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Abstract: In the paper, we investigate subordination and superordination preserving prob-
lems for analytic and multivalent functions in the open unit disk, which are associated with the
Liu-Owa integral operator. By using the method of differential subordination, we derive sandwich-
type results of functions belonging to these classes, which generalize and improve some previous
known results.
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1 Introduction

Let H(U) denote the class of analytic functions in the open unit disk U={z € C: |z]| <
1}. Forae Cand ne N={1,2,---}, let

Hla,n] = {f € H(U) : f(2) = a+ anz" + api12" "+ }.

Let f and g be two members of H(U). The function f is said to be subordinate to g, or
g is said to be superordinate to f, if there exists a Schwarz function w, analytic in U with
w(0) =0 and |w(2)| < 1 (z € U), such that f(z) = g(w(z)) (z € U). In such a case, we write
f=<gor f(z) < g(2) (z € U). Furthermore, if the function g is univalent in U, then we have
(see [8] and [21])

f=yg (z€U) < f(0)=g(0) and f(U) C g(U).

Definition 1.1 (see [8]) Let ¢ : C* — C and let h be univalent in U. If p is analytic

in U and satisfies the following differential subordination

¢(p(2),2p'(2)) < h(z) (z €U), (1.1)
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then p is called a solution of the differential subordination (1.1). The univalent function q
is called a dominant of the solutions of the differential subordination (1.1), if p < q for all p
satisfying (1.1). A dominant § that satisfies § < g for all dominants q of (1.1) is said to be
the best dominant.

Definition 1.2 (see [9]) Let ¢ : C* — C and let h be univalent in U. If p and

©(p(2), zp’(2)) are univalent in U and satisfy the following differential superordination

h(z) < ¢(p(2),2p'(2)) (2 €U), (1.2)

then p is called a solution of the differential superordination (1.2). An analytic function q is
called a subordination of the solutions of the differential superordination (1.2), if g < p for
all p satisfying (1.2). A univalent subordination § that satisfies ¢ < g for all subordinations
q of (1.2) is said to be the best subordination.

Definition 1.3 (see [9]) We denote by Q the class of functions f that are analytic and
injective on U\ E(f), where

E(f):{f:fe@U and liir)lgf(z):oo},

and are such that f'(§) # 0 (¢ € OU \ E(f)).

Let A(p) denote the class of all analytic functions of the form

f(z) :zp—l—Zaernz”" (peN; zel). (1.3)
n=1
Motivated essentially by Jung et al. [4], Liu and Owa [5] introduced the integral operator
Q4,: Alp) — Alp) as follows:

p+a+p8-1

z a—1
Q5,f(2) = ;;/ <1 - Z) P f()dt (o> 0;8> —1;p € N)
p+B-1 ’
(1.4)
and
Q3 ,f(2) = f(2) (a=0; 8> -1).

If f € A(p) given by (1.3), then from (1.4), we deduce that

o _ p Ta+B8+p)~ TB+p+n) ptn a1
Q5,f(2) = 2"+ TG 1) Zfa+ﬂ+p+n) Appn2?™ (> 0;3 > —1;p € N). (1.5)

It is easily verified from definition (1.5) that (see [5])

2(Q5,f(2) = (a+B+p—1)Q5," f(2) — (a+ 8- 1)Q5,f(2). (1.6)
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We note that, for p = 1, we obtain the operator Q3 = Q3 defined by Jung et al. [4], and
studied by Aouf [16] and Gao et al. [6]. On the other hand, if we set « = 1,8 = ¢ in (1.5),
we obtain the generalized Libera operator J, (¢ > —p) defined by (see [1, 13]; also [19, 20])

i,pf(z) =J.(f)(z) = crp /Z trf(t)dt (¢ > —p; z € U). (1.7)

C
Z 0

With the help of the principle of subordination, various subordination preserving prop-
erties involving certain integral operators for analytic functions in U were investigated by
Bulboca [2], Miller et al. [10], and Owa and Srivastava [14]. Moreover, Miller and Mocanu [9]
considered differential superordinations, as the dual problem of differential subordinations
(see also [3]). In the present paper, we investigate some subordination and superordination
preserving properties of the integral operator Qf , defined by (1.4). Also, we obtain several
sandwich-type results for these multivalent functions.

In order to establish our main results, we shall require the following lemmas.

