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Abstract: In this paper, based on the rudimentary knowledge of the nonlinear integrable cou-

plings, we establish a scheme for constructing nonlinear integrable Hamiltonian couplings of soliton

hierarchy. Variational identities over the corresponding loop algebras are used to offer Hamiltonian

structures for the resulting integrable couplings. As an application, we use this method to obtain a

nonlinear integrable couplings and Hamiltonian structure of the Guo hierarchy. Finally, we present

the conservation laws for the nonlinear integrable couplings of the Guo soliton hierarchy.
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1 Introduction

Integrable couplings [1, 2] are coupled systems of integrable equations, which was intro-
duced when we study of Virasoro symmetric algebras. It is an important topic to look for
integrable couplings because integrable couplings have much richer mathematical structures
and better physical meanings. In recent years, many methods of searching for integrable
couplings were developed [3–11], especially authors used the enlarged matrix spectral prob-
lem method [3] to find out integrable couplings. For example, they ever used the following
the spectral matrix to obtain integrable couplings

Ū =

[
U(u) 0
Ua(v) U(u)

]
, (1.1)
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where the sub-spectral matrix U is associated with a given integrable equation ut = K(u).
However, soon afterwards, researcher find out that obtained integrable couplings is a rela-
tively simple. So in order to get better integrable couplings to the known integrable system,
we need to introduce an enlarged relatively complex spectral matrix

Ū =

[
U(u) 0
Ua(v) U(u) + Ua(v)

]
. (1.2)

Therefore, from zero curvature equation

Ūt − V̄x + [Ū , V̄ ] = 0, (1.3)

where

V̄ = V̄ (ū) =

[
V (u) 0
Va(ū) V (u) + Va(ū)

]
, (1.4)

and ū consist of u and v, we can give rise to
{

Ut − Vx + [U, V ] = 0,

Ua,t − Va,x + [U, Va] + [Ua, V ] + [Ua, Va] = 0.
(1.5)

This is an integrable couplings of (1.1), due to (1.3), and it is a nonlinear integrable coupling
because the commutator [Ua, Va] can generate nonlinear terms.

Let us further take a solution W̄ to the enlarged stationary zero curvature equation

W̄x = [Ū , W̄ ]. (1.6)

Then, we use the quadratic-form identity or variational identity [6, 7]

δ

δū

∫
〈W̄ , Ūλ〉dx = λ−γ ∂

∂λ
λγ〈W̄ , Ūū〉, (1.7)

where γ is a constant, to search for the Hamiltonian structures for the integrable couplings
[7]. In the variational identity (1.7), 〈., .〉 is non-degenerate, symmetric and ad-invariant
bilinear form over the Lie algebra

ḡ = {
[
A 0
B A + B

]
|A,B ∈ g}. (1.8)

As is well known, the conservation laws play an important roles on discussing the in-
tegrability for soliton equation. Since Miura, Gardner, and Kruscal’s discovery [13] of an
infinite number of conservation laws for KdV equation, many methods were developed to
find them, mainly due to the contribution of Wadati et al. [13–15]. Many papers dealing
with symmetries and conservation laws were presented, the direct contribution method of
multipliers for the conservation laws was presented [16]. Comparatively, the less nonlinear
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integrable couplings of the soliton equations were considered for their conservation laws. In
what follows, we will make above idea to apply the Guo hierarchy.

2 The Integrable Couplings of the Guo Soliton Hierarchy

2.1 Guo Hierarchy

For the Guo spectral problem [12]

φx = Uφ = U(u, λ)φ, φt = V φ, λt = 0,

U = 1
2

(
1/λ q + r

q − r −1/λ

)
, u =

(
q

r

)
.

(2.1)

Setting

V =
1
2

(
a b + c

b− c −a

)
=

1
2

∑
n≥0

(
an bn + cn

bn − cn −an

)
λn. (2.2)

The stationary zero curvature equation Vx = [U, V ] yields that

anx = rbn − qcn,

bnx = cn+1 − ran,

cnx = bn+1 − qan.

(2.3)

Choose the initial data
a0 = 1, b0 = c0 = 0, (2.4)

then we have

a1 = 0, b1 = q, c1 = r,

a2 = 1
2
(r2 − q2), b2 = rx, c2 = qx,

a3 = qxr − qrx, b3 = qxx + 1
2
q(r2 − q2),

c3 = rxx + 1
2
r(r2 − q2), · · · .

