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Abstract: In this paper, the author studies the constructions of strongly P-regular semi-
groups. A construction method of strongly P-regular semigroups is obtained in terms of regular
*_semigroups and some kinds of mappings satisfying certain conditions. The result generalizes and
enriches some results on orthodox semigroups in the literatures.
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1 Introduction

Inverse semigroups play an important role in the algebraic theory of semigroups. Many
remarkable results of inverse semigroups and their generalizations are obtained in the lit-
eratures. As generalizations of inverse semigroups, orthodox semigroups and regular *-
semigroups were extensively studied (for example, see [1-5]). To give a common generaliza-
tion of orthodox semigroups and regular *-semigroups, Yamada-Sen [7] introduced P-regular
semigroups. Many achievements on orthodox semigroups were generalized to P-regular semi-
groups (for example, see [6-8]). In the procession of characterizing P-regular semigroups,
regular *-semigroups have played a similar role as that of inverse semigroups in characterizing
orthodox semigroups.

Standard representations are important tools for the constructions and classifications
of bands (for example, see [9]). Inspired by these facts, He-Guo-Shum [1] gave the standard
representations of orthodox semigroups and investigated e-varieties of orthodox semigroups
determined by their standard representations. Recently, He-Shum-Wang [10] generalized
the results in [1] to a class of non-regular semigroups, namely good B-quasi-Ehresmann
semigroups.

In this paper, we generalize some results obtained in [1] to P-regular semigroups. In
particular, we give a construction method of strongly P-regular semigroups by considering

their standard representations.
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2 Preliminaries

Let S be a semigroup. The set of all idempotents of S will be denoted by E(S), and

the set of all inverses of an element a from S will be denoted by V(a). Recall that
V(a) = {z € S|zar = z,axa = a}.

A semigroup S is called regular if V(a) # ) for each a € S.
From Nordahl-Scheiblich [3], a regular semigroup T" with a unary operation “x” denoted

by (T,*) is called a regular *-semigroup if it satisfies the following identities
(a*)"=a, aa*a=a, (ab)" =b"a".

In this case, the set Fr = {aa*|a € T'} is called the set of projections of (T',*).

Let S be a regular semigroup. From Yamada-Sen [7], a non-empty subset P of E(S) is
called a characteristic set (in brief, C-set) of S if it satisfies the following conditions:

(b.1) P? C E(S);

(p-2) (Vg€ P) qPqC P;

(p.3) (Va € S)(Fa* € V(a)) aP'a™ C P, a*Pla C P.

In this case, S is called a projectively regular semigroup with P as the set of projections
or simply a P-regular semigroup, and written as S(P). The inverse a™ of an element a from
S(P) in condition (p.3) is called a P-inverse of a. The set of all P-inverses of a will be
denoted by Vp(a).

A C-set P of a regular semigroup S is said to be strong, while the P-regular semigroup
S(P) is said to be strongly P-regular, if P satisfies the following condition:

(Vp,ge P) pge P = qpeP.

From Zhang-He [8], a P-regular semigroup is always a strongly P-regular semigroup
with respect to some strong C-set. It is well known that regular *-semigroups and orthodox
semigroups are strongly P-regular semigroups.

Let S(P) and T'(Q) be P-regular semigroups. A homomorphism (resp., isomorphism) &
from S to T is called a P-homomorphism (resp., P-isomorphism), if P§¢ = SENQ. As in the
literatures, we use the notion “P-congruences” for the congruences on P-regular semigroups.
If p is a P-congruence on S(P), then Sp(Pp?) is also a P-regular semigroup, where p% is
the natural homomorphism from S to S/p induced by p. Customarily, we write Sp?(Pp?)
as S(P)/p and write Pp" as Pp. If p is a P-congruence on S(P) satisfying the following
condition:

