Vol. 35 (2015 ) J. of Math. (PRC)

No. 3

BOUNDED VARIATION SOLUTIONS FOR RETARDED
FUNCTIONAL DIFFERENTIAL EQUATIONS

LI Bao-lin , GOU Hai-de
(C’ollege of Mathematics and Statistics, Northwest Normal University, Lanzhou 730070, C’hina)

Abstract: In this paper, bounded variation solution for a class of retarded functional dif-
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1 Introduction

The Henstock-Kurzweil integral encompasses the Riemann, and Lebesgue integrals [1].
A particular feature of this integral is that integrals of highly oscillating function such as
F'(t), where F(t) = t*sint 2 on (0, 1], F(0) = 0 can be defined. The integral was introduced
by Henstock and Kurzweil independently in 1957-1958 and was proved useful in the study
of ordinary differential equations (see [2]). In this paper, an existence theorem for bounded
variation solutions to retarded functional differential equations (RFDEs) is extended using
the Henstock-Kurzweil integral.

Let r and o be nonnegative real numbers and ¢, some real number. Let x € R™ be some
function defined on [ty — 7, ty + o]. For any t € [ty,to + o], the function z; € R" is defined as
x¢(0) = z(t + 0), where 6 € [—r,0]. A detailed account of the existence of solutions to

i(t) = f(t,z) (1.1)
with some initial function
':Cto = (b

can be found in Hale [3]. This result was established under certain assumption concerning
the continuity of f and ¢. Moreover in [3-5], the authors assumed that the indefinite integral
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of f satisfies Carathéodory- and Lipschitz-type properties. Also the mapping ¢ — f(¢,x;) is
Lebesgue integrable.

Finding a solution to (1.1) is equivalent to solving the integral equation

{ 2(t) = 6(0) + / fs,)ds, 1>, )

xto = ¢7

which is meaningful for a more general class of integrands. Hale notes that the existence
results can be extended for integrands f satisfying a Carathéodory condition. The integral
equation is formulated using the lebesgue integral.

In this paper, the conditions we assume on the righthand sides of the RFDEs are more
general than those considered in [3-5]. We consider that the integrands f is Henstock-
Kurzweil integrable and ¢ is a regulated function.

This paper is organized as follows: In Section 2 we recall Henstock-Kurzweil integral and
some basic known results. In Section 3 we review retarded functional differential equations
and present some results. The existence theorem of bounded variation solutions for retarded

functional differential equations is established in Section 4.

2 Henstock-Kurzweil Integrals

In this section, we briefly recall Henstock-Kurzweil integral and some basic known re-
sults, which will be used in the sequel.

Let [a,b] be a compact interval in R and || - || be a norm in R™.

Let D be a finite collection of interval-point pairs {([t;_1,t;], &)}y, where {[t;_1, ]},
are non-overlapping subintervals of [a,b]. Let §(§) be a positive function on [a, b], i.e. §(§) :
[a,b] — RT. We say D = {([ti—1,ti], &)}, is O-fine of [a,b] if §; € [t;—1,t:] C (& — (&), &+
0(&)) foralli=1,2,--- ,n.

Definition 2.1 A function u : [a,b] — R" is said to be Henstock-Kurzweil integrable
on [a,b] if there exists an I € R™ such that for every ¢ > 0, there exists §(§) : [a,b] — RT
such that for every d-fine partition D = {([t;—1,t],& )}, we have

[ Zu<si><ti —ti) || <e.

b
We denote the Henstock-Kurzweil integral (also write as H-K integral ) I by (H-K) / u(s)ds.
This integral was discovered independently by Henstock and Kurzweil in 1957-1958. It
extends the Riemann, improper Riemann, Lebesgue and Newton integrals. For a detailed
discussion of Henstock-Kurzweil integral see [1], [7] and [12]. Unless otherwise stated, all
notations can be found in [1].
The relationship between the Henstock-Kurzweil and the Lebesgue integrals is detailed

in the following lemma:
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Lemma 2.2 (see [7]) If u is Lebesgue integrable on the interval [a,b], then it is H-K
integrable on this interval.

