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Abstract: In this paper, we consider the smash product algebras over Hopf algebroids. By
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1 Introduction

Hopf algebroids, as a generalization of Hopf algebras to non-commutative base algebras,
were introduced by Bohm in [3] (see also her joint work with Szlachdnyi in [4]) and studied
further by Bohm in [5]. A Hopf algebroid consists of introducing two compatible bialgebroid
structures, called left and right bialgebroids (see [2, 6]), on a given algebra, which are related
with the antipode. More precisely, the best known examples of Hopf algebroids are Hopf
algebras and weak Hopf algebras (see [7]), and some examples with commutative underlying
algebra structure can be found in [8]. A survey of Hopf algebroids and their applications
can be found in [9, 10]. As the study of Hopf algebroids has a quite short past, there are
many aspects of Hopf algebras that have not yet been investigated how to extend to Hopf
algebroids.

As we know, integrals in Hopf algebras are an essential tool in studying Hopf alge-
bras and their action on algebras. Making use of integral theory, Cohen and Fishman
presented a Maschke-type theorem and constructed a Morita context connecting A#H and
AR (AR yn Aapm, apgAan, A#H) (see [1]). For further research and some applications,
we refer to [11-15].
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The purpose of the present paper is to investigate the above results in the case of Hopf
algebroids.

This paper is organized as follows. In Section 1, we recall basic definitions and give
a summary of the fundamental properties concerning Hopf algebroids. In Section 2, using
integral theory for Hopf algebroids (see [5]), we mainly investigate a Maschke-type theorem
for A# H over Hopf algebroids, which generalizes the corresponding result given by Cohen
and Fishman in [1]. As an application, we obtain the Maschke-type theorem for comodule
algebras over Hopf algebroids, which extends the corresponding result given by Néstésescu
et al. in [25]. In Section 3, we mainly claim that A#H and A™ the invariant subalgebra of
‘Hp, on A are connected via a Morita context over Hopf algebroids, using A as the connecting
module.

In what follows, we recall some concepts and results used in this paper.

Throughout the paper, we always work over a commutative ring k& and follow [16, 17]
for terminologies on algebras, coalgebras, rings and corings. By an algebra R we mean an
associative unital k-algebra. We denote by pM, Mp and pMp the categories of left, right
and bimodules for R, respectively.

For an algebra R over k, an R-ring is a triple (A4, pu,n). Here A is an R-bimodule,
p:A®rA— Aand n: R— A are R-bimodule maps, satisfying the associativity and unit
conditions

p(p @ id) = p(id ®@p p), p(n @rid) =id = p(id @r ).

An R-ring A is equivalent to a k-algebra A and a k-algebra map n: R — A (see [18]).
For an algebra R over k, an R-coring introduced in [19] is a triple (C,A,¢). Here C
is an R-bimodule, A : C — C ®r C and € : C — R are R-bimodule maps, satisfying the

coassociativity and counit conditions
(A ®gid)A = (id®r A)A, (¢ @ id)A =id = (id ®p )A.

A left module for an R-ring (A, u,n) is a pair (M, @), where M is a left R-module and
0: A®r M — M is a morphism in M, such that

o(p@rid) = p(id®@g @), p(n®gid) = id.

For an R-ring A, a left A-module morphism f : M — N is a left R-module map
f+ M — N, satisfying foy = on(id @r f). The category of left A-modules is denoted by
aM. The category M4 of right A-modules is defined symmetrically (see [8]).

Note that a k-module M is a (left or right) module of an R-ring (A4, p,n) if and only
if it is a (left or right) module of the corresponding k-algebra A. Furthermore, a k-module
map f: M — N is a morphism of (left or right) modules of an R-ring (A, i, n) if and only
if it is a morphism of (left or right) modules of the corresponding k-algebra A (see [8]).

