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Abstract: In this paper, based on the rudimentary knowledge of the nonlinear integrable cou-
plings, we establish a scheme for constructing nonlinear integrable Hamiltonian couplings of soliton
hierarchy. Variational identities over the corresponding loop algebras are used to offer Hamiltonian
structures for the resulting integrable couplings. As an application, we use this method to obtain a
nonlinear integrable couplings and Hamiltonian structure of the Guo hierarchy. Finally, we present
the conservation laws for the nonlinear integrable couplings of the Guo soliton hierarchy.
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1 Introduction

Integrable couplings [1, 2] are coupled systems of integrable equations, which was intro-
duced when we study of Virasoro symmetric algebras. It is an important topic to look for
integrable couplings because integrable couplings have much richer mathematical structures
and better physical meanings. In recent years, many methods of searching for integrable
couplings were developed [3-11], especially authors used the enlarged matrix spectral prob-
lem method [3] to find out integrable couplings. For example, they ever used the following

the spectral matrix to obtain integrable couplings

— U(u 0
R , (1.1)
Ua(v) Ulu)
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where the sub-spectral matrix U is associated with a given integrable equation u; = K (u).
However, soon afterwards, researcher find out that obtained integrable couplings is a rela-
tively simple. So in order to get better integrable couplings to the known integrable system,

we need to introduce an enlarged relatively complex spectral matrix

7 | U 0 . (1.2)
Ua(v) U(u)+ Ua(v)
Therefore, from zero curvature equation
U, —V,+[U,V]=0, (1.3)
where
_ % 0
v = |V N (1.4)
Va(u) V(u)+ Va(u)
and @ consist of u and v, we can give rise to
U-Ve [0 V1=, (1.5)
Ua,t - V;z,:v + [U7 ‘/a] + [Uaa V] + [Uay Va] = 0. .

This is an integrable couplings of (1.1), due to (1.3), and it is a nonlinear integrable coupling
because the commutator [U,, V,] can generate nonlinear terms.

Let us further take a solution W to the enlarged stationary zero curvature equation
W, = [U,W]. (1.6)

Then, we use the quadratic-form identity or variational identity [6, 7]

4] - - 0 -

— | (W, Uxydx = X"T—=X"(W,Uy), 1.7
o [ O = XS (W, T (17)
where 7 is a constant, to search for the Hamiltonian structures for the integrable couplings
[7]. In the variational identity (1.7), (.,.) is non-degenerate, symmetric and ad-invariant

bilinear form over the Lie algebra

A 0

A, B € g}. 1.8
5 aLp|ABEd (L8)

g=A{

As is well known, the conservation laws play an important roles on discussing the in-
tegrability for soliton equation. Since Miura, Gardner, and Kruscal’s discovery [13] of an
infinite number of conservation laws for KdV equation, many methods were developed to
find them, mainly due to the contribution of Wadati et al. [13-15]. Many papers dealing
with symmetries and conservation laws were presented, the direct contribution method of

multipliers for the conservation laws was presented [16]. Comparatively, the less nonlinear
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integrable couplings of the soliton equations were considered for their conservation laws. In

what follows, we will make above idea to apply the Guo hierarchy.
2 The Integrable Couplings of the Guo Soliton Hierarchy

2.1 Guo Hierarchy

For the Guo spectral problem [12]
(b:v = U¢ = U(u7)\)¢7¢t = V(ba )\t = 07

U_1< 1/A q+r>’u_<q>. (2.1)
2\ qg—r —1/X r

1 a biec 1 an b, +cp
sz = — An. 2.2
2<b—c —a ) QZ(bn—cn —an, ) (2:2)

n>0

Setting

The stationary zero curvature equation V, = [U, V] yields that

Apy = Tbn — (qCp,

bnm = Cp4+1 — TQp, (23>

Cnz = bn+1 — qQy.
Choose the initial data

ag — 1, b() = Cy — O, (24)
then we have

a1 =0,bp =q,c;1 =,

__ 172 2 — —
a2—§(r -9 )7b2_rm702_qm7

(2.5)
a3 = quT — qry, by = Qoo + 5q(r* — ¢%),
C3 = Ty + %T(rz - q2)7' .
From the compatibility conditions of the following problems
. =U =y
QS ¢7 ¢t ¢7 (26)