Lemma 2.3 (see [7]) If u is H-K integrable on [a, b] and nonnegative, then it is Lebesgue
integrable there.

Using Theorem 1.29 in [8] and Theorem 7 in [6] the following equivalent form of the
convergence theorem for Henstock-Kurzweil integrals of R™-valued functions can be given.

Theorem 2.4 Let u,u,, : [a,0) > R*",m =1,2,--- and {u,,} is a sequence of H-K
integrable function on [a, b] satisfying the following conditions:

(i) There exists a positive function ¢ : [a,b] — RT such that for every £ > 0 there exist
ap: la,b] — N and a positive superadditive interval function ® defined for closed intervals
J € la,b] with ®([a,b]) < e such that for every 7 € [a, b] we have

[t (1) = u(T)]J][| < @(J) (2.1)

provided m > p(7) and (7, J) is an 0-fine tagged interval with 7 € J.
(ii) There exists a compact set S C R™ and 6 : [a,b] — Rt such that for all f-fine

partitions D = {([t;_1,t],&)}¥_, and natural number m = m(&;),i =1,2,--- , k, we have

k
Zum(&)(ti —t; 1) €S. (2.2)

Then w is H-K integrable on [a, b] and

b

b
lim um(s)ds:/ u(s)ds. (2.3)

C—
kooa

Proof Clearly a convergence result for integrals of R™-valued functions holds if and
only if it holds for every component of the functions. Therefore without loss of generality we
can consider sequence of real-valued functions only. Assume that u is a real valued function.
By (2.1), we have

[um (7) = u(@]|J]] < (J).

Since S from (2.2) is a compact set in R™ there is A > 0 such that S C [-A, A]" C R,
where [—A, A]" is the n-dimensional cube centered at the origin in R” with the edge length
2A. Let D = {([t;_1,t:],&)}F_, be an arbitrary §-fine partition of [a, b] and natural number
m=m(&),i=1,2,--- , k. By (2.2), we have

k
-A< Zum(fz)(tz —ti1) < A
i—1

By Theorem 1.29 in [8] the conclusion of this theorem holds.

3 Retarded Functional Differential Equations
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In this section, we review retarded functional differential equations and present some re-
sults. We start this section by recalling the concept of a regulated function. Let G([a, b], R™)
be the space of regulated functions z : [a,b] — R™, that is, the lateral limits z(t+) =
plir&x(ter),t € [a,b), and z(t—) = pli%lf z(t+p),t € (a,b], exist and are finite. G([a, b], R™)

which is a Banach space when endowed with the norm ||¢| = sup |¢(t)] for all ¢ €
a<t<b

G([a,b],R™). Also, any function in G([a,b],R™) is the uniform limit of step functions (see
[9]). Define

G~ ([a,b],R") = {u € G([a,b],R") : u is left continuous at every t € (a,b|}.

In G~ ([a, b],R™), we consider the norm induced by G~ ([a, b], R™). We denote by BV (|a, b], R")
the space of functions x : [a,b] — R™ which are of bounded variation. In BV ([a, b],R™), we
consider the variation norm given by ||z||py = |lz(a)|| + Var’z, where Var’z stands for the
variation of x in the interval [a,b]. Then (BV (|a,b],R"),| - ||pv) is a Banach space and
BV ([a,b],R™) C G([a,b],R™). When = € BV ([a,b],R") is also left continuous, we write
x € BV~ ([a,b],R"™).

It is clear that for a function x € G~ ([ty — r,to + o], R"™), we have z, € G~ ([-r,0],R")
for all t € [to, to + 0.

Let us consider the initial value problem for RFDEs (1.1)

{i@%—ﬂt%% (3.1)

mto = d)7

where ¢ € G~ ([-r,0],R™),r > 0, and f(t,¢) maps some open subset of [to,ty + o] X
G~ ([-r,0],R™) to R™. It is known that system (3.1) is equivalent to the integral equation
(1.2) when the integral exists in the Henstock-Kurzweil sense.

Let us recall the concept of a solution of problem (3.1).

