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Abstract: In this paper, we study the semilattice decomposition of U-abundant semigroups
with left central idempotents. By using this semilattice decomposition, it is proved that a semigroup
S is a U-abundant semigroup with left central idempotents if and only if it is a strong semilattice
of a direct product M, x A,, where M, is a unipotent monoid and A, is a right zero band. This
result is the basis of the establishing of the structure theorem of U-abundant semigroups with left
central idempotents.
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1 Introduction

On a semigroup S the relation L is defined by the rule that for any elements a, b of S,
aLlb if and only if for all e € E, ae = a < be = b. The relation R is dually defined. The
relations £ and R on a semigroup S are generalizations of the familiar x-Green’s relations
L* and R*. As usual, the join of £ and R is denoted by D and the intersection of them is
denoted by H. Clearly, L and R are equivalences, but Lis generally not right compatible and
R is generally not left compatible. The L-class containing the element a of the semigroup
S is denoted by L, or by EQ(S ) in case of ambiguity. One can see that there is at most one
idempotent contained in each H-class. Furthermore, if a and b are both regular elements of
a semigroup S, then (a,b) € L if and only if (a,b) € L. In particular, if S itself is a regular
semigroup, then L=C [1]. Dually, we also have R=Rona regular semigroup S.

A monoid is a semigroup with identity. A monoid is called unipotent if it does not
contain any idempotents except identity. A semigroup in which each L*-class and each
R*-class contains at least one idempotent is called abundant [2]. A semigroup S is called U-

semiabundant [3] if each L-class and each R-class of S contains at least one idempotent. All
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abundant semigroups and U-semiabundant semigroups form two important classes of gener-
alized regular semigroups. Moreover, we easily see that £ C L* C Land R CR*C R. Thus,
abundant semigroups are obviously U-semiabundant semigroups, but U-semiabundant semi-
groups may not be abundant semigroups. This means that U-semiabundant semigroups are
the generalizations of abundant semigroups in the range of generalized regular semigroups.

It is well known that a Clifford semigroup is a strong semilattice of groups [4]. And
Fountain proved that an adequate semigroup with idempotents lying in the center is a strong
semilattice of cancellative monoids [5]. Later on, the semilattice decomposition on abundant
semigroups with left central idempotents has been investigated by Shum and Ren [6].

In this paper, we will extend the above results to the class of U-abundant semigroups
in which all idempotents are left central. Thus, the results of Clifford , Fountain and Shum
are all amplified. The main techniques that we use in the study are the ~-Green’s relations.
For terminologies and notations not given in this paper, the reader is referred to Lawson [3]
and Howie [7].

2 Preliminaries

In this section, we first give some basic definitions and results concerning U-abundant
semigroups with left central idempotents.

Definition 2.1 An idempotent e of a semigroup S is called a left central idempotent if
xey = exy for all z,y € S and y # 1.

Definition 2.2 A U-semiabundant semigroup S is called a U-abundant semigroup if S
satisfies the congruence condition, that is, Lisa right congruence and R is a left congruence
on S respectively.

Next, S is always a U-abundant semigroup with left central idempotents, that is, S is
a U-abundant semigroup and all idempotents of S are left central.

Lemma 2.3 Each L-class of S contains a unique idempotent.

Proof Suppose (e, f) € L for e, f € E. Then, we have eLf. This leads to ef = e and
fe = f. Since f is a left central idempotent, we immediately have ef = fef. Thereby

e=ef=fef=/F

Remark We now denote a unique idempotent in the L£-class containing the element a
of S by a*. Then we have the following lemmas.

Lemma 2.4 The relation £ is a congruence on S.

Proof Let (a,b) € L for a,b € S. In order to show that (ca,ch) € L for any c € S,
we suppose that cae = ca for any e € E. By Lemma 2.3, then there exists a unique
idempotent c¢* in L. such that (c,c*) € L. Since L is a right congruence on U-abundant
semigroups, we have (ca, c*a) € L for a € S. Thus, by the definition of £, we get c*ae = c*a.
Thereby ac*a*e = ac*a*, because c* is a left central idempotent and a = aa*. Furthermore,
since (a,b) € L and L is a right congruence on a U-abundant semigroup, we also have
(ac*a*,bc*a*) € L. Thus, by the definition of £~, we immediately have bc*a*e = bc*a*.
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Hence, by the left centrality of ¢*, we deduce that c*ba*e = c*ba*. Finally, and again, since
(c,c*) € Land Lisa right congruence on a U-abundant semigroup, we have (cba*, c*ba*) € L.
Thus, by the definition of E, we can obtain that cba*e = cba*. As a result, we have cbe = cb,
since a* = b* and b = bb*. Similarly, if cbe = ¢b for any e € E, then cae = ca. This leads to
(ca,cd) € L. Hence, L is a left congruence on S. It is well known that Lisa right congruence
on a U-abundant semigroup S. This shows that Lisa congruence on S.