VO = (A"V)_ + Ay,

where A, = 0. We can determine the Guo hierarchy of soliton equations

utﬂ:<Q> :Kn:<cn+1>:J< bn>:JLn<bl >,n20 (2.7)
' r . bn+1 —Cp, —C1

with the Hamiltonian operator J, the hereditary recursion operator L and the Hamiltonian

functions H,,, respectively, as follows

s O+ro~tr ro~1q I q0~1r -0+ q01q
N g0~ 'r —9+q07q |7\ —9—rolr —r0~1q ’

H, = /CL”Hdm, n > 0. (2.8)
n
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2.2 Integrable Couplings

Let us now begin with an enlarged spectral matrix

— U 0 1 0
U= U, = = PLtpa (2.9)
Ua U+Ua 2 P1— P2 0

V:(V 0 ),Va:l< ¢ f+g) (2.10)
Vo VA4V, 2\ f-9 —e

with the help of the corresponding enlarged stationary zero curvature equation V, = [U, V],

we have

Vaz = [U, Va] + [Um V] + [Uaa Va]a (211>

which equivalently generates

€x = —qg +rf —pic+pb—pig+paf,
fo =A"1g—re—pra—pae, (2.12)
gz = A1 f —qe — pra — pre.

1 e f+g)_1 en  fotgn \.n
V“_2<f—g . >_22<fn—gn . ))\. (2.13)

n>0

Setting

And then, (2.12) can be transformed into

€nz = —qGn + T fn — D1Cp + D2by, — D1gn + P2 frr,
frz = Gni1 — Ten — D205, — paey, (2.14)

Inzx = fn+1 — (g€n — P1ap — P1€Ep.

We choose the initial data
eo =1, fo = go = 0, (2.15)

then we have

er=0,f1=q+2p1,91 =7+ 2po,

es = 5(r* — ¢%) — 2qp1 + 2rp2 — P + p3,

Jo=re+D22,92 = G+ Pix; (2.16)
e3 = 2(rp1z — P17 + P2P1e — PiD2,x + P2Ge — qP2,c) + 7w — qTe + qTP1,

f3 = Guz + 2D1,00 + 301(1? — %) + (g + p1)(57° — 3¢* — 2qp1 + 2rps — p} + p3),

93 = Taw + 2D2.00 + 302(r% — %) + (r + p2) (372 — 5¢* — 2qp1 + 2rpa — P +p3), - -

Using the zero curvature equation

{ U, —V,+[U,V] =0, (217

Uatn = a(a?) + A271,,r - [U; Va(n)] - [U7 AQn] - {Uau V(n)] - [Uaa a(n)] - [Uaa AQn]’

where Ay, = 0.
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p1 — [ It 2.18
(n) () =

Also, we have the following results

We can rewrite (2.17) as

q C71,+1

_ r b71,+1

Uy, = = ,n>0. (2.19)
D1 In+1
D2 ‘. fn+1

Obviously, when p; = p,=0 in (2.19), the above results become (2.7). So we can say (2.19)

is integrable couplings of the Guo hierarchy. When n = 2, we have

Gty = Tww + 37(r? — %),
Tty = Qoo T %Q(Tz - q¢°),
Piis = Tox + 2D2.00 + 502(r* — ¢%) + (r + p2) (37 — 3¢ — 2qp1 + 2rp2 — P} + p3),
Pty = Gax + 2P100 + 301(r% — @) + (¢ + 1) (37 — 3¢° — 2qp1 + 2rp2 — pi +3).

(2.20)

So, we can say that the system in (2.19) with n > 2 provide a hierarchy of nonlinear
integrable couplings for the Guo hierarchy of the soliton equation. Now, we proceed to search

for the Hamiltonian structure of the equations hierarchy (2.19).

3 Hamiltonian Structure for the Integrable Couplings of the Guo Soliton
Hierarchy

To construct Hamiltonian structures of the integrable couplings obtained, we need to

compute non-degenerate, symmetric and invariant bilinear forms on the following Lie algebra

A 0

5 AL p|ABEAR) (3.1)

g=A{

For computations convenience, we transform this Lie algebra g into a vector from through

the mapping

aq as 0 0
_ 6 T a3z —ajp 0 0 _
0:9— R, A (ay,a9, -+ ,a6) A= €g. (3.2)
ay a5 a;+ag az+as

ag —Q4 Qa3-+ag —a1 — Q4

The mapping § induces a Lie algebraic structure on RC, isomorphic to the matrix Lie

algebra g above. It is easy to see that the corresponding commutator [.,.] on RS is given by