Definition 3.1 (see [7]) A function 2z € G~ ([to — r,to + o|,R™) such that (t,z;) €
[to, to + 0] x G~ ([—r,0],R") for all t € [to, o + o] and moreover,

(i) #(t) = f(t, =), almost everywhere,

(ii) @y, = ¢
are satisfied is called a (local) solution of (3.1) in [tg, to+0] (or sometimes also in [to—7r, to+0])
with initial condition (%o, ¢).

Let G1 € G~ ([to—r, to+0o], R"] with the following property: if z = z(t),t € [to—r,to+0],

is an element of Gy and ¢ € [ty — r,to + o], then Z given by

t to—r <t<t,
.Q_Z‘(t) — w(_)a _0 r>t>
x(t+), t<t<to+o

also belongs to G.
Let Hy € G~ ([-r,0],R™) be such that {x:|t € [to,to + o], € G1} C H; and assume
ft,xy) : [to, to + o] x Hy — R™ satisfy the following conditions:
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(A) There exists a positive function 6(7) : [to, to + o] — RT such that for every [u,v]
satisfy 7 € [u,v] C (1 — d(7), 7+ (7)) C [to,to + o] and = € G, we have

1f (7 27) (v = w)|| < [h(v) = h(u)].

(B) For every [u,v] satisfy 7 € [u,v] C (1 —0(7), 7+ (7)) C [to,to + o] and z,y € Gy,

we have
1f(T,27) = f(7y:) (v — u) < w(l|zr — y-[))[h(v) — h(u)],

where h : [tg, 1o+ 0] — R is a nondecreasing function and continuous the left. w : [0,00] — R
is a continuous and increasing function with w(0) = 0,w(r) > 0 for r > 0.

Let Q C [to,to + o] x Hy be open, we have the following the results.

Definition 3.2 Assume that function f : @ — R" is a Carathéodory function and
belongs to the class F/(, h,w) if f satisfys the condition (A), (B).

Theorem 3.3 Assume that f € F(Q,h,w) is given and that z : [a, 8] — R"™, o, 3] C
[to,to+0] is the pointwise limit of a sequence {a*},cn of functions z* : [a, 3] — R™ such that

8
(14,8) € Q,((x%)s,8) € Q for every k € N and s € [a, 3] and that (H—K)/ f(s, (z%),)ds

B
exists for every k € N. Then the integral (H—K)/ f(s,x5)ds exists and

8 8
/ f(s,xs)ds = klim / f(s,(z%),)ds.
Proof Assume that ¢ > 0 is given. By condition (B), we have

1£ (7, (@%)7) = f(m ) (t2 = t1) < w(ll(@®)r = a7 ])(h(t2) = A(t1)) (3.2)

for every 7 € [a, 8] C [to,to + 0], t1 < T < tg,[t1,t2] C [o, B]. Let us set

£ = 13
M) = ) = he) 71

h(t) for t € [a, 5].
The function pu : [, 8] — R is nondecreasing and u(8) — p(a) < e. Since
Jim [(2); — 2| =0

for every 7 € [a, 3] and the function w is continuous at 0, there is a p(7) € N such that for

k > p(7) we have

w(”(xk)‘r —z.) < h(B) — h(a) + 1

Let ®(J) = p(ta) — p(t1),J = [t1,t2], for k > p(7) the inequality (3.2) can be rewritten to
the form

3

S B =) + 1

£ (7, (z")7 = f(r, )l — t1) (h(t2) = h(t1)) = (J),
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where 7 € J C (71— 6(7), 7+ (7)) C [, F].
By condition (A), then there exists 0 : [, 5] — R such that for every 6-fine partition
_{([l 15 ] ) 7{?:1 of [a76]7

IIZf&, )(ti —ti1)] gz — h(ti-1)| < h(B) = h(a),

k
and this means that the sum > f(&;, (z%)¢,)(t; — ti—1) belongs to the compact ball

=1

S ={x e R" [lz]| < h(B) — h(a)}

in R™. By Theorem 2.4 the integral / f(s,z5)ds exists and the conclusion of the theorem

holds.