Definition 1.1 [2] A left bialgebroid H;, = (H, L, sy, tr,, Ay, &) consists of two algebras
H and L over k, which are called the total and base algebras, respectively. H is an L ®; L°P-

ring via the algebra homomorphisms s; : L — H and ¢ty : L — H, called the source



No. 5 A Maschke-type theorem for Smash products and a Morita context over Hopf algebroids 1129

and target maps, respectively (this means that the ranges of s; and ¢; are commuting

subalgebras in H). In terms of sy, and ¢y, we equip H with an L-L-bimodule structure as
L-h-U'=s(Dtr(I)h, 11" € L,h € H. (1.1)

The triple (H,Ap,e) is an L-coring. Introducing Sweedler’s convention Ay (h) = Xh1) @y
h(y for h € H, the axioms

Eh(l)tL(l) Xr h(g) = Eh(l) Kr, h(g)sL(l), (1.2)
Ar(ly) =15 @1 14, (1.3)
Ar(hg) = Ar(h)AL(g), (1.4)
er(ly) =1z, (1.5)
er(hsrer(g)) = er(hg) = er(htrer(g)) (1.6)

are required for any [ € L, h,g € H.
Symmetrically, a right bialgebroid Hr = (H, R, sgr,tr, Ar,er) consists of two algebras
H and R over commutative ring k, which are called the total and base algebras, respectively.
H is an R ®; R°P-ring via the algebra homomorphisms sg : R — H and tg : R’ — H,
called the source and target maps, respectively (this means that the ranges of sg and tp are
commuting subalgebras in H). In terms of sp and ¢, we equip H with an R-R-bimodule
structure as
r-h-r"=hsg(r)tr(r), r,r' € R,h € H. (1.7)

The triple (H, Ag,eg) is an R-coring. Introducing Sweedler’s convention Az (h) = Xh(Y @5
h® for h € H, the axioms

Ssp(r)hY @ b = 2hY @ tp(r)h?, (1.8)
Ar(ly) =1y ®g 1, (1.9)
Ag(hg) = Ar(h)Ar(g), (1.10)
er(lu) = 1g, (1.11)
er(srer(h)g) = er(hg) = er(trer(h)g) (1.12)

are required for any r € R, h,g € H.

Definition 1.2 [5] A Hopf algebroid H = (Hp,Hr,S) consists of a left bialgebroid
H;, = (H,L,sr, tr,,Ar,e1), a right bialgebroid Hr = (H, R, sgr,tr,ARr,er) on the same
total algebra H, and a k-module map S : H — H, called the antipode, such that the

following axioms hold:

srertr =tp, trL€LSrR = Sr, SrErtr =tr, trERSL = S, (1.13)
(AL @rid)Ar = (id @, Ag)AL, (Agr®pid)AL = (id ®r AL)AR, (1.14)
S(to(Dhtr(r) = sp(r)S(h)ss (D), (1.15)
YS(hay)he) = srer(h), ThMS(h?) = spep(h), (1.16)
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foranyl e L,r € R,h € H.
By [20], (1.13) implies that Ay is R-R-bilinear and Ag is L-L-bilinear, that is

AL(htR(T)> = Zh(l)tR(T) Xr h(g), AL(}LSR(T)) = Eh(l) X1, h(z)SR(’I“), (117)
Agr(sp(Dh) = Zs,(DRY @ A2, Ag(tL(Dh) = Y @5t (1)AP (1.18)

foranyl € L,r € R,h € H.
Similarly to the case of Hopf algebras, by [5], the antipode S of a Hopf algebroid H is
an anti-algebra map on the total algebra H. That is, for any h,g € H,

S(g) =1m, S(hg) = S(g)S(h). (1.19)

Moreover, the antipode S is an anti-coring map Hy — Hgr and Hr — Hy. That is, for
any h,g € H,
erS = ERSLEL, ES(h)(l) KR S(h)@) = ES(h(g)) KR S(h(l)), (120)
erS =ersrer, BS(h)a) @1 S(h)@ = ZS(h?) @ S(hM). (1.21)
Let H = (Hr,Hg,S) be a Hopf algebroid with bijective antipode S. By [4, 8], S~ is

also both an anti-algebra map on the total algebra H and an anti-coring map Hy — Hg

and Hr — Hy. Moreover, the following identities hold.

For any h € H,
NS hy)hay = trer(h), SAPSTHRW) =t (h). (1.22)
tR = Silspb, tLELtR = SiltR, tL = SilsL, tRS‘RtL = SiltL. (123)
6LtR€R:ELS_1, 6RtL€L:ERS_1. (124)

Definition 1.3 [21] Let H;, = (H, L, sy, tr,Ar,e1) be a left bialgebroid. A left module
of H;, means a left module of the L ®; L°P-ring (H, u, 7).

By [21, 22], a left H;-module morphism means a morphism of left modules of the
L ®y, L°P-ring (H, p1,m). The left H-module category 3;, M has objects the left H-modules
and arrows the left Hy-module maps. The category My, of right Hg-modules is defined
symmetrically.