(Va,b € S)(Va* € Vp(a)) (Vb € Vp(b)) apb= a™pb™,

then we call p a strongly P-congruence. In this case, (S/p,*) is a regular *-semigroup with
the operation “«” defined as follows: (ap)* = atpforalla € S and a™ € Vp(a). Furthermore,
F(s(p)/p, -y = Pp in the case. If it makes sense, the least strongly P-congruence on S(P)
will be denoted by vg or simply by ~.
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To end this section, we recall some basic results on regular *

-semigroups and strongly
P-regular semigroups, which will be used throughout this paper.
Lemma 2.1 [3, 5] Let (7,*) be a regular *-semigroup and a € T
1) F2C E(T) and aF}a*,a*F}a C Fr.
2) Fr={z*zlz € T} ={e € E(T)|e* = e}.
3) If x,y,xy € Fr, then zy = yx.
4)
5)
6) a € E(T) if and only if a* € E(T).
Lemma 2.2 [7, 8] Let S(P) be a strongly P-regular semigroup, a,b € S and e €
E(S),p e P.
(1) (a,b) € v if and only if Vp(a) = Vp(b).
(2) v N'H is the equality relation on S.
(3) Vp(e) € E(S) and p € Vp(p) C P.

If 2,y € Fr and Ly, then z = y.
If z,y € Fr and xRy, then x = y.

~~ N N /N /S~

3 Main Results

The aim of this section is to give a structure theorem of strongly P-regular semigroups.
To this purpose, we need the following lemma which can be proved by direct calculations

*

by using Lemma 2.1. For any regular *-semigroup (7,*) and 2 € T, we let ¥ = zz* and
z' = 2%z in the sequel.

Lemma 3.3 Let (7,*) be a regular *-semigroup, z,y € T and «, 3 € Fr.

(1) = € E(T) implies that z* € E(T),2* = ztz'a* and o' = aataT;

(2) (yiatyhat(ytalyt) = ylalyt, (ay)" = (2)Ty (zy)" and (y(zy)")* = yialy?,
(zytatyt)t = (zy)¥;

(3) (alytat)yi(alytat) = alytal, (ay)? = (zy)iat(zy)t and ((zy)i2)l = alytat,
(zTyialy)t = (zy)h;

(4) a = a(ry)’a implies that o = ay’a and (ya)* = (ya)tzf(ya);

(5) 6 = Blay)"B implies that § = B8 and (Bz)! = (9z)'y! (Bx)';

(6) (x(ya)')! = (zya)! and ((Bz)ty)! = (Bzy)'.

Now, we use F (A, B) to denote the set of mappings which map from a set A to another
set B. Let £ € F(A,B) and b € B. By [b] we mean the constant mapping which maps A
into B with value b. If £ is a constant mapping, we denote the value of £ by [£]. We write
F(A, B) specifically as F,.(A, B) if its members are acting on A from the right. Thus, for
any £ € F,.(A,B) and n € F,.(B,C), we can compose them by xz&{n = (x£)n, for all x € A.
Dually, we denote F(A, B) by F;(A, B) if its member are acting on A from the left. Hence,
for any £ € Fi(A, B) and n € F(B,C), we can compose them by 7 * {(z) = n({(x)), for all
x € A. In particular, we can write F,.(A, A) and F;(A, A) by 7,(A) and 7;(A), respectively.

With the above notations, we have the following useful result on general regular semi-

groups.
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Lemma 3.4 [2] If S is a regular semigroup, then the mapping 6 : a — (p,,d,) is a
homomorphism from S to 7;(S/R) x 7,.(S/L), where p, and §, are defined by

pa(Rl’) = Raza Lm5a - La:a (l‘ S S)

At this stage, we can establish our main theorem.

Theorem 3.5 Let (T,*) be a regular *-semigroup with the set of projections Fr. We
associate each element « in Fp with two non-empty sets I, and A, such that I, NIz =
Ao N Ag =0 whenever 3 # « in Fr. Form the following set

S={(i,z,\)|x €T,i € L1, € Ayt }.

