = 0, where Ai, Bj ∈ Tn(R) for all i, j. If we denote by Eij the usual matrix unit
with 1 in the (i, j)-coordinate and zero elsewhere, then for each α(Ai) there exists a nonzero
element C = rE1n such that α(Ai)C ∈ nil(Tn(R)), where 0 6= r ∈ R.

Given a ring R and a bimodule RMR, the trivial extension of R by M is the ring
T (R, M) = R

⊕
M with the usual addition and the following multiplication

(r1,m1)(r2,m2) = (r1r2, r1m2 + m1r2).

This is isomorphic to the ring of all matrix

(
r m

0 r

)
, where r ∈ R, m ∈ M and

the usual matrix operations are used. For an endomorphism α of a ring R and the trivial
extension T (R, R) of R, α: T (R, R) → T (R, R) defined by

α

((
a b

0 a

))
=

(
α (a) α (b)

0 α (a)

)

is an endomorphism of T (R, R). Since T (R, 0) is isomorphic to R, we can identify the
restriction of α by T (R, 0) to α.

Corollary 3.4 If R is right weak α-McCoy, then the trivial extension T (R, R) is a
right weak α-McCoy ring.
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Based on Proposition 3.3, one may suspect that if R is a weak α-McCoy ring, then the
n-by-n full matrix ring Mn(R) is weak α-McCoy with n ≥ 2. But the following example
erases the possibility.

Example 3.5 Let R be a reduced ring. Then R is a weak α-McCoy ring. Put
S = Mn(R) and let α be an endomorphism of S defined by

α

((
a b

c d

))
=

(
a −b

−c d

)
.

We also let

f(x) =

(
0 −1
0 0

)
+

(
1 0
0 0

)
x, g(x) =

(
1 1
0 0

)
+

(
0 0
−1 −1

)
x

be polynomials in S[x]. Then we have α(f(x))g(x) = 0, and it is easy to check that S is not
a weak α-McCoy ring.

Now we consider the case of direct limits of direct systems of right weak α-McCoy rings.
Proposition 3.6 The direct limit of a direct system of right weak α-McCoy rings is

also right weak α-McCoy.
Proof Let D = {Ri, φij} be a direct system of right weak α-McCoy rings Ri for i ∈ I

and ring homomorphisms φij : Ri → Rj for each i ≤ j satisfying φij(1) = 1, where I is a
direct partially ordered set. Let R = lim−→Ri be the direct limit of D with ιi : Ri → R and
ιjφij = ιi. We shall prove that R is a right weak α-McCoy ring. Let α be an endomorphism of
R and take x, y ∈ R. It follows that x = ιi(xi), y = ιj(yj) for some i, j ∈ I and there is k ∈ I

such that i ≤ k, j ≤ k. Now define x+y = ιk(φik(xi)+φjk(yj)) and xy = ιk(φik(xi)φjk(yj)),
where φik(xi) and φjk(yj) are in Rk. It is easy to see that R forms a ring with 0 = ιi(0) and

1 = ιi(1). Let α(f(x))g(x) = 0 with f(x) =
m∑

s=0

asx
s and g(x) =

n∑
t=0

btx
t in R[x]. Then there

are is, jt, k ∈ I such that α(as) = ιis
(ais

) , bt = ιjt
(bjt

) , is ≤ k, jt ≤ k. So we have

α(as)bt = ιk(φisk(ais)φjtk(bjt
)),

and hence

α(f(x))g(x) = (
m∑

s=0

ιk(φisk(ais
))xs)(

n∑
t=0

ιk(φjtk(bjt
))xt)

=
m+n∑
d=0

(
∑

s+t=d

ιk(φisk(ais)φjtk(bjt
)))xd = 0

in Rk[x] since α(f(x))g(x) = 0 . On the other hand, since Rk is right weak α-McCoy, there
exists sk ∈ Rk\{0} such that ιk(φisk(ais

))sk ∈ nil(Rk) for all 0 ≤ i ≤ m. Let s = ιk(sk).
Then we have α(as)s ∈ nil(R) and R is right weak α-McCoy.

Corollary 3.7 The direct limit of a direct system of right weak McCoy rings is right
weak McCoy.
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Proposition 3.8 Let R be a ring and I an ideal of R such that R/I is right weak
α-McCoy. If I ⊆ nil(R), then R is a right weak α-McCoy ring.

Proof Let f(x) =
m∑

i=0

aix
i and g(x) =

n∑
j=0

bjx
j be polynomials in R[x] with α(f(x))g(x) =

0. Then we have
m∑

i=0

α(āi)xi)(
n∑

j=0

b̄jx
j) = 0 in R/I. Since R/I is right weak α-McCoy, there

exists ni ∈ N and s 6∈ I such that (α(āi)s̄)ni = 0. It follows that (α(ai)s)ni ∈ nil(R) since
I ⊆ nil(R). This completes the proof.
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关于环自同态的相对McCoy性质

赵 良,谷勤勤

(安徽工业大学数理学院,安徽马鞍山 243032)

摘要: 本 文 引 入 了α-McCoy环 和 弱α-McCoy环 的 概 念 分 别 研 究 了 一 个 环R关 于 其 自 同

态α的McCoy性质和弱McCoy性质. 利用各种环扩张, 证明了一个环R是α-McCoy环当且仅当R[x]是α-

McCoy环, 得到了正向系上弱α-McCoy 环的正向极限是弱α-McCoy环, 推广和改进了McCoy环在矩阵环和

多项式上的相关结论.
关键词: McCoy 环; α-McCoy 环; 弱α-McCoy 环
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