Note that, for a left bialgebroid H; = (H, L, sy, tr,Ar,er), H is an L ®; L°P-ring with
unit sy ® tr * L ® L°? — H. This endows 5, M with an additional piece of structure,
that is, a forgetful functor F' : 4y, M — g, rooM = My aleft Hp-module M carries an
underlying L-L-bimodule structure by [ -m 1" = s (1)t (') - m for any [,I’ € L,m € M.

For a Hopf algebroid H = (Hy, Hr,S), a left H-module is just a left H-module and a
right H-module is just a right Hgz-module.

Definition 1.4 2] Let H;, = (H, L, sy,t;,Ar,e1) be a left bialgebroid. A is called a
left Hy-module algebra if A is a left H-module as well as an L-ring, where A is viewed as
an L-L-bimodule via

la-l'=10-1g-1"va=s,(Dtr(l')>a, (1.26)
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such that

h> (ab) = E(hu) > a)(h(g) > b), (127)
hl>1A:SLEL(h)DlAEtL8L(h)I>1A. (128)

Note that the unit of L-ring A is the mapna : L — Al —1-14=14"1.

Definition 1.5 [2] Let H;, = (H,L,s.,t;,Ar,e1) be a left bialgebroid and A a left
‘H;-module algebra. The smash product algebra A# H is defined as the k-module A ®; H
with product

(a#h)(b#g) = Sa(hq) > b)#h )9, (1.29)

here A is a right L-module via
a-l=tr()ra=a(sc(l)>1a), (1.30)
and H is a left L-module as in (1.1).

2 A Maschke-Type Theorem for Smash Products

In this section, we assume that H = (Hp, Hg,S) is a Hopf algebroid and A is a left
Hr-module algebra via the action “>” . We mainly present a Maschke-type theorem for
smash products over Hopf algebroids.

Recall that the left (or right) integrals in a Hopf algebroid H = (Hr, Hg, S) are the left

(or right) integrals in Hy, (or Hg), that is, the elements of

L(H) ={x € Hlhx = sper(h)z,h € H},
(R(H) = {y € Hlyh = ysrer(h), h € H}).

By [5], aleft integral x € L(H) is normalized if 1, (x) = 1y, and, similarly, a right integral
y € R(H) is normalized if eg(y) = 1g. And we have S(L(H)) C R(H),S(R(H)) C L(H).

Lemma 2.1 [5] Let H = (H,Hg,S) be a Hopf algebroid. The following properties of
an element y € H are also equivalent.

(1) y € R(H).

(2) Ey(l) &L y(g)S(h> = Ey(1)h L Y2) for any h € H.

(3) XS(yay) ®L yoh = XhS(ya)) ®@L y(2) for any h € H.

Lemma 2.2 [5] Let H = (H.,Hg, S) be a Hopf algebroid. The following assertions are
equivalent.

(1) The L-ring (H, s;) underlying Hy, is left semisimple.

(2) The R-ring (H, sg) underlying Hp is right semisimple.

(3) There exists a normalized left integral in H,.

(4) There exists a normalized right integral in Hp.

Lemma 2.3 [23] Let H = (H.,Hg, S) be a Hopf algebroid. For any a,b € A,h,g € H,

we have

(1) (La#h)(1a#g) = La#hg;
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(2) (La#h)(a#lu) = Zha) > a#ha);

(3) (a#ly)(1La#h) = ash;

(4) (a#1u)(b#1ly) = ab#tly.

Proposition 2.4 Let H = (Hy,Hg,S) be a Hopf algebroid. Assume that the L-ring
(H,sr) underlying Hy, is left semisimple. Consider V' as a left A#H-module and W as
an A# H-submodule of V. If W is an A-direct summand of V', then W is an A# H-direct
summand of V.

Proof Suppose that A : V — W is a left A-module projection, and e is a normalized

right integral in Hg. Define a map

AV = Wv S(1a#S(e))) - M(1aFte) - v).

By Theorem 3.7 in [23], we know that X(14#S(e))) ®a (1a#e(2)) is a separable idempotent
of A#H. Hence it is easy to show that X is both left A+ H-linear and a projection.

The proof is completed.

By the above conclusions, we obtain the Maschke-type theorem for smash products over
Hopf algebroids.

Theorem 2.5 Let H = (Hp,Hg,S) be a Hopf algebroid. Assume that the L-ring
(H, sp) underlying H,, is left semisimple.