Corollary 3.4 Assume that f € F(, h,w) is given and that x : [«, 5] — R", [o, ] C
[to,to + o] is the pointwise limit of a sequence {1*},cy of finite step functions ¥* : [, 8] —
R™ such that (s zs) € Q, (s, (¥F)s) € Q for every s € [o,] and k € N and that (H-

/ f(s s)ds exists for every k € N. Then the integral (H-K) / f(s,z5)ds exists

and

B
/ f(s,z5)ds = hm f(s, (¥"),)ds. (3.3)

[e3%

B
Proof For every k € N, the integral / f(s, (¥%),)ds exists, and by Theorem 3.3, we

B
get the integral (H—K)/ f(s,zs)ds and (3.3) holds.

Corollary 3.5 Ifaf € F(Q,h,w) is given and z : [a, ] — R", [, B] C [to,to + 0] is a

function of bounded variation on [«, ] such that (s, z,) € Q for every s € [, 3]. Then the
B

integral (H—K)/ f(s,zs)ds exists.
Proof The result follows from Corollary 3.1 because every function of bounded varia-
tion is the uniform limit of finite step functions [9].
Theorem 3.6 Assume that f € F(Q, h,w). If [, 8] C [to—7,to+0] and = : [a, ] — R"
B

is such that (¢, z:) € Q for every ¢ € [«, 3] and if the integral (H—K)/ f(t, z¢)dt exists, then

for every si, sy € [a, (] the inequality

H / f(t,sr:t)dtH < h(ss) — h(s1)] (3.4)

is satisfied.

8
Proof Let an arbitrary ¢ > 0 be given, since the integral (H—K)/ f (¢, zy)dt exists.

Then the integral (H—K)/ f(t, x,)dt exists for every s1,s2 € [a, §]. By Definition 2.1 and
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condition (A), there exists 6(7) such that for every é-fine partition D = {([u;,v;], )}, of

the interval [sg, s2], we have

H / f(t,:vt)dtH

IN

| [ stanat = Yttt w

1=

+| i{f@,mﬂ)(w =)l

|

< e+ Z H[f(n,m(vi — )]

< e+ Z \h(v;) — h(u;)|
< e+ |h(s2) — h(s1)|-

Since € > 0 can be arbitrary, we have

H /:2 f(t,a:t)dt” < |h(s2) — h(s1)].

4 Retarded Functional Differential Equations

In this section, we discuss the existence of bounded variation solutions for retarded
functional differential equations and establish the existence theorem.

Let us recall the concept of a bounded variation solution of REDEs (1.1).

Definition 4.1 A function € BV~ ([to — r,to + o|,R™) C G~ ([to — r,to + o], R™) is
called a solution of RFDEs (1.1) with initial function ¢ at ¢, if there exists an ¢ > 0 such
that

(t) = f(t, z)

for almost all ¢ € [t,to + o] and x;, = ¢.
Theorem 4.2 Assume that f € F(Q, h,w). If [a, 8] C [to—7,to+0] and x : [a, f] — R™

is a solution of equation (1.1), then z is bounded variation on [, 5] and
Var’z < h(B) — h(a) < +o0.

Proof Let a« =ty <t; <--- <t = [ be an arbitrary division of the interval [«, (3].
By (3.4), we have

i Jo(ts) = a(ti-)l = Z n “1 St < Z h(t) = h(t;-1)| < h(8) = ha).

To prove our basic existence theorem, we need the Schauder fixed-point theorem. The

following we state the Schauder theorem from Lemma 2.4 in [3].
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Lemma 4.3 (Schauder fixed-point theorem) If U is a closed bounded convex subset of
a Banach space X and T : U — U is completely continuous, then T has a fixed point in U.

It is convenient here to introduce an auxiliary function 7 : if x € G~ ([to, to + o], R")
with z(tg) = ¢(0), the function ¥ € G~ ([to — r,to + 0]) is defined as

) (1), t € [to,to + o],
wlt) = { ot —to),  tE[to—r to].

Note that the above definition ensures that ;, = ¢ on [—r,0].
Theorem 4.4 Let ¢ be some fixed function in Hy, f € F(Q, h,w) and for 0y, 6, € [—r, 0]
such that

[6(61) = 6(62)[] < [h(61) — h(62)] (4.1)

are fulfilled. Then for every (tg,¢) € €, there exists a A > 0 such that on the interval
[to — ryto + A] C [to — 7,to + o] there exists a solution & € BV~ ([ty — r,to + A],R") C
G~ ([to — r,to + A],R™) to the REDEs (1.1) with initial function ¢ at .