For any (i,z,)) € S with a = axfa and 3 = B3 in Fr, we define

i,x, 7,2,\)
e, € Filloy Iway) and o € Fr(Ap, Agsayt)-

Suppose that the following conditions hold for any (i, z, ), (j,y, 1) € S:
(C.1) (1) &) = (i) and 7Y = N
(i) if (i,2,A) € S and x € E(T), then § v ’\)( ) =1, ()\)nsﬁf) A;
(iii) there exist k € I(5y)r and v € Agyr such that
S(L A2 A) % g(j/y,u) = [k], (&2, (G:y>1) = [v];

ytatyt (zy)t T S(ey)tytatyt = Mzt atytat Totyiat (ay)t
(iv) for any a = a(zy)'a and 8 = B(zy)*B in Fr, we have

(k,zy,v) (,,) (4,y>1) (kyxy,v) _ (6x,\) (4,9.0)
Eov(wyot = Syt (zy)t * Sa(ya)t M5, (6zy)t = "8,(82)t N(B)1 ,(By)t*

Then, S forms a strongly P-regular semigroup with strong C-set

{(i,z,\) € S|z € Fr}

with respect to the following operation “o” :

(i,z,A) o (J,y, 1) = ([51(,11;12 (ay)t ¥ f((;yyy yixfyi] zy, [n((;;)?)xfyiﬁn;jfyiizr (xy)f])
Conversely, every strongly P-regular semigroup can be constructed in this way.

Proof Let (i,z,)), (j,y, ) and (k,z,v) be three arbitrary elements in S. Then, by
Lemma 3.3, we see that condition (C.1) is meaningful. By condition (C.1) (iii), the operation
“0” on S is well-defined. Evidently, condition (C.1) (iv) is equivalent to the following
condition:

(C.1) (iv") for any a = a(zy)fa and 3 = B(zy)*B in Fr, we have

(4,2,N)0(f,y,p) __ #(3,2,)) (J,y,1) (4,z,N)0(gy,pm) _  (6,2,N) | (3,9,1)
6o M) = € eyt ¥ € T = W I eyt

Since

2 (xy) T2t = (2 (zy) T2 ()T (2H(@y)T2Y), (zy(2F (zy)T2) = (ay2)?
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and
(yz' (zy)'2")" = (y2)'2! (y2)*,

we have
g(z ,2,A)0 (Y1) 5(% JT,A) 5(] 2y 1)

2H(@y)tzt(zyz)t T S(y2)tal(yz)h(ey2)t 7 St (ey) T2t (v2) et (y2)t

Observe that

(zy2)T(y2) (y2)" = (2y2)", (y2(2y2)")t = (y2)tal (y2)!, (2(2y2)")F = 2 (ay) T2t
it follows that

€(j7y,u)0(k72m) g(w W) E(k V25V)
(wy=)T,(yz)tat (y2)t = Szi(zy)tzt,(yz)tat(y2)t * Sayz)T 2t (ay) T2t

Thus, we deduce that

(4,2,X)0(4,y,1)
[Efi(x%/\)ui (zyz)t f(xyz)f zi(xy)fzi] “
_ ,T, J5Ys i zZ,V)
= [Eaiatwataynt ¥ T entat it @)t * Sttt @y)tz) (3.1)

_ [EHM g(Jyu)okZV) ].
- (y2)iet (y2)t,(ey2)t * S(ayz)T, (y2)tat (y2)t

Similarly, we also have

(i,@,X)0(5,y,1) (k z,v) (i,,7) (J,y,p)o(k,z,v)
[yt (@t =t @)t amyt = @)t (ayyt) = Maymt at (ue)tat Tt (o)t (ayo)t -

Hence

(i,2,A) 0 (j,y, ) o (k,z,v)

(
i,z,\)o(4,y, k,z,v i,2,\)o(J,y, k,z,v
= (&5 oy * Emyayt st eyt (@0)2: T S oy Moyt eyt ooy )
(
(

(i, \) (Goym)o(k,z,0) (.0 (Goysi)o (k2,0
€ iyat oyt eyt * Saymtwrtot w2yt T2 Myt ot (gayrat Tat (y=)iat (age) )

i,x,\) o ((j,y, 1) o (k, 2,v)).