Lemma 1.1 (see [11]) Suppose that the function H : C*> — C satisfies the following
condition

Re{H((is,t)} <0

for all real s and t < —”(ITM (n € N). If the function p(z) = 1+ p,2" + -+ is analytic in
U and
Re{H(p(2),2p'(2))} >0 (2 € U),

then Re{p(z)} > 0 for z € U.
Lemma 1.2 (see [12]) Let k,v € C with x # 0 and let h € H(U) with h(0) = b. If
Re{kh(z) +~} > 0 (z € U), then the solution of the following differential equation

/
o)+ D he) (e Ui g0 =
is analytic in U and satisfies the inequality given by Re {kq(z) + v} > 0 for z € U.
Lemma 1.3 (see [8]) Let p € Q with ¢(0) = a and let the function ¢(2) = a+a,2"+---
be analytic in U with ¢(z) # a and n € N. If ¢ is not subordinate to p, then there exist
points
20 =19€? € U and & € AU\ E(f),

for which

q(Uy,) C p(U), q(20) = p(20) and zoq'(20) = m&ep’ (&) (m > n),

where U,, = {2z € C: |z] <ro}.

A function L(z,t) defined on U x [0, 00) is the subordination chain (or Léwner chain)
if L(-,t) is analytic and univalent in U for all ¢ € [0, 00), L(-,t) is continuously differentiable
on [0,00) for all z € U and L(z,t1) < L(z,t2) (z € U; 0 <ty < to).
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Lemma 1.4 (see [9]) Let ¢ € H[a,1] and ¢ : C* — C. Also let

0(q(2),2¢'(2)) = h(z) (z € U).

If L(z,t) = ¢(q(2),tzq'(2)) is a subordination chain and p € H|a, 1] N Q, then

h(z) < ¢(p(2), 20'(2)) (2 € D),

implies that ¢(z) < p(z). Furthermore, if ¢(q(2),2q¢ (2)) = h(z) has a univalent solution
q € Q, then ¢ is the best subordinant.
Lemma 1.5 (see [15]) The function L(z,t) = a1(t)z + aa(t)z* + - -+ with a1(t) # 0 and

lim |a;(t)| = oo is a subordination chain if and only if
t—oo

e { 2OL(z,1) /02

. < .
L(=.1)/0t }>0 (z€eU; 0<t< )

2 Main Results

First of all, we begin by proving the following subordination theorem involving the
operator Qf , defined by (1.4). Unless otherwise mentioned, we assume throughout this
paper that « > 1,8 > -1,0< A< 1,u>0,peNand z € U.

Theorem 2.1 Let f,g € A(p) and suppose that

e ) (om0 o () (222) )

(2.1)
where
s N tplat B+p -1 - N —pPlatf+p—1) (2.2)
pla+G+p—1) ’ '
Then the following subordination condition
Q5 f(2)>” Q5. f(2) <Q“ O
1—2) [ 222220 ) P b < ¢(z 2.3
- (4 o) (P2 ) (2.3
implies that
Q5 FN\"  [Q5,9()\"
T ) T\ )
. Q5,9 \" . .
Moreover, the function | =#£7-=) is the best dominant.
Proof Let us define the functions F' and G, respectively, by
« = H « 2 I3
F(z) = (Qﬁ’pf( )> and G(z) = (Qﬂ’pg( >> - (2.4)
zP zP
We first prove that, if the function ¢ is defined by
G/I
2GR (e, (2.5)

q(z) =1+ I8
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then Re{q(z)} > 0 for z € U.
Taking the logarithmic differentiation on both sides of the second equation in (2.4) and
using (1.6) for g € A(p), we have

B AzG'(2)
¢(Z)_G(Z)+u(a+ﬁ—l—p—1)' (2.6)
Differentiating both sides of (2.6) with respect to z yields
N A , Az2G" (z)
40~ (1 o) SOt s T &0
Combining (2.5) and (2.7), we easily get
2¢"(2) _ 2q'(2) _
1+ o) q(z) + ot Brp=1)/r h(z) (z € U). (2.8)
Thus, form (2.1) and (2.8), we see that
Re{h(z)+ “(O‘+ﬁ;p_1>} >0 (2 €U).

Also, in view of Lemma 1.2, we conclude that the differential equation (2.8) has a solution
q € H(U) with ¢(0) = h(0) = 1.

Let us put
v

u+pla+B+p—1)/x
where § is given by (2.2). From (2.1), (2.8), together with (2.9), we obtain

H(u,v) =u+ +9, (2.9)

Re{H(q(2),2¢'(2))} > 0 (2 € ).