Proof We will consider two cases: when ¢ is a point of continuity of & : [to, to+0] — R
and otherwise.

At first, let ¢ty be a point of continuity of the function h; i.e., h(to+) = h(tg). Since Gy
is open, there is a A > 0 such that if t € [ty,to + A] C [to,to + o) and € R™ is such that
[2(t) = ¢(0)|| = [lz(t) — x(to)l| < |h(t) — h(to)| then (¢, 2:) € Q.

Let the set Q@ C BV~ ([to — r,to + o], R™) C G is defined as

Q={x € BV~ ([to—r,to+0]|,R") : ||x —p(0)|| < b, and for all t € [tg, o+ Al, ||T; — ¢|| < b}

(Here b is positive number and ¢ is fixed in H;).

It is also easy to check that the set @ is convex, ie., if Z,7 € Q,a € [0,1], then
az+ (1 —a)y € Q.

Next, let us show that @ is a closed subset of BV~ ([to—7,to+A],R"). Let 2* € Q,k € N

be sequence which converges in BV ([to — 7, to + A],R™) to a function z. Since
128 =21l < 12 = Zlsv,

we have

lim ||2F — 2| = lim [|2* - 2| =0
k—oo k—oo
uniformly for t € [to, to + A]. Therefore we have
Iz = @) < [I2" — 2] + 2" = d(0)] <+
for any € > 0 whenever k € N is sufficiently large. This yields

Iz = ¢(0)[| < 0.
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Similarly, we can show that
1) = 2l < [I(Z")e — Zllv
for every t € [to,to + A], we have
Jim (9~ 2 = 0

uniformly for t € [to, to + A]. Therefore we have
12 = ol < 1) = Zell + 1(Z%)e — ol < e+ b
for any e > 0 whenever k € N is sufficiently large and ¢ € [tg,to + A]. This yields
[El

for t € [to,to + A] and therefore for the limit z we have z € @ and @ is closed.
For = € @ define the map

Ti/lf\(t) _ { ¢(0) + f(S,l’s)dS, te [t07t0 4 0-]7

o(t —to), t € [to — 1 o).

t
The map T is well-defined because by Corollary 3.2 the integral / f(s,zs)ds exists for
to

every t € [to, to + A].
For t € [ty,to + A], by (3.4) we have

t
[T (t) — ¢(0)[| = 1 T%(t) — $(0)]| = ||/ f(s,25)ds|| < [h(to + A) — h(to)]-
For every t € [to,to + 0,0 € [—r,0],let s =t + 0 € [to — 7, to],y(s) = Tx(s), by (4.1), we get

1y = oIl = 1 T%(s) = ¢l = llo(s — to) — B(O)I| < [h(61) — h(O)],

where 6, = s —tg € [-r,0]. Let b = max{|h(to + A) — h(to)|,|h(01) — h(0)|}. Hence T2 C Q
for T € Q, i.e., T maps @ into itself.
Let us show that T : Q — Q is continuous. If Z, ¥ € @ then

T2 = 9l pv = [Tz — Tv||py = |T=(te) — Tw(ty)|| + Varl ™ (Tz — Tw)

4.2
< 2Varp? " (T2 — Tw) (42)

for every t € [to, to + A]. Take tg < 51 < $2 < to+ A and u,v € Q, we obtain

I Tu(s2) — Tw(ss) — Tulst) + To(s1)| = H / [f(t,u) — flt, vt)]dtH. (4.3)
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Since (H- K)/ [f(t,us) — f(t,v)]dt exists, then given € > 0, there exists § : [s1, 82] — RT

m

such that for every d-fine partition D = {([t;_1,t;], 7:)}, of [s1, s2], we have

H /sjz[f(t’ut) - f(t,vt)]dtH H/ f(t,u) — f(t,vy)]de

—Z:'m% — (vt — tis)

| D215 = S =

DN ™

L€ Zm;w (I, — vr, ) IB(E) — Bt 1))

and i

z’”: (lar, = v ) (h(t:) = i) HZ (s, = v () = hlti-1)
_/:W(Hut—vt||)dh(t)H+/81 w([lue — vel)dn(t)