113 77

This proves that S is indeed a semigroup with respect to the operation “o
Let (i,7,\) € S. If (i,2,\) € E(S), then we immediately see that z € E(T). Conversely,
if x € E(T), then by (1) of Lemma 3.3,

(i, ) 0 (i, A) = (6572 # €550 I g )).

ottt St gt ottt Mot o
y (i) and (ii) of condition (C.1), we can see that
([ = € b s ) = (i, A),
This shows that
E(S) = {(i,z,\) € S|z € E(T)}.
Let P

= {(i,z,\) € S|z € Fr}. Since F2 C E(T) and xFrx C Fr for each € Fr by
Lemma 2.1 (1),

we can easily see that P2 C E(S) and po Pop C P for any p € P. Now, let
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(i,z,\) € S and choose (j,y, ) = (j,z*, ) € S. Then, we have y* = 2 and y' = 2. By
condition (C.1) (i), and the fact (3.1) and its dual,

. . . i,2,A 1Y, i,T,A T,T,A Y, 1,2,
(6, 2,A) 0 (j,y, 1) o (1,3, A) = ([fit@i) * f@(jtyyiu) * fg(ﬂ,zi )]v TYL, [Wii,xr )n;jiif)m(giﬁ )D
= (i,z,\).

A similar argument also shows that (j,y, u) o (i,2,\) o (4,y, 1n) = (j,y, ). Thus, (j,x*, u) €
V((i,z,\)). Since xFjx* C Fr and x*Fjx C Fr by Lemma 2.1 (1), we have

(i,2,) oPlo (2", 1), (4, 2%, ) oPlo (i,2,\) C P.

This implies that (j, z*, n) € Va((i,z, \)).

At last, if p = (i,2,\),q¢ = (j,y,p) € P and poq = (,zy,) € P, then by the definition
of P, we have z,y,2y € Fr, and so yr = 2y € Fr by (3) of Lemma 2.1. This implies
qgop = (,yx,) € P. By the definition of strongly P-regular semigroups, S(P) is a strongly
‘P-regular semigroup.

Conversely, let S(P) be a strongly P-regular semigroup and 7' = S(P)/~. Then T is a

*

regular *-semigroup with the operation (ay)* = a*y where a® € Vp(a), and Fi7, -y = P~.

Denote F(r, ) by Fr. For any o € Fr, we define
Ia:{Ra|di:a,a€S}, Aa:{La|dT:a,a€S},

where @ denotes the y-class containing a for each a € S. By Lemma 2.1 (4), (5), we can see
that I, N I3 = A, N Ag = 0 whenever 8 # a in Fr. Denote

S ={(Ry,a,L.) | Ry € I+, L. € Mg, a,b,c € S}.
Now, for any (Ry,a,L.) € S, let a; € Vp(a),b; € Vp(b) and ¢; € Vp(c). Then
bby = a* = aa,, ¢ =a' = aa.
Hence, by (1) and (3) of Lemma 2.2 and the fact that bby, aay, cic,a1a € P, we have
bb1,aa; € Vp(bby) = Vp(aay), cic,a1a € Vp(cie) = Vp(aja).
Let d = bbiacic. Then, we have

card = caybbiacic = caq(aarbbiaar)acic = cajacie = c(eicaracic) = c.