(1) Let V be an A#H-module. If V' is completely reducible as an A-module, then V' is
completely reducible as an A# H-module.

(2) If the L-ring (A,na4) is semisimple Artinian, then the L-ring (A#H,14#sy) is also
semisimple Artinian.

Proof (1) is immediate from Proposition 2.4.

(2) follows from (1), using the fact that a ring is semisimple if and only if every module
is completely reducible.

Remark (1) Let H = (Hz,Hg,S) be a Hopf algebroid and U = s;(L)sg(R). Then,
by (1.13), (1.15) and (1.18), we can deduce that Uy, = (U, L, s, tr, Ar,er) has a structure
of a left bialgebroid, Ur = (U, R, sgr,tr, Ar,er) has a structure of a right bialgebroid and
U = (UL, URr, S) has a structure of a Hopf algebroid, that is, U is a sub-Hopf algebroid of H.
And it is obvious that s, (L) is a left U -module algebra via the action u-s, (1) = sper(usg(1)).
Assume that the L-ring (U, s;) underlying U}, is left semisimple. Hence, by Theorem 2.5,
L-ring (sp(L)#U, 1g#sr) is also semisimple. And for any s;(L)#U-module V, if V is
completely reducible as a sp(L)-module, then V' is completely reducible as a sp(L)#U-
module.

(2) Let (H,A,¢,S) be a weak Hopf algebra with bijective antipode S (see [7]). Define
the maps M, M : H — H by the formulas

M5 (h) = e(11h)19; 1% (h) = 1,e(hly),

where A(1y) = 1; ® 15. Denote by H the image MY'(H) and H? the image MP(H) (see
[7]). By [8], we know that H; = (H, H%,id,S™|gr,pr o A,1F) has a structure of a left
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bialgebroid, Hr = (H, H,id, S™!| zr,pr o A, M%) has a structure of a right bialgebroid and
H = (Hp,Hg,S) has a structure of a Hopf algebroid, where p;, and pr are the canonical
projections pr, : H ®, H — H @z H and pr : H ®, H — H ®gr H, respectively.

Let A be a left H-module algebra, then it is easy to show that A is also a left Hy-module
algebra with an H%-H-bimodule structure z - h-a’' = S~ (2')zh for any h € H,z,2' € HL.
Assume that H is semisimple, then it is obvious that Hl-ring (H,id) is also semisimple
underlying Hy. Therefore, by Theorem 2.5, we obtain the Maschke-type theorem for smash
products over weak Hopf algebras, which was given by Zhang in [13].

(a) Let V be an A#H-module. If V is completely reducible as an A-module, then V is
completely reducible as an A# H-module.

(b) If A is semisimple Artinian, then A#H is also semisimple Artinian.

(3) Let H = (Hr,Hg,S) be a Hopf algebroid, B a right H-comodule algebra with
H g-coinvariant subalgebra B®"r = {b € B|pr(b) = b ®r 1} (see [20]). Assume that the
L-ring (H, s1,) underlying H,, is left semisimple and there exists a right H-comodule algebra
map ¢ : H — B. By Lemma 3.1 in [24], we know that B®™r is a left H-module algebra
via h-b = hMbp(S(h?)) for any b € B®M=. By Theorem 3.3 in [24], BMr4#H = B as
right H-comodule algebras, hence, according to Theorem 2.5, we obtain the Maschke-type
theorem for comodule algebras over Hopf algebroids, which generalizes the corresponding
result given by Nastéasescu et al. in [25].

(a) For a B-module V, if V is completely reducible as a B°"#-module, then V is
completely reducible as a B-module.

(b) If B«™r is semisimple Artinian, then B is also semisimple Artinian.

3 A Morita Context Connecting A#H and A’'r

In this section, we assume that H = (Hy,Hg,S) is a Hopf algebroid, A is a left Hp-
module algebra, and

AN ={a€ Alhva=srer(h)>a,h € H}

3.1
={ac Alhva=tre(h)>a,h e H}, (3:1)

the invariant subalgebra of H; on A (see [2]). Compared with the corresponding result
in [23], we mainly construct a Morita context connecting A#H and A™. under a different
condition.