3

< 3 + /:2 w(|lug — ve]|)dh(t).
Hence
| Tu(s2) — Tw(s2) — Tu(sy) + Tv(s1)| < e+ /82 w(|Jue — ve||)dh(t).
Since € > 0 be arbitrary, we have
ITu(s2) ~ To(ss) = Tu(ss) + Totss)| < [ w(lue = valhane)

and
to+A
Var§g+A(Tu —Tv) < / w(||ug — ve]])dh(t). (4.4)
to

Assume that 2,2* € Q,k € N and klirn |2* — 2|y = 0, then

tim (), - 2] =0
uniformly for ¢ € [to,to + A] and by the function w is continuous at 0 and w(0) = 0, we

obtain
to+A

lim W([(z*)s = z|)dh(t) =

k—o0 to

Therefore by (4.4),
lim VartO’LA(Tzk —T2z)=0

k—oo
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and (4.2) yields

Jim |T2* — Tz| gy = 0.
On the other hand, for ¢ € [ty — 7, to] we have

(T2*)(t) = o(t — to) = (T'2)(t).

Then Tz — Tz (k — o0), i.e., T is a continuous map.

Finally we show that T'(Q) C @ is sequentially compact in the Banach space BV ([t —
r,to + A],R"). Let 2% € Q,k € N be an arbitrary sequence in Q. The sequence {z%}3°,
consists of equally bounded functions of equibounded variation and therefore Helly’s Choice
theorem (see [10]) yields that this sequence contains a pointwise convergent subsequence
which we again denote by {z*}3°,. Hence we have Jim z*(t) = z(t) for every t € [to —
r,to + Al, the values of © € BV~ ([tg — r,to + A],R™). Moreover, let t = s+ 6,0 € [—r,0],s €
[to, to + A], we have klirgo(fn\k)s = Zs.

Put

y(t) = TZ(t) = { 9(0) +/to fls;wo)ds, € fto,to+ Al

¢(t*t0), t e [to*?",to].
By (3.4) we have y € BV~ ([to — r,to + A],R™) and it is not difficult to show that

lim |T2* — y||py = lim | T2" — TZ||py = 0.
k—oo k—oo

This immediately leads to the conclusion that every sequence in 7'(Q)) contains a subse-
quence which converges in BV~ ([to — 7, to + A],R™) and consequently, 7'(Q) is sequentially
compact.

All assumptions of the Schauder fixed-point theorem are satisfied we can conclude that

there exists at least one T € ) such that 7 =T7, i.e.,

t
#»(0) + / f(s,z5)ds, t € [to, to + A,

to
¢<t—t0), t e [to—’f“,to].
Note that z(t) = Z(t) on [tg,to + A] and Z(t) = ¢(t — tg) on [to — r,to]. The RFDEs (1.1)
with initial function ¢ therefore has a solution ¥ € BV~ ([t — r,to + A],R") € G~ ([to —
T,to +A],Rn)

Now, we consider the case where t; is not a point of continuity of h. Define

%(t) | oh), t < to,
] R(t) = h(te+) + h(to) = h(t) — h(to+),  to <t <ty+o.

B(t) = TR(t) = {

Then the function h is continuous at tg, continuous from the left and nondecreasing. For
t € [to,to + o], by (3.4), we have

H /tt f(t,xt)dtH < |ﬁ(t) _E(t0)|.
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As in the previous case, there is a A > 0 such that if ¢ € [to,to + A] C [to,to + o) and
z € R™ is such that [|z(t) — ¢(0)|| = |lz(t) — z(to)|| < |h(t) — h(to)|, then (¢, z;) € .

Following the procedure of the previous case, it can be show that RFDEs (1.1) admits a
unique solution & € BV~ ([tg — r,to + A],R™) C G~ ([to — r, to + A}, R™) with initial function
¢ at ty.
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