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Abstract: In this paper, we study mean ergodicity of some composition operators. By
the classical theory of operators, we get the characterization of mean ergodicity for composition
operators between given weighted Banach spaces of analytic functions defined on the unit disk.
The same characterization on Hardy space of unit disk is also discussed. Our characterizations can
be regarded as generalization of existing results for multiplication operators.
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1 Introduction

This paper focuses on mean ergodicity of composition operators between given weighted
Banach spaces of analytic functions defined on the unit disk and Hardy spaces of unit disk.

For a locally convex Hausdorff space, the space of all continuous linear operators from
X into itself is denoted by L(X). Equipping L(X) with its strong operator topology, we
write Ly(X). Given T € L(X), its Cesaro means (see [1]) are defined by

1 n
Ty = — ", neN 1.1
) = m§1: n (1.1)
from which one could routinely verify

—T" = T[n} — 7T[n,1], n e N, (1.2)

where Tjg) is the identity operator on X.
An operator T is mean ergodic if {1, }52 is a convergent sequence in L,(X) (see [1]).
Motivated by [1] in which the mean ergodicity of multiplication operators in weighted

Banach spaces of holomorphic functions is examined, in this paper, the mean ergodicity of
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composition operators between given weighted Banach spaces of analytic functions defined

on the unit disk and Hardy spaces of unit disk will be examined.

2 Weighted Spaces of Analytic Functions on the Unit Disk

The classic space H™ is the space of all bounded analytic functions f on on the unit
disc U={z € C: |z| < 1} endowed with the norm

[fllse = sup [£(2)] (2.3)

|z|<1

Let S denote the subset of H* consisting of the analytic selfmaps of U.

For every w € U, C,, denotes the composition operators of constant symbol w. For
every n =1,2,---, denote ol = o0, then Com = ol

Let v be strictly positive bounded continuous functions (weights) on U. We are inter-
ested in radial weights, i.e., weights which satisfy v(z) = v(|2|). Especially interesting ones

are weights v which satisfy the following condition

1
d¢>0: (1= Dy is almost increasing, t > 1. (2.4)
Let H;* denote the Banach spaces of analytic functions defined on U endowed with the
norm
£l = |Slllplv(Z)lf(Z)\- (2.5)
z|<

The boundedness and weak compactness of composition operator C,f = f o on HJ° were
investigated by several authors. We refer to [2] and [10].

In this section the mean ergodicity of composition operators between the spaces H° is
considered. To present the result, first we need some auxiliary results. Recall that for any

z € U, ¢,(w) is the Mobius transformation of U which interchanges the origin and z, i.e.,

Z—Ww
@z(w): 1— 2w’ wel.

z—w
1—zw |’

For z,w € U, the hyperbolic distance from 2z to w to be the “length of the shortest

The psudohyperbolic distance p(z,w) for all z,w € U is defined by p(z,w) =

curve from z to w” , that is

pu(z,w) = igf ly(),

where on the right, v runs through all piecewise C' curve from z to w (see p.151 in [3] for
details).

The relation between the psudohyperbolic distance and hyperbolic distance is reflected
by the following:

Lemma 2.1 For z,w € U we have

1+ p(z,w)

pulz,w) = ly(y) = log 17— oz w)’
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where 7 is the unique arc that joins z and w, and lies on a circle perpendicular to the unit
circle.

Proof See p.153 in [3].

Lemma 2.2 Let ¢ be a holomorphic self-map of U with a fixed point p, then for any
z €U,

pu(e™(2),p) < lellipu(z,p) (2.6)

for all z,p € U.
Proof From Exercises 5-7 on p.171 in [3], we have

pule(2), ¢(p)) < [l¢llocpu(z,p)

for all z € U. Since p is a fixed point of ¢, we have ¢ (p) = p for all n = 1,2,3,---.

Iteration yields

P05 (2),p) < @l pu(z, p).-

Lemma 2.3 Let v be a weight such that v is radial and satisfying (2.4). For every
f € H° there exists a constant C' (depending on the weight v) such that

Iﬂ@f@NSCMﬂnmw{Jawéﬂh@m) 27)

for all z,p € U.

Proof Adaptation of the case N =1 in Lemma 3.2 from [10] gives the proof.

The main result of this section is as follows:

Theorem 2.1 Let v be a weight such that v is radial and satisfies (2.4). If ¢ € Sis a
holomorphic self-map of U with a fixed point, satisfying

lim o]l =0, (2.8)

then C, is mean ergodic in H,.
Proof For any f(z) holomorphic in U, denote C,f = f(p) where p is the fixed point of

@. It is obviously that C), is a bounded composition operator. We are going to verify
HC[n] = Cyllv — 0. (2.9)
For any f € H®, ||fll, = 1, by (2.7) in Lemma 2.3, we have

ICom f(2) = Cof ()l = sup v(2)|f(21")(2)) = £(p)l

|z|<1

< s oG mas g ool 00

2]<1 elnl(2))" v(p)

Combining Lemma 2.1 with (2.6) in Lemma 2.2 yields

1Cotn f(2) = Cof (2) o < Cllepll% (2.10)
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1+p(2,p)
1-p(z,p)

where C}, = sup|, ., v(2)C, max {ﬁ, ﬁ} log is a positive constant depends only

on v. Hence, by the definition of Cf, in (1.1),

|Cn) = Cplle = Hzllllil 1C f(2) = Cpf(2) |l
C Y ey supy =1 1Co f(2) = Cof (2)]]
< - .

