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Abstract: In this paper, we study some properties with respect to cones in cone metric
spaces. By using the notions of completeness, we obtain nested closed-ball theorem in such spaces,
which improves some previous conclusions in metric spaces.
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1 Introduction

Nonlinear functional analysis, especially ordered normed spaces, had some applications
in optimization theory [1]. In these cases a partial ordering “< ” by means of which certain
elements can be compared better than crude estimates in terms of a norm, is introduced
by using vector space cones. In 2007, Huang and Zhang [3] defined the cone metric spaces
with a different view. In fact, they substituted a normed space instead of the real line,
but went further, defining convergent and Cauchy sequences in the terms of interior points
of the underlying cone. Since then, many scholars focused on the investigations in such
spaces [4-5]. In recent years, some topological properties in cone metric spaces became the
center of strong research activities [6-8]. Throughout this paper, we give some properties
on cones. Furthermore, we present nested closed-ball theorem in cone metric spaces. All
results directly generalize and replenish some assertions in metric spaces and some previous
results in cone metric spaces.

We need the following definitions and results, consistent with [3], in the sequel.

Let E be a real Banach spaces and P a subset of E. By 6 we denote the zero element
of E and by intP the interior of P. The subset P is called a cone if:

(i) P is closed, nonempty, and P # {6};

(ii) a,b €R, a,b >0, z,y € P = ax + by € P;

(iii) PN (—P) ={6}.
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Based on this, a partial ordering < with respect to P is defined as z < y if and only if
y—x € P. x <y stands for x < y but z # y, while x < y indicates y — = € intP. Write
|| - || as the norm on E. The cone P is called normal if there is a number K > 0 such that
for all z,y € E, § <z <y implies ||z|| < K||y||.- The least positive number satisfying above
is called the normal constant of P.

In the following we always suppose that E is a Banach space, P is a cone in F with
intP # () and < is a partial ordering with respect to P.

Definition 1.1 [3] Let X be a nonempty set. Suppose that the mappingd: X xX — E
satisfies:

(i) 0 < d(z,y) for all x,y € X with z # y and d(z,y) = 0 if and only if x = y;

(i) d(z,y) = d(y,x) for all z,y € X;

(iii) d(z,y) < d(z,z) +d(z,y) for all z,y,z € X.

Then d is called a cone metric on X, and (X, d) is called a cone metric space.

Definition 1.2 [4] Let (X,d) be a cone metric space, z € X and {z,} a sequence in
X. Then

(i) {x,} converges to & whenever for every ¢ € F with § < ¢ there is a natural number N
such that d(x,,z) < ¢ for all n > N. We denote this by llm Ty = Or T, — 2 (aSN — 00).

(ii) {z,} is a Cauchy sequence whenever for every g GOOE with 6 < ¢ there is a natural
number N such that d(z,,z,,) < ¢ for all n,m > N.

(iii) (X,d) is a complete cone metric space if every Cauchy sequence is convergent.

2 Main Results

In this section, we firstly introduce some useful lemmas which are often appeared in the
articles. It is usual about their proofs. Secondly, we display some meaningful assertions such
as necessary and sufficient conditions about normal cone, nested closed-ball theorem and so
on in cone metric spaces.

Lemma 2.1 [11] Let P be a cone and x,y,z € E, if x <y and y < z, then z < z.

Remark 2.1 Following an argument similar to that given in Lemma 2.1, letting P be
a cone and z,¥, z € E, we suffice to prove that

(1) ifz < y and y < z, then z < z;

(2) if r < y and y < 2, then = < 2.

Lemma 2.2 [1] Let P be a cone, then 6 ¢ intP.

Lemma 2.3 [4] Let P be a cone. We have the following properties:

(1) If x € P and y € intP, then = + y € intP, that is, P+ intP C intP. In particular,
int P+ intP C intP.

(2) If x € intP, A > 0, then Az € int P, that is, A intP C intP.

Remark 2.2 It is easy to see that Lemma 2.1 is equivalent to (1) of Lemma 2.3. In
fact, if z < y and y < z, then y — 2z € P and z — y € intP. Taking advantage of (1) of
Lemma 2.3, we obtain z —z = (y — z) + (¢ — y) € intP, i.e., v < z.
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Lemma 2.4 2] If ¢ € intP and 6 < a,, < b, — 0 (as n — o0), then there exists N such
that, for all n > N, we have a,, < c.

Proof Since ¢ € int P, there exists 6 > 0 such that U(c,d0) ={zx € E : ||x—c|| < 0} C P.
Note that b,, — 6, then for the above 0, there is N such that for all n > N, [|b,|| < . Thus
lc = b, —c|| = [|bn]] <0, i.e., ¢ —b, € U(c,d) C P. It is clear that b, < c all n > N. So by
Lemma 2.1, we arrive at a,, < c for all n > N.

Theorem 2.1 Let P be a cone in E, then P is normal if and only if the following
conditions are satisfied: for arbitrary sequence {a,} in P, and for each ¢ > 0, if there exists
N such that for all n > N, it satisfies a,, < ¢, then a, — 6 (as n — o).

Proof Suppose that P is a normal cone with the normal constant K. For any ¢ > 0,
choose ¢ € F with ¢ > 6 and K||¢|| < e. By the given conditions, we have ||a,| < K||c|| < e
for all n > N, then a,, — 0 (as n — o0).

Conversely, we suppose for absurd that P is not normal. There exist u,,v,, € P such
that 0 < u, < v, and ||u,| > n|v,] (n =1,2,---). Put

U, Un,
ap = —7—— 4+ ——.
[unll — nllon]]
It concludes that a, € P and § < a,, < ~ " Because of — 2 — @ (as n — ), we
n|vn| n|vn|

deduce by Lemma 2.4 that, for all ¢ > 6, there exists N such that for all n > N, a, < c.
But |la,| >1— l, which leads to a,, - 0 (as n — o00). This is a contradiction.