This yields that ¢£d. Dually, bRd. Further, we have d = bb,ac,¢ = a*aa’ = a. This implies
that (Ry,a, L.) = (R4,d, Ly) and whence S = {(R,,a, L,)|a € S}. Define

¢: S—5, ar (Raa, L)
Then, by (2) of Lemma 2.2, ¢ is a bijection from S onto S. Let

(i,ﬂ?, )‘> = a¢ = (RavavLG)v (]7:%:”) = b(b = (Rb?g? Lb)
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be two arbitrary elements in S, where a,b € S. For any a = az'a and 3 = Bz*8 in Fr,

define

BTN BT A
5( (Ia;:t = pa|1a7 "7; (Bz))’f = 5a|A5;

where p,,d, are defined as in Lemma 3.4. Then, it is clear that

i € Fllas Iays)  and i (50, € Fr(Ag, Agayr).

a,(za) B,(B

For any R. € I,+ (¢ € S), we may choose ¢; € Vp(c) and a; € Vp(a). Since é¢; =
¢t =2t = a' = @a, aya € Vp(aja) = Vp(cey) by (1) and (3) of Lemma 2.2. Hence,
acci(ara) = a(ajacciaia) = aaya = a, whence acc;Ra and so

(11, /\)( C) 193 k)(RCCI) o pa(RCC1) — Raccl = Ra = ’L (32)

zT Tt z ,xk

Therefore, 5 b A) = [i]. Consequently, for any Ry € I(,,)+ (d € S), in view of the fact (3.2),

we have

1,T,A 1Y,
) oyt * S i (Ra) = pa % py(Ra)
b Ra 9 7La
= pab(Ra) = E(;y))?(xy)i (Ra) = g((wy)b’rizy)ib)(Rd) = Rap.
This leads to
6(2 iT,) % 5(]»%#) = [Rap).

yratyt, (zy)? (zy) T ytatyt

A similar argument shows that

Y = and g i) eyt = [Lan]-

(zy)* g;Tyiw‘rng;Tyin (zy)t

This shows that the operation

. . 4,2,\) Y5 A
(6,2, X) o (j,y, 1) = ([E;ixw‘yi (zy)t ¥ f((i;)fz,ixryi] LY, [n((xy)i )xtyixmg;’iﬁ (xy)r]) (3:3)

on S is well-defined. Moreover, for any o = a(zy)fa in Fr, we have

2,2,\) 1,Y, %,T,\)0
f(ya)i (zya)t g(j,(z,s))i = (pa * pb>|1a = pabll 5( zyi)gj i H)'
Similarly, we also have
(4,z,N)0(Gy,pm) _  (4,2,N) | (3,9,1)
"3, (Bay)t = M5,(60)t N(Ba) 1 (Bay)t

for 3 = B(xy)*B in Fr.

At last, if (i,7,)\) € S, z € BE(T) and (i,2,)\) = a¢, then (i,2,)\) = (R,,a, L,) and
x =a € E(S/v). So there exists a; € E(S) such that (a;,a) € . By (1) and (3) of Lemma
2.2, we have

Vp(a) = Vp(al) g E(S),

which implies that a € E(S) by (3) of Lemma 2.2 again. Thus

5(7' Ty )‘)( ) — g(i,az,A) (Ra) = pa(Ra> = J:‘)«z2 = Ra =1

otz otz
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Dually, we have ()\)ngt?) =\

Thus, by the proof of the direct part, we have shown that S forms a strongly P-regular
semigroup with strong C-set P = {(i,z,\) € S|z € Fr} with respect to the operation “o” as
defined above.

Now, for any p € P, since p € Fr = P, we have p¢ € P. On the other hand, if c € S
and c¢p = (k,z,v) € P, then ¢= z € Fy = Py and so ¢ = p for some p € P. This implies
that Vp(p) = Vp(c) by (1) of Lemma 2.2. Since p € Vp(p), it follows that ¢ € Vp(p) C P
from Lemma 2.2 (3). Thus, P = S¢ N P. Observe that

(ab)¢ = (Rab7£7 Lab) = (7:,.'17, )‘) o (jvyvlu) = a¢ o b¢

by the identity (3.3), the mapping ¢ is a P-isomorphism from S onto S. The proof is
completed.
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