Lemma 2.5 (ab)* = a*b* for any a,b € S.

Proof It is trivial that (b,b*) € £ for any b € S. Since £ is a congruence on a U-
abundant semigroup with left central idempotents, we have (ab, ab*) € L for any a € S. Thus,
it is obvious that (ab)* = (ab*)* by Lemma 2.3. Similarly, we know that (ab*,a*b*) € L. By
using Lemma 2.3 again, we get (ab*)* = (a*b*)* = a*b*. Consequently, (ab)* = (ab*)* = a*b*.

Lemma 2.6 Define a relation o on S by acb if and only if a*b* = b* and b*a* = a* for

any a,b € S. Then the relation ¢ is a semilattice congruence on S.

Proof It is easy to see that o is an equivalent relation on S. Suppose that acb for a,b €
S. Then a*b* = b* and b*a* = a*. By applying Lemma 2.5, we get (ac)*(bc)* = a*c*b*c* =
a*b*c* = b*c¢* = (be)*. By using similar arguments, we can also prove that (be)*(ac)* = (ac)*.
This shows that (ac,bc) € o. Similarly, (ca,cb) € 0. Hence, o is a congruence on S. Now,
by Lemma 2.5 and the left centrality of a*, we have (ab)*(ba)* = a*b*a* = b*a*a* = (ba)*
and (ba)*(ab)* = (ab)*. Thus, we know immediately that (ab,ba) € o by the definition of o.
In addition, it is obvious that aca* and aca? for any a € S . We prove that o is indeed a

smilattice congruence on S.

Lemma 2.7 On a U-abundant semigroup S with left central idempotents, we have

(i) Z:ﬁandazﬁzﬁ;

(ii) H,R and D are all congruences on S.

Proof (i) Since S is a U-abundant semigroup, there exists e € E such that (a,e) € R
for any a € S and so ea = a. Thus, by Lemma 2.5, we have ea™ = a*. On the other hand,
since (a,a*) € L and a* is a left central idempotent, we deduce that a = aa* = aa*a* =
a*aa* = a*a, that is, a*a = a. Thus, by using (a,e) € R and the definition of ﬁ, we have
a*e = e. From this, together with ea* = a*, we can deduce that (a*,e) € R. This leads
to (a*,e) € R. Hence, (a,a*) € R. Again since (a,a*) € L, we have (a,a*) € H. Now let
(a,b) € L for a,b € S. Then, we have known that (a,a*) € H and (b,b*) € H. By Lemma
2.3, we have a* = b* and so (a,b) € H. This shows that £ C H. Clearly, L=HCR.

Let (a,b) € R for a,b € S. Then (a*,b*) € R, since £ C R. Thus, we have a*b* = b*and
b*a* = a*. Hence, we have (a,b) € o by the definition of o. This leads to R Co.

On the other hand, let (a,b) € o for a,b € S. Then a*b* = b*and b*a* = a*. In order to
show that (a,b) € R, we suppose ea = a for any e € E. By Lemma 2.5, we have ea* = a*.
Thus ea*b* = a*b*. This implies that eb* = b*. And again, since (b,b*) € £ and £ C R,
we immediately have (b,b*) € R. Thus, by using the definition of ﬁ, we know that eb = b.
Similarly, if eb = b for any e € E, then ea = a. As a result, we obtain (a,b) € R. This leads
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too C R and so o = R. Now, it is easy to see that

This shows that ¢ = R = D.
(ii) By using Lemma 2.4 and Lemma 2.6, we immediately know that H,R and D are
all congruences on S.

3 Main Results

We are now going to give the characterization theorem for U-abundant semigroups with
left central idempotents.

Theorem 3.1 Let S be a semigroup. Then the following statements are equivalent:

(i) S is a U-abundant semigroup with left central idempotents;

(ii) S is a semilattice of direct products M, x A,, where M, is a unipotent monoid and
A, is a right zero band for every a € Y. Moreover, E is a right normal band;

(iii) S is a strong semilattice of direct products M, x A,, where M, is a unipotent
monoid and A, is a right zero band for every oo € Y.