[a,b]" = a"R(b),a = (a1,as,--- ,a¢)",b= (by, b, ,bs)" € RC, (3.3)
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where
0 2by  —2bs 0 0 0
bs —2by 0 0 0 0
—b 2b 0
rpy=| "2 Y ; 0 0 (3.4)
0 2bs  —2bg 0 2bs + 2b5  —2b3 — 2bg
bg —2by O bs +bs —2by — 2by 0
—bs; 0 2by  —by — b 0 2by + 2by
Define a bilinear form on R® as follows
(a,b) = a’ Fb, (3.5)

where F' is a constant matrix, which is main idea by Zhang and Guo presented in 2005 [6].
Then the symmetric property (a,b) = (b,a) and the ad-invariance property under the
Lie product

<a’7 [bv CD = <[aa b]v C> (36)

requires that F7 = F and
(RWF)' = —R(b)F, Vbe€ RC. (3.7)

So we can obtain

2n 0 0 29 0 0
0 O 771 O 0 772
0 771 O O 7’]2 O

F= , (3.8)
215 0 0 2m 0 O
0 0 2 0 0 12
0 772 O 0 7]2 O
where 1, and 7y are arbitrary constants.
Therefore, a bilinear form on the underlying Lie algebra g is defined by
(a,b)g = (2bim1 + 2bamz)ar + (bsmy + bemz)az + (bamy + bsmz)as
+(2b1m2 + 2bayy, Jas + (b3n + benz)as + (banz + bsn2)ag, (3.9)
where
aq Qo 0 0 b1 b2 0 0
A= az3 —aj 0 00 7B _ b3 _bl 0 0 . (310)
ayq as a1 + ay ag + as b4 b5 bl + b4 bg + b5
ag —Q4 A3+ ag —a; — Q4 b6 —b4 bg + bﬁ —bl — b4.

It is non-degenerate if and only if

(m — m2)m2 # 0. (3.11)
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Based on (3.9), (2.9) and (2.10), we can easily compute that

<:7q>\> 2i2 (6”71 + 6772)7
(V,Ua) = (5(bm + fna), —5(cnn + gna), 5m2(b+ f), —3m2(c + g),
v ==L |[(V, V)] =0.

>

By applying the operator T, 12 to both sides of variational identity (1.7) we deduce that

(5 / nlan+2 + 772€n+2

o= d = bn n+ls — n - n+1s
5 ntl x [Mbnt1 + M2 fnt1, =M Cnt1 — N2Gnt1

N2 (b1 + fog1), —M2(Cng1 + 9n+1)]T> (3.12)

So we obtain that equation hierarchy (2.19) possess the Hamiltonian structure

_ _ -0H,
U, = K,(a) = J%", n>0, (3.13)

where the Hamiltonian operator and the Hamiltonian functions are given by

n

0 -1 0
= 1 0 -1 0
e : (3.14)
m-mn |0 1 0 =@
-1 0 2 0
n2
H, / n2 171’26”“ dz, n>0. (3.15)
n
With the help of (2.14), we can see a recursion relation
- 5H 0H,
L— Wﬂ n>0 (3.16)
with
- L L
L= [0 . (3.17)
where L is given by (2.8) and
I - (1 + )0 'pa+ 107" (p1+q)0 'pr +p10 g (3.18)
=)0 e = p07 = (p2+7)07 1 — p20'g

Up to now, we have already obtained Hamiltonian structure (42) of integrable couplings
of the Guo hierarchy, we must point out that by changing the nonlinear coupling terms of
equations, more nonlinear integrable couplings with physical meaning can be obtained. So,
with the help of this method, more meaningful results of other integrable hierarchies can be
generated.

4 Conservation Laws for the Nonlinear Integrable Couplings of the Guo
Soliton Hierarchy



546 Journal of Mathematics

Vol. 35

In what follows, we will construct conservation laws for the nonlinear integrable cou-

plings of the Guo hierarchy. For the coupled spectral problem of Guo hierarchy

1/A q+r 0 0
G| a-" —1/A 0 0
0 p1+ Do 2/ qg+r+p+pe
P1— P2 0 q—7r+p1—p2 —2/A
we introduce the variables s p s
M=22N=2K=22
o1 o1 o1

From (4.1), we have

M, = 5lg —r —2MX" = (¢ + 1) M7,
Ny = 3[NX 4 (pr+p2)M + (q+ 7 +p1 +p2) K — (¢ +r)MN],
K, =3p—p2+(q—7+p —p)N = 3K\ — (¢ + 1) MEK].