(2.5)

From the compatibility conditions of the following problems

φx = Uφ, φt = V (n)φ,

V (n) = (λ−nV )− + ∆1n,
(2.6)

where ∆1n = 0. We can determine the Guo hierarchy of soliton equations

utn
=

(
q

r

)

tn

= Kn =

(
cn+1

bn+1

)
= J

(
bn

−cn

)
= JLn

(
b1

−c1

)
, n ≥ 0 (2.7)

with the Hamiltonian operator J , the hereditary recursion operator L and the Hamiltonian
functions Hn, respectively, as follows

J =

(
∂ + r∂−1r r∂−1q

q∂−1r −∂ + q∂−1q

)
, L =

(
q∂−1r −∂ + q∂−1q

−∂ − r∂−1r −r∂−1q

)
,

Hn =
∫
−an+1

n
dx, n ≥ 0. (2.8)
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2.2 Integrable Couplings

Let us now begin with an enlarged spectral matrix

Ū =

(
U 0
Ua U + Ua

)
, Ua =

1
2

(
0 p1 + p2

p1 − p2 0

)
, (2.9)

V̄ =

(
V 0
Va V + Va

)
, Va =

1
2

(
e f + g

f − g −e

)
(2.10)

with the help of the corresponding enlarged stationary zero curvature equation V̄x = [Ū , V̄ ],
we have

Vax = [U, Va] + [Ua, V ] + [Ua, Va], (2.11)

which equivalently generates

ex = −qg + rf − p1c + p2b− p1g + p2f,

fx = λ−1g − re− p2a− p2e,

gx = λ−1f − qe− p1a− p1e.

(2.12)

Setting

Va =
1
2

(
e f + g

f − g −e

)
=

1
2

∑
n≥0

(
en fn + gn

fn − gn −en

)
λn. (2.13)

And then, (2.12) can be transformed into

enx = −qgn + rfn − p1cn + p2bn − p1gn + p2fn,

fnx = gn+1 − ren − p2an − p2en,

gnx = fn+1 − qen − p1an − p1en.

(2.14)

We choose the initial data
e0 = 1, f0 = g0 = 0, (2.15)

then we have

e1 = 0, f1 = q + 2p1, g1 = r + 2p2,

e2 = 1
2
(r2 − q2)− 2qp1 + 2rp2 − p2

1 + p2
2,

f2 = rx + p2,x, g2 = qx + p1,x,

e3 = 2(rp1,x − p1rx + p2p1,x − p1p2,x + p2qx − qp2,x) + rqx − qrx + qrp1,

f3 = qxx + 2p1,xx + 1
2
p1(r2 − q2) + (q + p1)( 1

2
r2 − 1

2
q2 − 2qp1 + 2rp2 − p2

1 + p2
2),

g3 = rxx + 2p2,xx + 1
2
p2(r2 − q2) + (r + p2)( 1

2
r2 − 1

2
q2 − 2qp1 + 2rp2 − p2

1 + p2
2), · · · .

(2.16)

Using the zero curvature equation
{

Ūtn
− V̄x + [Ū , V̄ ] = 0,

Uatn
= V

(n)
ax + ∆2n,x − [U, V

(n)
a ]− [U,∆2n]− [Ua, V

(n)]− [Ua, V
(n)

a ]− [Ua,∆2n],
(2.17)

where ∆2n = 0.
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We can rewrite (2.17) as
(

p1

p2

)

tn

=

(
gn+1

fn+1

)
. (2.18)

Also, we have the following results

ūtn
=




q

r

p1

p2




tn

=




cn+1

bn+1

gn+1

fn+1


 , n ≥ 0. (2.19)

Obviously, when p1 = p2=0 in (2.19), the above results become (2.7). So we can say (2.19)
is integrable couplings of the Guo hierarchy. When n = 2, we have




qt2 = rxx + 1
2
r(r2 − q2),

rt2 = qxx + 1
2
q(r2 − q2),

p1,t2 = rxx + 2p2,xx + 1
2
p2(r2 − q2) + (r + p2)( 1

2
r2 − 1

2
q2 − 2qp1 + 2rp2 − p2

1 + p2
2),

p2,t2 = qxx + 2p1,xx + 1
2
p1(r2 − q2) + (q + p1)( 1

2
r2 − 1

2
q2 − 2qp1 + 2rp2 − p2

1 + p2
2).

