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Abstract: In this paper, we investigate totally real submanifolds in a complex projective
space. By using moving-frame method and the DDVV inequality, we obtain two rigidity theorems
and an integral inequality, improve the related results.
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1 Introduction

Let CP™*P be a 2(n+p)-dimensional complex projective space endowed with the Fubini-
Study metric of constant holomorphic sectional curvature 4. Let M™ be an n-dimensional
submanifold in CP"P. M™" is called totally real if each tangent space of M" is mapped
into the normal space by the complex structure J of CP"*?. It plays an important role
in geometry of submanifolds to investigate rigidity of totally real submanifolds in complex
projective space. Totally real submanifolds in complex projective space were extensively
studied and many rigidity theorems were proved, see, for example [1-6], etc.

Recently, Cao [7] and Gu, Xu [8] proved the following rigidity theorems, respectively,
by using the DDVV inequality verified by Ge and Tang [9], Lu [10].

Theorem A (see [7]) Let M™ be an n-dimensional oriented closed minimal submanifold
in an n-dimensional simply connected and locally symmetric Riemannian manifold N™*?.
Suppose the sectional curvature Ky of N satisfies § < Ky < 1. If the sectional curvature
Ky of M™ satisfies
p+2

(nf1)%(2?*1)(p+2)(175)+(2(p+1) -

Ky> —F
M= 3n(p+1)

)sgn(p — 1),

then either M is totally geodesic, or N"™P? = S"*? and M is isometric to the standard

immersion of the product of two spheres or the Veronese surface in S%.
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Theorem B (see [8]) Let M™ be an n-dimensional oriented compact submanifold with
parallel mean curvature H # 0 in F"*?(c). If ¢+ H? > 0 and

sgn(p —2)(p—1)
2p

KMZ (C+H2),

1
Ve+H?

of the product of two spheres or the Veronese surface in S*( c}r = )-

In this paper, we study totally real submanifolds in C' P"*?, obtain two rigidity theorems

then M is either a totally umbilical sphere S™(

) in F"*P(c), the standard immersion

and an integral inequality, by using moving-frame method and the DDVV inequality.
Theorem 1.1 Let M™ be an n(n > 2)-dimensional compact totally real submanifolds
with parallel mean curvature vector £ # 0 in CP™? (p > 1). If the sectional curvature Ry,

of M™ satisfies
n+2p—1

Ry > 1+ H?),
M_2(n+2p)(+ )

then M™ is a totally umbilical sphere S”(ﬁ)
Theorem 1.2 Let M™ be an n(n > 2)-dimensional complete totally real pseudo-

umbilical submanifold in CP"*? (p > 1). If J¢ is normal to M™, then either M™ is totally

umbilical or inf p < n(1 + H?)(n — 2), where &, p, H are the mean curvature vector, the

scalar curvature, the mean curvature of M™.

, where H is the mean curvature of M™".

Compared with the result in [5], we do not need the submanifolds to have parallel mean
curvature vector condition in Theorem 1.2.

Theorem 1.3 Let M"™ be an n(n > 2)-dimensional compact totally real pseudo-
umbilical submanifold in CP™*? (p > 0) .If J¢ is tangent to M™ , then

/ [2(1 4+ 4H*)nS — 35% — 5n*H* — 4n*H? + 2nH?|dV <0,

where S, H are the length square of the second fundamental form, the mean curvature of
M™.
2 Basic Formulas

Let M™ be an n(n > 2)-dimensional totally real submanifold in CP"*?. Choose a local

field of orthonormal frames

€1, ,€ny Ently """ Engp, €1x = J€17 Tty Cpx = Jenve(nJrl)* = J€n+1, Ty E(ntp)r = Jen+p
in CP™"P, in such a way that, restricted to M™, e;,--- , e, are tangent to M" and
Ent1s° " 5 Cngp, €1y, Epx, e(n-‘rl)*v C 5 Clngp)*

are normal to M"™. We shall make use of the following convention on the range of indices:

AvB707‘”:17”' 7n+p71*7”' 7n+p*a
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i7j7k7"':17"' y 15 aaﬂ7’y7"':n+17"' 7n+p71*7'” 7n+p*

Let w” and w# be the dual frame field and the connection 1-forms of CP"*P, respectively,

then the stucture equations of CP™*? are given by

dwg = —ZWAB ANwp,wap +wpa =0, (2.1)
B
1
dwap = — Z wac Nwep + 3 Z K pcpwe N wp, (2.2)
c C.D
where
Kapep = 0acdsp — 6apdpe + JacIpp — JapIpe + 2JasJep. (2.3)