Now, we proceed to show that

Re {H{(is, 1)} < 0 (se]R; tg—1+252>. (2.10)

In fact, from (2.9), we have

t
is+u(a+ﬁ+p—1)/>\+5}

Re{H(is,t)} = Re {is +

tAu(a+65+p—1)
A2+ p2 (a4 B +p—1)2
< _ Es(s)
T 224 (a+ B4p—1)2)

+9

where

Es(s) = [Mu(a+B+p—1)—20X%s* = 25p*(a+B+p— 1)+ ula+B+p—1). (2.11)
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For § given by (2.2), we can prove easily that the expression Fs(s) in (2.11) is greater than
or equal to zero, which implies that (2.10) holds true. Therefore, by using Lemma 1.1, we
conclude that Re{q(z)} > 0 for z € U, that is, that the function G defined by (2.4) is convex
(univalent) in U.

Next, we prove that FF < G (z € U) holds for the functions F' and G defined by
(2.4). Without loss of generality, we assume that G is analytic and univalent on U and that

G'(§) # 0 for [¢] = 1.
Let us define the function L(z,t) by

A1 +1¢)
wla+pB+p—1)

L(z,t) = G(2) + 2G'(z) (0<t<o0; zeU).

Then
OL(z,t)| A1+ 1) B A1+ 4) |
oz |, 90 <1+u(a+ﬁ+p—1)> =g, P (0 St <0 zE ),

and this show that the function L(z,t) = a1(t)z + ax(t)z® + --- satisfies the conditions
ai(t) # 0 for all ¢t € [0,00) and tlim lay (t)] = +oo0.
Moreover, we have

20L(z,t)/0z
Re{ dL(z,t)/0t

}—Re{u(a+ﬁ+p—1)+)\(1+t) <1+zg(i§)>} >0 (0<t<00),

because G is convex in U. Hence, by virtue of Lemma 1.5, we deduce that L(z,t) is a
subordination chain. We notice from the definition of subordination chain that
A2G'(2)

IS R

= L(z,0)
and

L(z,0) < L(z,t) (0 <t< oc0),
which implies that

L(&,t) ¢ L(U,0) = ¢(U) (£ € dU; 0 < t < c0). (2.12)

Now, we suppose that F' is not subordinate G, then by Lemma 1.3, there exist two
points zp € U and &, € 0U, such that

F(z) = G(&) and zF'(z) = (1 +t)&G (&) (0 <t < 00).

Thus, by means of subordination condition (2.3), we have

_ ML+ 156G ) _ Mz F'(z0)
Heo ) =G+ i p-1 - " e s g4 p-1)

Caw <Qg,,,fp<ZO>>MH (cgz,plf(zo)) <Q§,pf(zO)>“ € ().

20 Q5 ,f(20) zg
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which contradicts to (2.12). Hence, we deduce that F' < G. Considering F' = G, we know
that the function G is the best dominant. This completes the proof of Theorem 2.1.

We next derive a dual result of Theorem 2.1, in the sense that subordinations are
replaced by superordinations.

Theorem 2.2 Let f,g € A(p) and suppose that

2OV s (i Qz,pg<z>>“ Q35'9(2) (Q%,pg(Z) )
R, {1+ e }> § <¢( )=(1-2X) (Zp +>\<Qg,pg(z) o :
where ¢ is given by (2.2). If the function
(98T > ' b /(2) <Qg7,,f (2) > '
1-2) < po” +A ( 05 70) ) 2

Q5,5 (2)
P

o

o (S o () (72

<Q%‘,p9(2) > g . <Qf§,pf(2) > g .

L
Q5,92 \*
P

w
is univalent in U and ( ) € H[1,1]NQ. Then the following superordination condition

implies that

Moreover, the function ( is the best subordination.
Proof Let us define the functions F' and G just as (2.4). We first observe that, if the

function ¢ is defined by (2.5), then we obtain from (2.6) that

AzG'(2)

S A TOR Ry

= p(G(2),2G'(2)) . (2.13)

By applying the same method as in the proof of Theorem 2.1, we can prove that Re{q(z)} > 0
for z € U. That is, the function G defined by (2.4) is convex (univalent) in U.

Next, we will show that G < F. For this purpose, we consider the function L(z,t)
defined by

At

@ipip 0B Ost<ezcl).

L(z,t) = G(z) + p

Since the function G is convex in U, we can prove easily that L(z,t) is a subordination
chain as in the proof of Theorem 2.1. Therefore, by Lemma 1.4, we conclude that G < F.
Furthermore, since the differential equation (2.13) has the univalent solution G, it is the
best subordination of the given differential superordination. We thus complete the proof of
Theorem 2.2.