Proof (i)=(ii) Clearly, S = |J S,, where S, is a o-class of S on a semilattice Y. We
acY

know that S, (| E # &, since 0 = R and S is a U-abundant semigroup. Let M, = S,e, for
some e, € S, [ E. To show that M, is a unipotent monoid with an identity element e,. Let
y = ze, € M, for any z € S,. Then ye, = xre, = y. On the other hand, by using o = ﬁ,
we get (y,eq) € R and so e,y = y. Hence, M, is indeed a monoid with an identity element
€q- In particular, M, = £ = H. This means that M, contains a unique idempotent. Thus,
we know that M, also is a unipotent monoid. Now, let A, be the set of all idempotents of
Se, that is, A, = So[)E. Then it is clear that eR f for all e, f € A,. This implies that
A, is a right zero band. We define a mapping ¢ : M, x A, — S, by ¢(x, f) = zf for any
(z,f) € My x A,. Then, for any (z, f), (y,k) € M, x A,, we have

(,0(.%‘, f)cp(% k) =z fyk = xyfk = xyk = @[('Tv f)(ya k)]

Thus, ¢ is a morphism. Furthermore, if p(z, f) = p(y, k), that is, zf = yk, then zfe, =
ykes. Since A, is a right zero band and e, is an identity element in M,, we have z = y.
In the meantime, we also have xf = xk. By using Lemma 2.5, we obtain that z*f = z*k.
Again since A, is a right zero band and x* € A,, we immediately have f = k. This shows
that ¢ is a monomorphism as well. In order to show that the mapping ¢ is onto. Let any
a € S,. Then there exists a unique idempotent a* such that (a,a*) € L. By Lemma 2.7,
we know that L C R and o = R. This means that (a,a*) € o such that a* € S,. Hence,
a* € A, = So () E. Moreover, by using S, [ E # &, it is natural for us to know ae, € M,

for some e, € S, (] E. In this case, we always have

(aeqy,a™)p = ae,a™ = aa® = a,
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since A, is a right zero band and (a,a*) € L. This shows that the mapping ¢ is onto. In
conclusion, we prove that S, = M, x A,.

Finally, since any e € E is a left central idempotent, we have ehg = heg for alle, h,g € E.
This show that E' is a right normal band.

(ii)=(iii) To show that S = J .y Sa is a strong semilattice of direct products M, x A,,
we pick any o, € Y with & > 3. First, let a € S, and eg € Sz(|E. Then ega € Sp.
According to this fact, we define a mapping 6, 3 : S — S by abl, g = ega for any a € S,and
some eg € Sz E. Write ega = (u,i) € Sg. Let g = (15,7) € Sg(E and eg = (15,5) €
Ss () E, where 15 is the identity element of Mg. Then

epag = (u,i)(Ls,) = (u,i) = cpa (2.1)
and

9= (1p,4) = (15,5)(13,7) = epg. (2.2)
Similarly, we let b = (v,1) € S, and h = (1,,1) € So () E. Then

hb =b. (2.3)
Furthermore, since E is a right normal band, we also have
gegh = eggh. (2.4)
By using (2.1), (2.2), (2.3) and (2.4), we can proof that
egaegb = egageghb = egaegghb = egaghb = egab.

Thus, af, b0, 3 = (ab)f, 3. This shows that 6, g is a morphism.
On the other hand, it is easy to prove that 0, , = 1g, for any a € Y.
Now, we let a = (w, k) € S, and p = (14,k) € So () E for @ € Y. Then we have pa = a.
By the right normality of E, for some eg € Sz( | E and e, € S, () E with o > 3 >, we can
deduce that
€~€3D = €3E,D = €€~ * ExP = €4P
so that

aba 505, = e, (ega) = ejegpa = eypa = e, = b, 5.

Thus, 0n 4 = 04,803 .

Finally, let a € S,,b € S for any a,8 € Y. Then ab = e,p(ab) € S,p for some
ap € Sap () E. Since eqpa € S,ap, by using (2.1), we known that there exists f2 = f € Sag
such that eqgaf = eqga for eqga € S,. Moreover, by using (2.3), we also know that there
exists e? = e € S5 such that eb = b for b € Sg. Thus, by the right normality of E again, we
have

eaptensb = eqpafeqseb = eypaeqs feb
= eqpaleqsf)eb = eqpafedb

= eqpab = ab.
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This shows that ab = af,,.sbls 3. Hence, S = |J S, is indeed a strong semilattice of
acY
direct products S, = M, x A,, and denote it by S = [Y; S4, 04.5]-

(iii)=(i) Let S = [Y; 54,0, 3] be a strong semilattice of direct products M, x A, for
a €Y, where M, is a unipotent monoid and A, is a right zero band. And let z,y € S! with
y#landee E. Thenz € S},y € S;and e € S, (| E for some a, 3,y € Y. Write affy =4,
where 0 € Y. Now, we suppose that

.779&’5 = (m,t) S S(;,
y9575 = (”U,l) S 55,
697,6 = (157Q) € 56-

Then
zey = xbq5€6, 59035 = (m,t)(15,q)(v,1) = (mv,1).