By (2.10), we have

1 lgllz
ch _C ||v S = )
= (= el

thus (2.8) follows, proving Theorem 2.1.

3 Hardy Spaces of Analytic Functions on the Unit Disk

The classical Hardy spaces H? (0 < p < 00) over the unit disc U={z€ C: |z| < 1} is

the collection of functions analytic on the unit disc U, satisfying

11l = ( sup / FEOPdm(©)!? < oo,
o<r<1JT

where T is the unit circle |z| = 1, m is the normalized arc-length measure on T.
If ¢ is a function holomorphic on U with ¢(U) C U, then ¢ induces a linear composition

operator C, on the space Hol(U) of all functions holomorphic on U (see [3]) as follows

Cof = fop (f €Hol(U)).

Various prospects of such operators were extensively studied (see [3]). In this section, we
will examine mean ergodicity of composition operator in Hardy space of Hol(U). The main
result of this section is as follows:

Theorem 3.1 Let ¢ € S be a non-inner function. If for some w € U, ¢(w) = w, then
C,, is mean ergodic in H? (0 < p < 00).

Proof From the proof of Proposition 2.4 in [5] and Theorem 3.1 in [6], we know that
only the case p = 2 needs to be verified. We will follow the proof of Theorem 1 in [8].

If w =0, denote Hy = {f € H?}, recall that |C,|HZ|| = § < 1 (see [4]). For any
I e H?, ”f”? =1,

ICof = Coflla = ICo(f = FO)l2 < 8IIF = F(O)]]2,
thus,
ICEf = Coflla = ICo(f 0 " = F(O)l2 < 8I|f 0 "1 = F(0)]|2.
Iterating yields

1C — Col| < 6™ (3.11)
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Recall Cesaro means in (1.1), combining with (3.11), we have

22:1 HC;n_COH < 6—om
n ~ n(l-94)’

1Chy = Coll = Hiﬁ;c‘[ﬁ - aif <
thus the Cesaro means of C,, converges and Theorem 2.1 is proved in this case.

Consider the selfinverse conformal automorphism ., (z) = (w — z)/(1 — wz) and set
¥ = ay, 0 poay. It is obvious that ¢(0) = 0. Thus, |C} — C7*|| — 0 if m,n — oco. For each
k, we have Cf = C,,,CJC,,, such that [|C} — C2|| < ||Cy, [IPIICy — O] — 0 if m,n — oo.
This shows that {C7} is norm-convergent. From Theorem 3.1 in [6], Cyim = ¢"l — w
converges weakly in H2. Since the set of all composition operators is weakly sequentially
compact (see [9] or Remark 1 in [8]), we conclude that [|C} — C,| — 0. From (3.11) and

since a,,(z) is a selfinverse conformal automorphism, we have

I~
IS cp-cul
m=1

22:1 ||Cawc$caw - Cw”

|Cny — Cul

<
n
< ”CawHZan:1 ||C1T _CawcwcawH
- n
Gl Gy —Coll 5o
N n ~n(l-9)’

thus the Cesaro means of C,, converges and Theorem 2.1 is proved.
The space HJ ;5 (see [7]) over the unit ball By = {z = (21,22,---,2n5) € CV : |2] =
N
2u|?)1/? < 1} is the collection of functions analytic on the unit ball BY with reproducin
g
k=1

ke;nel
1

(1= (z,w))?’

where T¥ is the unit circle |z| = 1, m is the normalized arc-length measure on T .

kﬁ(za w) =

The Schur-Agler class is the set of all holomorphic mapping ¢ : By — By for which the

Hermitian kernel,

1 — (p(2), p(w))
A P

is positive semidefinite (see [7]).

A holomorphic self-map ¢ of BY will be called hyperbolic if ¢ has no fixed point and
dilation coefficient ov < 1 (see [7]). The main result of this section is as follows:

Theorem 3.2 If ¢ is a hyperbolic self-map of BY in the Schur-Agler class, then C,, is
not mean ergodic in Hj ;.

Proof Our proof is an argument by contradiction. If C, were mean ergodic in Hg’ Pr

by Corollary 1.5 in [7], we have the following

IC31 = AL — [@n(0)]) 772, (3.12)
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where A is some positive constant independent of n. If ¢ is a hyperbolic self-map of BY, we
have

lim (1 — |¢n(0)*)Y" = « (3.13)

n—oo

from Theorem 3.5 in [7]. Recall Cesaro means in (1.1) and (1.2), combining with (3.12) and
(3.13), for some fixed gy > 0 satisfying

a+4ey <1, (3.14)

there exists some M > 0, if n > M, we have

(n

D 0 = Lo > AW OF DD

n

| Cray —

Thus, by (3.14), let n — oo, we have HC["] — (";I)C[n_l]H — 00 which contradicts to the

norm convergence of Cf,), proving Theorem 3.1.
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