By [2], we know that for any a € A,b € A"t h € H,

ht (ab) = (h>a)b, h>(ba) =b(h>a). (3.2)

Lemma 3.1 Let H = (H, Hg, S) be a Hopf algebroid with bijective antipode S. Then
A is a left and right A# H-module via

(a#h) — b= a(heb), b (a#h) = S~ (h) > (ba) (3.3)

for any a#h € A#H,b € A.
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Proof By (2.4) in [23], A is a left A#H-module via “—”. In what follows, we check
that A is a right A# H-module via the action “+~".
For any a,b€ A,l € L,h € H,

b+ (a#l-h) =S sp()h)> (ba) = S7H(h)tr (1) > (ba)
=571 (h) > (b(tL(l) > a)) = S7HR) > (ba-1))
— b (a-14h),

where the second equality follows by (1.23) and the fact that S~! is an anti-algebra map
on the total algebra H, and the third one by (1.27) and the fact that Ay is right L-linear.
Hence the action “~” is well defined.

We now compute for any a#h,b#g € A#H,c € A,

¢ — [(a#h)(b#g)] = Xc = (a(hay > D)#h2)g) = S~ (h2)9) > [ca(h) > b)]

=2S7(9)S™ (h2)) & [ca(h) > b)]
=387 Hg)> (S~ (h(Q))(l) (ca))(S~ 1(h<2)) yha) > b)
(— E)S_l(g > (87 (h)?) & (ca)) (S (h) )hu) >b)

> (c
NS~Hg)» (S ( @) > (ca)) (S~ (M (2)hM 1y > b)
%S~ g) > (S7H(AP) > (ca))(trer(h ™M) > b)
=25 (g) > (L1)S~1(h®) b (ca)) (1) trer(BV) > b)
U2 $5-1(g) (1) S~ L) b (ca))(Lizyspertrer(hV) > b)
=" 25 Yg) > Lytrertrer(hM)S™HRP) b (ca))(1iz) > b)
=257 (g) > (ST (WP tger(hM)) > (ca))b]
=57 (g) > [(S~(h) > (ca))b] = (c = (a#th)) — (b#g),

where the fifth equality follows by the fact that S~! is an anti-coring map, and the tenth

(1.22)

(1.2)

— —

one by (1.23) and the fact that S~! is an anti-algebra map on the total algebra H. Hence
A is a right A# H-module.
The proof is completed.

«

Remark The action “—" determines a right A™*-module map

7w A#H — Endyn;, (A), m(a#h)(b) = (a#h) — b,

where A is a right A™-module via its multiplication. Moreover 7 is an algebra map.

113

If the antipode S is bijective, then the action “+-” determines a left A7**-module map

7't A#H — 4r, End(A), 7' (a#h)(b) = b — (a#h).

Further #’ is an anti-algebra map.

Corollary 3.2 Let H = (Hp,Hg,S) be a Hopf algebroid. Consider A as a left and
right A#H-module as in (3.3). Then

(1) AMe =~ g End(A)° as algebras.

(2) If the antipode S is bijective, then A™* = End 41 (A) as algebras.
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Proof (2) Let f, : A — A denote left multiplication by a, that is, f,(a’) = aa’ for any
a,a’ € A. Define a map
¢ . AHL — E?’LdA#H(A),b = fb-

¢ is well-defined, since for any b € AM: a € A, c#h € A#H,

(3:2)

fola = (c#th)) = b(S~'(h) > (ac)) =" S~ (h) > (bac)
= (ba) = (c#th) = fi(a) = (c#th),

that is, f, is right A# H-linear.

It is obvious that ¢ is an algebra map, and is also injective. In what follows, we check
that ¢ is surjective.

Choose 8 € Endayn(A). For any a € A, f(a) = f(la — (a#ly)) = B(la)a, so
B = fs14)- Moreover, 3(14) € A™~ since for any h € H,

hi>B(1a) = B(1a) — (La#S(h)) = B(1a — (1a#S(h)))
= B(h>14) = Btren(h)>14) = B(1a — (La#tsren(h)))
= B(1a) < (La#tsrer(h)) = trep(h) > B(1a),

where the fifth and seventh equalities follow by (1.23) and (3.3). Hence ¢ is surjective.

Similarly, we can check that (1) holds.

The proof is completed.

Since AM™L is a subalgebra of A, A is a left and right A®Z-module via its multiplication.
We may consider the bimodules: gn; Aspn and axzpA,n, where A is a left and right
A# H-module via (3.3).