Similarly, we have exy = (mw,l). Thus, xey = exy. This shows that the element e is a
left central idempotent for any e € E. In other words, S is a semigroup with left central
idempotents.

It remains to show that each R-class of S contains at least one idempotent. Let a =
(u,i) € Sy and f = (14,1) € So[E for any o € Y. In order to proof that (a, f) € R, we
assume that ea = a for any e € E. Then e = (1,,,k) € S, E for some v € Y. Because S is

the semilattice of S,, we can immediately see that a < for a,y¥ € Y. Thus,

ef =(11,k)0, 0 (1a,1)00,0 = (1a,7) = f.

Similarly, if ef = f for any e € E, then ea = a. Hence, we know that (a, f) € R. This
implies that each R-class of S contains at least one idempotent.

On the other hand, we need to proof that each L-class of S contains at least one
idempotent. Let b = (w, h) € S, and g = (14,h) € So [ E for any o € Y. In order to proof
that (b,g) € L. We assume that be = b for any ¢ € E. Then e = (1,,k) € S, E for some
v €Y and v > «. Again, since be = b, we have

(w,h)(1y, k) = (W, h)0n o - (14,k)0, o = (w,k0, o) = (w, h).
This implies that k6, , = h. Hence, we have
ge = (1o, h) (14, k) = (1o, h)ba,a - (14,k)0y,0 = (1o, kb0, o) = (14, h) = g.

Similarly, if ge = g for any e € E, then be = b. Thereby, we obtain that (b,g) € L. This
implies that each L-class of S contains at least one idempotent. Thus, S is a U-semiabundant
semigroup.

Finally, we shall show that £ is a right congruence. We first let (a,b) € L for a,b €
S. Then a and b are the element of the same S, for a € Y. Clearly, if (a,b) € L but
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a € S,,b € Sp, since S is a U-semiabundant semigroup, there exist f2 = f € S, E and
g% = g € S3E such that (a, f) € £ and (b,g) € L. This implies that (f,g) € £. Thus,
fg = f and gf = g, where the elements fg,gf € Sos,f € So and g € Sz. Hence, o = S.
According to this fact, we let (a,b) € L for a = (u,i) € Sa,b = (w,h) € S,. To show that
(ac,be) € L for any ¢ € S, we assume that ace = ac for any e € E. Then ¢ = (v,j) € Sp
and e = (1,,k) € S, for some (3,7 € Y. In the meantime, we have o, 5 <~ for o, 3,7 € Y,
since S is a strong semilattice of S,. Furthermore, we obtain that

(uv i)(”?].)(l“/v k) = (uv i)ea,a,@ : (’U,j)eg’a,@(ly, k)emaﬁ
= (Wa,a8 - V95,08, k0+,05)
= (Wa,ap - V95,08, 305,05)-

This implies that k0, o3 = j03..3. Hence, we immediately have that

bee = (w, h)(vvj>(1va k) = (w, h)ea,aﬁ ) <v>j)9ﬂ,aﬁ(1wk)0%aﬁ
= (w@malg . ’U@ﬁyag, k?e%aﬁ) = (’w@mag . ’U@gya/@,jelg_’ag) = be.

By using similar arguments, if bce = be for any e € E, then ace = ac. Thereby, (ac, bc) € L.
This show that £ is a right congruence. Similarly, R is also a left congruence. In other
words, S is a U-abundant semigroup. Now summing up the above facts, we show that the
semigroup S is indeed a U-abundant semigroup with left central idempotents. The proof is
completed.

Remark We notice here that the above theorem extends a known result of Shum and
Ren (see [6], Theorem 3.1).

The following theorem can be proved by using the similar method as Theorem 3.1.

Theorem 3.2 Let S be a semigroup. Then the following statements are equivalent:

(i) S is a regular semigroup with left central idempotents;

(ii) S is a strong semilattice of right groups;

(iii) S is a right Clifford semigroup and E is a right normal band.

Proof We first note that £ = £ and R = R on regular semigroups. If S is a regular
semigroup with left central idempotents, then by the results of Lemma 2.7, we know imme-
diately that £L = H C R = D and H,L,R,D are all congruences on S. Moreover, S is a
completely regular semigroup. In particular, for any a € S, a* is a unique idempotent of
the H-class containing a. It following that each o-class of S is a direct product of a group
and a right zero band, which is called a right group. Hence, by using the same arguments
as Theorem 3.1, we can prove that (i)=(ii). The details are omitted. For (ii)=-(iii) and
(iii)=(i), it is the dual of Theorem 4.1 in [8].

Remark We notice here that the above theorem extends a known result of Clifford
(see [7], Theorem 2.1).
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