(2.20)

So, we can say that the system in (2.19) with n ≥ 2 provide a hierarchy of nonlinear
integrable couplings for the Guo hierarchy of the soliton equation. Now, we proceed to search
for the Hamiltonian structure of the equations hierarchy (2.19).

3 Hamiltonian Structure for the Integrable Couplings of the Guo Soliton

Hierarchy

To construct Hamiltonian structures of the integrable couplings obtained, we need to
compute non-degenerate, symmetric and invariant bilinear forms on the following Lie algebra

ḡ = {
[
A 0
B A + B

]
|A,B ∈ gl(2)}. (3.1)

For computations convenience, we transform this Lie algebra ḡ into a vector from through
the mapping

δ : ḡ → R6, A 7→ (a1, a2, · · · , a6)T , A =




a1 a2 0 0
a3 −a1 0 0
a4 a5 a1 + a4 a2 + a5

a6 −a4 a3 + a6 −a1 − a4


 ∈ ḡ. (3.2)

The mapping δ induces a Lie algebraic structure on R6, isomorphic to the matrix Lie
algebra ḡ above. It is easy to see that the corresponding commutator [.,.] on R6 is given by

[a, b]T = aT R(b), a = (a1, a2, · · · , a6)T , b = (b1, b2, · · · , b6)T ∈ R6, (3.3)
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where

R(b) =




0 2b2 −2b3 0 0 0
b3 −2b1 0 0 0 0
−b2 0 2b1 0 0 0
0 2b5 −2b6 0 2b2 + 2b5 −2b3 − 2b6

b6 −2b4 0 b3 + b6 −2b1 − 2b4 0
−b5 0 2b4 −b2 − b5 0 2b1 + 2b4




. (3.4)

Define a bilinear form on R6 as follows

〈a, b〉 = aT Fb, (3.5)

where F is a constant matrix, which is main idea by Zhang and Guo presented in 2005 [6].
Then the symmetric property 〈a, b〉 = 〈b, a〉 and the ad-invariance property under the

Lie product
〈a, [b, c]〉 = 〈[a, b], c〉 (3.6)

requires that F T = F and

(R(b)F )T = −R(b)F, ∀b ∈ R6. (3.7)

So we can obtain

F =




2η1 0 0 2η2 0 0
0 0 η1 0 0 η2

0 η1 0 0 η2 0
2η2 0 0 2η2 0 0
0 0 η2 0 0 η2

0 η2 0 0 η2 0




, (3.8)

where η1 and η2 are arbitrary constants.
Therefore, a bilinear form on the underlying Lie algebra ḡ is defined by

〈a, b〉ḡ = (2b1η1 + 2b4η2)a1 + (b3η1 + b6η2)a2 + (b2η1 + b5η2)a3

+(2b1η2 + 2b4η2)a4 + (b3η2 + b6η2)a5 + (b2η2 + b5η2)a6, (3.9)

where

A =




a1 a2 0 0
a3 −a1 0 00
a4 a5 a1 + a4 a2 + a5

a6 −a4 a3 + a6 −a1 − a4


 , B =




b1 b2 0 0
b3 −b1 0 0
b4 b5 b1 + b4 b2 + b5

b6 −b4 b3 + b6 −b1 − b4.


 . (3.10)

It is non-degenerate if and only if

(η1 − η2)η2 6= 0. (3.11)



No. 3 Conservation laws and Hamiltonian structure for a nonlinear integrable couplings... 545

Based on (3.9), (2.9) and (2.10), we can easily compute that

〈V̄ , Ūλ〉 = − 1
2λ2 (aη1 + eη2),

〈V̄ , Ūū〉 = ( 1
2
(bη1 + fη2),− 1

2
(cη1 + gη2), 1

2
η2(b + f),− 1

2
η2(c + g),

γ = −λ
2

d
dλ

ln |〈V̄ , V̄ 〉| = 0.