This is true since for any b € A"t a,c € A h € H,

(b-a) — (c#h) = (ba) — (c#h) = §~(h) > (bac)
.2 )

|
=
—
n
L
—
>
~
v
—~
IS
o
~

In a similar way, we can prove that (c#h) — (a-b) = ((c#h) — a) - b.
Let H = (Hp,Hg,S) be a Hopf algebroid with bijective antipode S, and 2 a nonzero

left integral in Hj,. Define two maps

[7] : A®AHL A— A#H7G®AHL b— (a#x)(b#lH)7
() A®agn A — AM a @ayn b— x> (ab).

We now obtain the main result of this section, which generalizes corresponding result given
by Cohen and Fishman in [1].

Theorem 3.3 Let H = (Hy,Hg,S) be a Hopf algebroid with bijective antipode S,
and z an S-fixed left integral in Hy, i.e. S(x) = z. Then [A™E, jn, Aaym, apmgAar,, A#H]
forms a Morita context.

Proof To satisfy the conditions for a Morita context given in [26], we must check that
[,] is an A# H-bimodule map which is middle A™~-linear, and that (,) is an A™*%-bimodule
map which is middle A# H-linear, and that the “associativity” is satisfied.
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(1) [,] is an A# H-bimodule map which is middle A™=-linear.
[,] is a left A# H-module map, since for any a,b € A, c#h € A#H,

(cdth)]a,b] = (c#h)(a#tz)(b#1a) = L(c(h) > a)#h@z) (b1 k)
= Y(c(hq) > a)#sren(h))r)(b#1n)

= Y(c(hq) > a)#er(he) - ) (b#1x)

= Y(c(hay > a)(szer(h) > 1a)#2) (b#1n)

E(c(hay > a)(he) > 1a)#2)(0#1n)

= (c(h>a)#tz)(b#1y) = (c(h>a)#x)(b#1n)

= ((c#h) — a#tz)(b#1y) = [(c#h) — a,b].

And it is a right A# H-module map, because

(a#x)(b#1y)(c#h) = (a#S(x))(be#h)
a(S(m)(l) > (bc))#S(:c)(g)h
a(S(@)1)S™H(h) > (be))#S5(2)(2)
= (a#S(2))(S7H(h) > (be)#1m)
— (a#tw)(S7H (1) b (be)# L)
— [0, 571 (R) > (b)) = [a,b — (c#th)),
where the second and the sixth equalities follow by the fact that = is an S-fixed left integral,

and the fourth one by S(L(H)) € R(H) and Lemma 2.1.
Obviously, [,] is middle A®£-linear in the light of the fact that for any a € A™2 h € H,

[a, b](c#h)

(La#th)(a#ly) = Shay b athe) =) Strep(ha)) > afthe)
= Za-ep(ho)#he = Bagter(ha) - hey
= a#h = (a#1y)(1a#h).

(2) (,) is an A™E-bimodule map which is middle A# H-linear.
By (3.1), it is easy to prove that (,) is an A™--bimodule map. We check that (,) is
middle A# H-linear. For any a,b € A, c#h € A#H,

(a ~— (c#th),b) = (S7Y(h) > (ac),b) = 2> ((S7(h) > (ac))b)

(3) The “associativity” holds: for any a,b,c € A, (a,b)c = a — [b,c] and [a,b] — ¢ =
a(b,c). By (2.4) and (3.2), it is straightforward.

The proof is completed.

Remark (1) According to remark in Section 2 and Theorem 3.3, we can obtain the
Morita context over weak Hopf algebras, which was given by Zhang in [13].
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(2) Let H = (Hr,Hg,S) be a Hopf algebroid with bijective antipode S, and let x be
an S-fixed and normalized left integral in H . Assume that L-ring (A#H, 1 4#s) is simple.
It is obvious that [A, A] is an idea of A#H, hence [A, A] = A#H, that is, [,] is surjective.
And (,) is also surjective since x is normalized. Hence A#H is Morita equivalent to A™r.

(3) Let H = (Hy, Hr,S) be a Hopf algebroid with bijective antipode S, and let = be an
S-fixed and normalized left integral in Hy. Assume that A is semisimple Artinian, which is
left (or right) A#H-faithful. By Theorem 2.5, we know that A#H is semisimple Artinian,
and it is not difficult to show that [A, A] is an essential ideal of A, since A is left (or right)
A# H-faithful. However, semisimple Artinian rings have no nontrivial essential ideals, so, [, ]

is surjective. Since (,) is also surjective, A#H is Morita equivalent to A™~.
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