If we combine Theorems 2.1 and 2.2, then we get the following sandwich-type theorem.
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Theorem 2.3 Let f, g; € A(p) (j = 1,2) and suppose that

Re {1 N Z(f((j))} > (@»(z) — (- (W) .\ (%éf’:jjfff) (Q%’ngj(z)Y) ,
(2.14)

where ¢ is given by (2.2). If the function

L ( Qﬁf() ) " (%éilf<(5>)> <Qg,;{<z>>ﬂ

3 2)\* . . . . .
is univalent in U and <Q"§7Z()> € H[1,1]nQ. Then the following subordination relationship

Qg,pf(Z))“ (Qg;ﬂz)) (Qg,pﬂz))”
1\Z 1 — )\ _— )\ (2
$1(2) < ( >( s R e > < ¢(2)

implies that

(Qg,pgl (2) > g < <Q§pf<z) ) ! - <Qg,pg2 (2) > g
zP zP zP

Moreover, the functions wyl and (%)u are, respectively, the best subordina-
tion and the best dominant.

Remark 2.1 By putting A = 1 in Theorems 2.1-2.3, we obtain the results obtained
by Aouf and Seoudy [18].

Remark 2.2 By taking A = g = 1 in Theorems 2.1-2.3, we obtain the results obtained
by Aouf and Seoudy [17].

3 Corollaries and Consequences

Since the assumption of Theorem 2.3 of the preceding section that the functions

o (B (L1 () (S

2P Qf,f(2) 2P 2P

need to be univalent in U, is not so easy to check, we will replace these conditions by another
simple conditions in the following result.
Corollary 3.1 Let f, g; € A(p) (j = 1,2). Suppose that the condition (2.14) is

satisfied and

w355} (s- 0o () o (R (22) )
(3.1)

where § is given by (2.2). Then the following subordination relationship

<o (P o () (Y <ot
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Q)N (@) (@p02(2)\"
zp zPb 2P
3 Z " 3 2(2 ® . .
Moreover, the functions Qﬁ#‘f”) and (Q‘*iilgf()) are, respectively, the best subordina-

tion and the best dominant.

implies that

Proof To prove our result, we have to show that the condition (3.1) implies the

a 1
univalence of ¢ and F(z) = QB%&) . Since 0 given by (2.2) in Theorem 2.1 satisfies the

1
2

[7]) and hence v is univalent in U. Also, by using the same techniques as in the proof of

inequality 0 < § < =, condition (3.1) means that 1 is a close-to-convex function in U (see
Theorem 2.1, we can prove that F' is convex (univalent) in U, and so the details may be
omitted. Therefore, by applying Theorem 2.3, we obtain the desired result.
Upon setting p = 1 in Theorem 2.3, we are easily led to the following result.
Corollary 3.2 Let f, g; € A(p) (j = 1,2) and suppose that

Re {1 + ij((;))} > 5 (%—(Z) _ 0= A)Qg’pgj(;)a + A5, 95)

(4 =1,2); z€U>7

where § is given by (2.2) with g = 1. If the function

(1 -NQ3,f(2) +2Q5, f(2)

zPb

is univalent in U and % € H[1,1] N Q. Then the following subordination relationship

(1-0)Q5,f(2) + Q5. f(2)

zb

$1(z) < < $2(2)

implies that

Q) QI Q)
zp zP zp

Q5,,91(2)
2P

Moreover, the functions and Qg”’z?(z) are, respectively, the best subordination and
the best dominant.

By putting & = 1 and 8 = ¢ in Theorem 2.3, we can derive the following result involving
the integral operator J. defined by (1.7).

Corollary 3.3 Let f, g; € A(p) (j = 1,2) and suppose that

{0 (- () o (5555) (M) )

where

_ A2 4 p2(c+p)? — |A2 = (e + p)?|
4 p(c+p)

- (4 () (42

5 (c>—p).

If the function
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m
is univalent in U and <%> € H|1,1]NQ. Then the following subordination relationship

¢d@<(L—M<LUNd>H+A<Lﬂ@ )(Luxa>“<¢ﬂ@

2 (£)(2) 2

() (2422 (2

N N
Moreover, the functions (%) and (%) are, respectively, the best subordination

and the best dominant.

implies that

Further, setting A = u = 1 in Corollary 3.3, we have the following result.
Corollary 3.4 Let f, g; € A(p) (j = 1,2) and suppose that

Re{l v Z(zﬂéz))} > 5 <¢j<z) _ 9{;;) (j=1,2); = € U> ,

where
L+ (c+p)®—[1—(c+p)|

A(c+p)
If the function % is univalent in U and % € H[1,1] N Q. Then the following subordi-

nation relationship

6:

(¢ > —p).

0 fG) | 9)

implies that

Jg)() TG Jelg2)(2)

Je(g2)(2)

Je(91)(2)

Moreover, the functions and are, respectively, the best subordination and

the best dominant.
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