By applying the operator Γn+2 to both sides of variational identity (1.7) we deduce that

δ

δū

∫
η1an+2 + η2en+2

n + 1
dx = [η1bn+1 + η2fn+1,−η1cn+1 − η2gn+1,

η2(bn+1 + fn+1),−η2(cn+1 + gn+1)]T , (3.12)

So we obtain that equation hierarchy (2.19) possess the Hamiltonian structure

Ūtn
= K̄n(ū) = J̄

δHn

δū
, n ≥ 0, (3.13)

where the Hamiltonian operator and the Hamiltonian functions are given by

J̄ =
1

η1 − η2




0 −1 0 1
1 0 −1 0
0 1 0 −η1

η2

−1 0 η1
η2

0


 , (3.14)

Hn =
∫

η1an+2 + η2en+2

n + 1
dx, n ≥ 0. (3.15)

With the help of (2.14), we can see a recursion relation

L̄
δHn

δū
=

δHn+1

δū
, n ≥ 0 (3.16)

with

L̄ =

[
L La

0 L + La

]
, (3.17)

where L is given by (2.8) and

La =

[
(p1 + q)∂−1p2 + p1∂

−1r (p1 + q)∂−1p1 + p1∂
−1q

−(p2 + r)∂−1p2 − p2∂
−1r −(p2 + r)∂−1p1 − p2∂

−1q

]
. (3.18)

Up to now, we have already obtained Hamiltonian structure (42) of integrable couplings
of the Guo hierarchy, we must point out that by changing the nonlinear coupling terms of
equations, more nonlinear integrable couplings with physical meaning can be obtained. So,
with the help of this method, more meaningful results of other integrable hierarchies can be
generated.

4 Conservation Laws for the Nonlinear Integrable Couplings of the Guo

Soliton Hierarchy
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In what follows, we will construct conservation laws for the nonlinear integrable cou-
plings of the Guo hierarchy. For the coupled spectral problem of Guo hierarchy

Ū =




1/λ q + r 0 0
q − r −1/λ 0 0

0 p1 + p2 2/λ q + r + p1 + p2

p1 − p2 0 q − r + p1 − p2 −2/λ


 , (4.1)

we introduce the variables
M =

φ2

φ1

, N =
φ3

φ1

,K =
φ4

φ1

. (4.2)

From (4.1), we have

Mx = 1
2
[q − r − 2Mλ−1 − (q + r)M2],

Nx = 1
2
[Nλ−1 + (p1 + p2)M + (q + r + p1 + p2)K − (q + r)MN ],

Kx = 1
2
[p1 − p2 + (q − r + p1 − p2)N − 3Kλ−1 − (q + r)MK].

(4.3)

We expand M, N, K in powers of λ as follows

M =
∞∑

j=1

mjλ
j , N =

∞∑
j=1

njλ
j ,K =

∞∑
j=1

kjλ
j , (4.4)

where p(mj) = 0, p(nj) = 0, p(kj) = 1. Substituting (4.4) into (4.3) and comparing the
coefficients of the same power of λ, we obtain

m1 = 1
2
(q − r), n1 = 0, k1 = 1

3
(p1 − p2),m2 = − 1

2
(q − r)x,

n2 = − 1
3
(q + r + p1 + p2)(p1 − p2)− 1

2
(p1 + p2)(q − r), k2 = − 2

9
(p1 − p2)x,

m3 = 1
2
(q − r)xx − 1

8
(q + r)(q − r)2,

n3 = − 2
3
(q + r + p1 + p2)x(p1 − p2)− 4

9
(q + r + p1 + p2)(p1 − p2)x − (p1 + p2)x(q − r)

− 1
2
(p1 + p2)x(q − r)x,

k3 = 4
27

(p1 − p2)xx − 1
9
(q + r + p1 + p2)(q − r + p1 − p2)(p1 − p2)x − 1

6
(q − r + p1 − p2)

×(p1 + p2)(q − r)− 1
18

(p1 − p2)(q2 − r2), · · · ,

and a recursion formula for mj , nj , kj ,

mj+1 = −mj,x − 1
2
(q + r)

j−1∑
l=1

mlmj−l,

nj+1 = 2nj,x − 1
2
(q + r + p1 + p2)kj − 1

2
(p1 + p2)mj − 1

2
(q + r)

j−1∑
l=1

mlnj−l,

kj+1 = − 2
3
kj,x + 1

3
(q − r + p1 − p2)nj + 1

3
(q + r)

j−1∑
l=1

klmj−l.