Restricting these forms to M™, we have

J— J— (o7 — «
we = 0, wy = E hijwj7 h = E hijwi Qw; ® eq,
J ija

s

. " 1
;k: = hgk - h?j , &= n Z(Z h%)ew (2'4>

Rijw = K+ Y (W5 —hhs), (2.5)
ok — Mg = —Kaijk, ) (2.6)
dwag = — Z’Y:Wow A wyg + % ; Rogriwy N wy, (2.7)
Ragrr = Kapr + Y (W hiny = b b, (2.8)

where h, &, R;jr, Rapr are the second fundamental form, the mean curvature vector,the
curvature tensor, the normal curvature tensor of M™ and h{;, is the covariant of h;. We
define

S = |h|27H = |£|7Hoc = (hf;)nxn (29)
The scalar curvature p of M™ is given by
p=n(n—1)+n*H> - S. (2.10)

Denoting the first and second covariant derivatives of h; by h; and hf,,, respectively, we

have

Z hwwe = dhg; — Z hijwri — Z hikWr; — Z hijpas
% k k B

Z hijawr = dhij, — Z hijrwn — Z hiiewij — Z hijiw + Z hiﬁjkwﬁa‘
; 1 1 l B
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Then the Laplacian of A} is

Aha Z hzykk - Z hgkw Z mz]k + hranka]c Z hiiRaﬁjk" (211>
k km Bk
Lemma 2.1 (see [9,10]) Let By, ..., B,, be symmetric (n X n)-matrices, then
S (B B < ZHB I%)?
r,s=1

where the equality holds if and only if under rotation all B,’s are zero except two matrices

which can be written as

0 pu 0 0 L 0 0 0
L 0 0 0 0 —pu 0 0

B,=pP| 0 0 0 0O |p, B,=P| 0 0 0 0 |p,
o 00 --- 0 o o0 0 --- 0

where P is an orthogonal (n x n)-matrix, [B,, Bs| = B,.Bs; — BsB, is the commutator of the

matrices B,, B,.

Lemma 2.2 (see [11]) Let A;, Ao, -+, A, (m > 2) be symmetric (n x n)-matrices.
Then
m m 3 m
2 2 2 2 212
-2 ;lhr(AaBg) —tr(Aadp)’] - ;1[‘“(1%145)] 2 —5( E_ltr(Aa))

3 Proof of Main Theorems

Proof of Theorem 1.1 M™ is a submanifold with parallel mean curvature vector &.

Choose e,,41 such that it is parallel to &, and

trH,,1 =nH, trH,=0, a#n+1. (3.1)
The mean curvature vector £ is parallel, so we have
D¢ =dHen1 + HD e,y = dHeny + H Y wnyipes = 0. (3.2)
B

(3.2) and (2.7) imply

1 1
dwn+1g = — an+1’y Nwys + B Z Rn+1gklwk Nw; = B Z Ranklwk Aw; = 0. (33)
kl

.
From (3.3), we know R, 151 = 0. Set Sy = trH2 ,, 7 =S —trH2,,. From (2.11), noting

that M™ has parallel mean curvature vector and Z hiki; = 0, one gets

1
5080 = Y (Wit +Zh”+1 A ht
ijk

D (ki + Z B (i B + B B (3.4)

ijk ijkm
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Denote Ry (p, ) the sectional curvature of M™ for 2-plane m C T),M at point p € M™. Set
Ruin(p) = mingcp,a Rar(p,m). We choose the orthonormal fields {e;} such that h”+1 =

Aidi;, hence, we get

n n n 1
Ek: R (R Rinijie + Rt Riigie) = Z(A i) Rijis 2 5 Z(Ai = Xj)*Runin- (3.5)
ijkm ij

It follows from (3.4) and (3.5) that

: A Sy > Z(hy;,;l Z(Ai — X)) Runin.-

ijk ij

It follows from R,; > g(: QfQ_p % (1 + H?) and lemma of Hopf that Sy is a constant, and

7ZA —2)?Ruin = 0 (3.6)

(3.6) implies that \; = \;, Vi, j and M™ is pseudo-umbilical. From (2.11), nothing that AM™
has parallel mean curvature vector and ) hg,. = 0, one gets
k

TR O DR D SUAC ISR S

a#n+1 ijk a#n+1ijkm
= > bk Ragin. (3.7)
a#n+1 Bijk

By using (2.3), (2.5), (3.1) and the fact that M" is pseudo-umbilical, we can get

Do D (A Roign + gy R

a#n+1ijkm

= n(l+H)r+ Y [tr(HoHp)? — te(HZHZ) — > [tr(HoHp))®.  (3.8)
af#n+1 af#n+1

Combining (2.3), (2.8) and (3.1), we obtain

S hghiRagie = — Y trHL — Y [tr(HoHp)® — tr(H2H3)). (3.9)

a#n+1 Bijk i af#n+1

Substituting (3.8) and (3.9) into (3.7), for any real number a, we have

%AT - Z Z zjk ZtTH-2 —an(1+H2)T

a#En+1 ijk
Q) DS (i Ronigr + B Ronige) + Y [tr(HoH)?