We expand M, N, K in powers of \ as follows

M = imj/\j,N = i”jMK = ikﬂ”\j’
j=1 i=1 i=1

(4.1)

(4.2)

(4.3)

(4.4)

where p(m;) = 0,p(n;) = 0,p(k;) = 1. Substituting (4.4) into (4.3) and comparing the

coefficients of the same power of A, we obtain

m1 = 3(g =), =0,k = 3(p1 = p2),m2 = —3(¢ = 7)a
Ng = —%(q +7+p1+p2)(p1—p2) — %(pl +p2)(qg—71), ke = —%(lh — P2)as

ms3 = %(q _T)zaz - %(q—f—’l")(q _T)27

ng=—2(q+r+p +p2)e(pr —p2) — 2(q+7+p1+p2)(P1 —p2)a — (P1 + p2)alqg — 1)

_%(pl +p2)z(q - 7‘):1:7

ks = 55(p1 — P2)aw — (@ + 7 +p1+p2)(q— 7+ D1 —p2)(p1 — P2)o — g(¢— 7+ p1 — p2)

X(p1+p2)(qg—7) — Tlg(pl —p2)(¢® —71?), -,

and a recursion formula for m;, n;, k;,
j—1
1
Mjp1 = =My — 5((] +7) Z mym;—i,
1=1

J—1
Njr1 = 2N5, — %(q +r+p+p2)k; — %(pl +pa)my — %(q +7) Y mung o,
=1

j—1
ki1 = —%kj,z + %(q —r+p —p2)n; + %(q +7) > kym;_y.
=1

Because of

SN+ (g+r)M] = Za+ (b+c)M],
%[QN)‘_l + (p1 +p2)M + (¢ +r + p1 + p2) K]
=2et+ (f+gM+(a+c)N+(b+c+ f+9)k],

(4.5)

(4.6)
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(7"2 - q2)7 b= q)\_l + Ty, = AT+ 9z,
(r? — %) — 2qp1 + 2rp2 — pi + p3, (4.7)

Assume that

o=X"1t+(qg+r)M,

0=a+ (b+c)M

p=2NA"" 4 (p1 +p2)M + (¢ + 7 +p1 +p2) K,
b=e+(f+gM+(a+ )N+ (b+ct+ f+gK

(4.8)

Then (4.6) can be written as o; = 0,,p; = 0., which are the right form of conservation
laws. We expand 0,0, p and J as series in powers of A with the coefficients, which are called

conserved densities and currents, respectively,

U:Ailﬁ— Zaj)\j,Qz)\’Q—F 29])\],/): ijAj,
=1 j=1 = (4.9)
§=A"2=3(¢*—r?) — 2(pT — p3) + 2(p2r — 1) + X_ ;N
j=1

The first few conserved densities and currents are read

01 = %(q —1?),01 = qry — qur, p1 = _%(pl +p2)(qg—1) — %(Ih —p2)(q + 7+ p1 + p2),

o= =31 = pa)alg+r+p+p2)+ 5@ —7)0 = 3(@+7)a(p1r — p2)
—(p1 +p2)a(pr — p2) = 5(p1 +p2)al(qg — 1),

oy = —5(¢+7)(q—7)a:02 = 3[(q+7)(q = 1)aw — (¢ —73) — 3(¢* = )],

po= =501 +p2)(q—7)0 — G (P1 = p2)u(q+ 7 +p1+p2) = 501 —p2)(q+ 7+ D1 +p2)a
—2(p1 +p2)a(q—1).

The recursion relations for g;,0,, p; and 4, are

q+r)m;,

q+7r)mjr1 + (g +r)amy,

p1+Dp2)my + 2nj1 + (¢ + 1+ p1+ p2)ky, (4.10)
G+ 74 2p1 4 2p2)my1 4 (g + 7+ D1+ p2)amy + 20540 + (r? — ¢ — 2qp,

+2rpy — Pt + p3)ng +2(q + 1+ p1+po)kja + (20 + 2¢ + p1 4 pa)ky,

<
A~ Y~ /N~

where m;,n; and k; can be calculated from (4.5). The infinite conservation laws of nonlinear
integrable couplings (2.19) can be easily obtained in (4.2)—(4.10), respectively.

By changing the nonlinear coupling spectral matrix of equations, more nonlinear inte-
grable couplings and infinite conservation laws with physical meaning can be obtained. So,
with the help of this method, more meaningful results of other integrable hierarchies can be

generated.
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