(4.5)

Because of




∂
∂t

[λ−1 + (q + r)M ] = ∂
∂x

[a + (b + c)M ],
∂
∂t

[2Nλ−1 + (p1 + p2)M + (q + r + p1 + p2)K]
= ∂

∂x
[e + (f + g)M + (a + c)N + (b + c + f + g)K],

(4.6)
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where

a = λ−2 + 1
2
(r2 − q2), b = qλ−1 + rx, c = rλ−1 + qx,

e = λ−2 + 1
2
(r2 − q2)− 2qp1 + 2rp2 − p2

1 + p2
2,

f = (q + 2p1)λ−1 + rx + p2,x, g = (r + 2p2)λ−1 + qx + p1,x.

(4.7)

Assume that

σ = λ−1 + (q + r)M,

θ = a + (b + c)M,

ρ = 2Nλ−1 + (p1 + p2)M + (q + r + p1 + p2)K,

δ = e + (f + g)M + (a + c)N + (b + c + f + g)K.

(4.8)

Then (4.6) can be written as σt = θx, ρt = δx, which are the right form of conservation
laws. We expand σ, θ, ρ and δ as series in powers of λ with the coefficients, which are called
conserved densities and currents, respectively,

σ = λ−1 +
∞∑

j=1

σjλ
j , θ = λ−2 +

∞∑
j=1

θjλ
j , ρ =

∞∑
j=1

ρjλ
j ,

δ = λ−2 − 1
3
(q2 − r2)− 2

3
(p2

1 − p2
2) + 2(p2r − p1q) +

∞∑
j=1

δjλ
j .

(4.9)

The first few conserved densities and currents are read

σ1 = 1
2
(q2 − r2), θ1 = qrx − qxr, ρ1 = − 1

2
(p1 + p2)(q − r)− 1

3
(p1 − p2)(q + r + p1 + p2),

δ1 = − 4
3
(p1 − p2)x(q + r + p1 + p2) + 1

2
(q2 − r2)x − 2

3
(q + r)x(p1 − p2)

−(p1 + p2)x(p1 − p2)− 3
2
(p1 + p2)x(q − r),

σ2 = − 1
2
(q + r)(q − r)x, θ2 = 1

2
[(q + r)(q − r)xx − (q2

x − r2
x)− 1

4
(q2 − r2)],

ρ2 = − 3
2
(p1 + p2)(q − r)x − 10

9
(p1 − p2)x(q + r + p1 + p2)− 4

3
(p1 − p2)(q + r + p1 + p2)x

−2(p1 + p2)x(q − r).

The recursion relations for σj , θj , ρj and δj are

σj = (q + r)mj ,

θj = (q + r)mj+1 + (q + r)xmj ,

ρj = (p1 + p2)mj + 2nj+1 + (q + r + p1 + p2)kj ,

δj = (q + r + 2p1 + 2p2)mj+1 + (q + r + p1 + p2)xmj + 2nj+2 + (r2 − q2 − 2qp1

+2rp2 − p2
1 + p2

2)nj + 2(q + r + p1 + p2)kj+1 + (2r + 2q + p1 + p2)xkj ,

(4.10)

where mj , nj and kj can be calculated from (4.5). The infinite conservation laws of nonlinear
integrable couplings (2.19) can be easily obtained in (4.2)–(4.10), respectively.

By changing the nonlinear coupling spectral matrix of equations, more nonlinear inte-
grable couplings and infinite conservation laws with physical meaning can be obtained. So,
with the help of this method, more meaningful results of other integrable hierarchies can be
generated.
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Guo族非线性可积耦合的哈密顿结构及其守恒

魏含玉1,2 ,夏铁成2

(1.周口师范学院数学与统计学院, 河南 周口 466001)

(2.上海大学数学系, 上海 200444)

摘要: 基于可积耦合的基本理论, 我们给出了构造孤子族非线性可积耦合的一般方法, 并用相应圈代

数上的变分恒等式来求可积耦合的哈密顿结构. 作为应用, 我们给出了Guo族的非线性可积耦合及其哈密顿

结构. 最后, 给出了Guo族非线性可积耦合的守恒律.
关键词: 零曲律方程; 可积耦合; 哈密顿结构; 守恒律
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