a#n+1ijkm af#n+1

+(1—a) Y [tr(HoHp)” — tr(H2H})]. (3.10)
af#En+1
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For fixed a, we choose the orthonormal frame field {e;} such that hf; = A#d;;. From (3.1),

we get

> hg(h Bonijie + b Roniji) - = 72 (A — A9)? Ry Z(/\“ X0)? Rynin

ijkm 2]
= ntrHaRmin. (3.11)
(3.11) implies

> hgi(hg ik + hoy Rnkji) = 17 Rugin. (3.12)

a#n+1ijkm

By a direct computation and the DDVV inequality, we obtain

1
SO [(HHE) —w(HaHp)’) = 5 > tr(HaHy — HyH,)’
af#n+1 af#n+1
1 1
< —( Z trH2)? = 57'2. (3.13)
aF#En+1
We also have
1
> [r(HoHg))? > ————7° (3.14)
it n+2p—1
Taking a = 222 in (3.10), it follows from (3.12), (3.13) and (3.14) that
1 n+2p—1 9 2n + 4p
AT [———— (14 H?) + —————Rpunt. 1
2 = n+2p—|—1( + )+n—|—2p+1R Int (3.15)

Hence, if Ry, > ;(J:ip;p; (1+ H?), then % A 7 > 0. Thus, by a well-known lemma of Hopf, we

have % A T = 0, consequently we have either
~ s n+2p—1
(i) 7=0,0r (ii) Ry = Zfzp)(l + H?).
(i) If 7 =0, then M™ is totally umbilical. From (2.3) and (2.5), we obtain

Riji; =1+ H?,

therefore, M"™ is a totally umbilical sphere S™( W>

(i) If Ry = %( + H?), then inequality signs in (3.12), (3.13), (3.14) and (3.15)
become equalities. Now, we will prove that case (ii) can not occur. The equality of (3.13)
implies that either all H,’s are zero or two of the H,’s are nonzero (o # n + 1). When

inequality signs in (3.14) and (3.15) become equality, respectively, we get that
trH? = trHé (a, B#n+1),

and Y trHZ = 0. Hence, we have that all H,’s are zero (o # n + 1). Thus, M™ is totally
umbilical, R;j;; = 1+ H?. This leads to a contradiction.
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Proof of Theorem 1.2 J¢ is normal to M™. Without loss of generality, we can choose

ent1 such that it is parallel to &, and
trH,p1 =nH,trH, =0,a #n + 1. (3.16)

From (2.11), we have

%AS = ) (h)7+ ) hehi,

aijk aijk
+ ) R (hg, Runih + W Bonkgn) — > bS5 b Ragjn. (3.17)
aijkm afijk

Combining (2.3), (2.5), (2.8), (3.16) and the fact that M" is pseudo-umbilical, we can get

> b (B Rnijh + B Runije)

aijkm

=n(l+H*)S —n?H? + [tr(HoHy)? — tr(H2H3)| = > [tr(HoHg)?, (3.18)
af af

> hehgRagjr = ZtrH2 > [tr(HoHp)? — tr(H2H3)). (3.19)

afijk aB

Using (3.16) and pseudo-umbilical condition h?jﬂ Ho;;, we have

> hghgy; =nHAH, (3.20)
aijk

Z z]k > Z hZJkrl - nZ(VlH)Qa (321)
aijk %

1 2 _ 2

GOH? = HAH + Z(VZH) . (3.22)

By Lemma 2.2 and pseudo-umbilical condition ;"' = Hd;;, we have

2 [tr(HoHp)? — tr(H2HZ)] = > _[tr(HoHp)]?

af aB
= 2 Y [(HoHp) —te(HZHR)] = Y [r(HoHp))” — (trH7,,)”
af#n+1 af#n+1
3 3
> —57'2 —n’H* = —5(5 —nH?*)? —n?H*. (3.23)

Substituting (3.18)—(3.23) into (3.17), we have

% AS > %nAHQ +n(l1+ H?*)S — ;(S —nH?)? —n?’H* —n*H?

= LnAH? (S (L4 B - DS ni?)]

1
= JnAH 4 7ln(1 4+ H?) - gr]. (3.24)
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By the same argument as in [5], we conclude that either M™ is totally umbilical or

3.

infp < n(1+ H?)(n - 3

Proof of Theorem 1.3 J¢ is tangent to M™. Without loss of generality, we can choose
e1~ such that it is parallel to &, and trHy~ = nH,trH, = 0, « # 1*. This, together with (2.3)
and (2.8), implies

> hEhRapi = nPH? =) teHL = [tr(HoHg)? — tr(H2H3)]

afijk af
< nPH? —trHi = [tr(HoHp)? — tr(H2H3)]
af
= n’H? —nH* =) [tr(HoHpg)* — tr(HZH3)]. (3.25)
af

By the same argument as in Theorem 1.2, we conclude that

1 1
305> 5nAH2 +n(l+ H?*)S — g(s —nH?*)?—-n*H* — 2n°H* + nH>.

As thlS anlld IM 1S C()In[)aC(, we ()l)la]n
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