Remark 2.3 For each ¢ > 0, if P is non-normal and there exists N, then we do not
demonstrate by Theorem 2.1 that a,, — 6 (as n — o0) even if a, < ¢ for all n > N. Based
on this statement, if (X, d) is a cone metric space, © € X and {z,} C X satisfy z,, — x (as
n — 00), then it does not always get d(z,,x) — 6 (as n — o0) unless P is normal. Therefore,
Lemma 1.1 of [9] or Lemma 1.2 of [10] is incorrect. It need to remind that this lemma does
not exist in its given reference [6]. The following example illustrates our conclusions.

Example 2.1 Let E = C§([0,1]) with ||z|| = |2]/ec + ||7]|cc; P = {x € E : z(t) > 0}.
This cone is non-normal. As a matter of fact, choose z,(t) = £ and y,(t) = 1. Then
0 <z, <y, and y, — 0 (as n — o0). By virtue of Lemma 2.4, for any ¢ > 6, it is easy to
see that there exists N such that for all n > N, z,, < c¢. But

|z,]| = max |ﬁ| + max [t"7| = 1 +1>1,
tel0,1] N te[0,1] n
hence z,, - 0 (as n — o0). Further, define the cone metric d : P x P — E by d(z,y) =
x4y, x £y, dlx,z) = 0. Then (P,d) is a cone metric space. We have d(z,,0) = =, < ¢
for each ¢ > 0, that is, x,, — 0 in P, but d(z,,0) =z, - 0 in E.
Theorem 2.2 Let (X, d) be a cone metric space, {z, } and {y,} be two different Cauchy
sequences in X. If {d(z,,y,)} is not convergent in F, then P must be a non-normal cone.
Proof Suppose that P is a normal cone with the normal constant K. Set ¢ > 0 and

choose ¢ € E with ¢>> 0 and ||c|| < 3355 Since {z,} and {y,} are Cauchy sequences, there
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is N such that for all n,m > N, it satisfies d(z,, z,,) < ¢ and d(yn, ym) < c. Note that

(T, Zm) + ATy Ym) + Ad(Yms Yn) < AT, Ym) + 2¢, (2.1)
(T Tn) + (@0, Yn) + Ad(Yn, Ym) < (@0, yn) + 2¢. (2.2)

It follows immediately from (2.1) and (2.2) that
0 < d(Tm,Ym) +2¢ — d(Tn, yn) < d(Tp,yn) + 2¢+ 2¢ — d(2p, yn) = 4c. (2.3)
Because of the normality of P, (2.3) means that
[d(@m, ym) + 2¢ = d(zn, yn) || < 4K]|c]].
Hence, it ensures us that
(@, Ym) = d(@n, yn)l| < (2, ym) + 2¢ = d(@n, yn) | + [12¢]] < (4K +2)c]| <,

which implies that {d(x,,y,)} is Cauchy. Making full use of the completeness of (E, || - ||),
we speculate {d(x,,y,)} is convergent. This is a contradiction.

Theorem 2.3 Let (X,d) be a cone metric space and {z,} a sequence in X, then the
following is equivalent:

(1) (X,d) is complete.

(2) Suppose S, ={z:d(x,z,) <r,} CXand S; 25 2---285,2---,ifr, — 0 (as

n — 00), then there exists a unique point z € [ S,.

Proof Assume that (X, d) is complete. IF;; > n, then the fact z,, € S,, C S,, implies
d(zp, xm) <71, — 0 (as n — 00). It includes by Lemma 2.4 that {z,} is a Cauchy sequence
in X. Since (X, d) is complete, there is € X such that z,, — z (as n — 00). Thus for each
¢ > 0, there exists N; such that for all m > N; and any k& > 0, d(z,,,2) < {. Noticing that

A(@,20) < d(@n,0) + d(@ns @) < 10+ A, @) S+

(&)

we speculate 7, + ¢ — d(z,,) € P. Since P is closed, letting £ — oo, we have

rn —d(x,z,) € P,

oo
that is, d(z,z,) <r,, i.e,, z € S,. Hence z € [ S,. In addition, if there is another point

n=1

oo
y € () Sn, then d(y,x,) < r,. For each ¢ > 0, since r, — 6 and x,, — x, there exists N
n=1

such that for all n > N, and any k > 0, we get r, < 5 and d(x,, ) < 53. Note that
d(y,x) < d(y, 20) + d(wn, 7) < 1+ d(n,7) < oo o=
xr Tn Tp,T) =Ty T, T YA a1 10
vty = A ok 2% &
so by Lemma 2.1 it establishes d(y,r) < £. This leads to { — d(y,z) € P.
closed, set k — oo, it follows —d(y,x) € P, that is to say, y = x.

Because P is
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On the contrary, suppose (2) is satisfied and {z,} is a Cauchy sequence in X. Put
co > 0, there exist ny < ng < --- < ny < ---, such that for all n,m > ny, d(z,, m) <K St -

Write a class of balls as

k=1,2,---. Choose y € S(Zn,,,, 5r37). Owing to

Co Co Co
d(xmmy) S d(xnk7xnk+1) + d(‘rnk+17y) S 9k+1 + ok+1 = ?7

we obtain
Co Co
S(xnk+1’ﬁ) g S(xnk;27k)

In view of (2), there exists a unique point z € (1) S(z,,, 5¥), moreover,
k=1
Co

d(x, Ty, ) < 7"
Now that {z,} is a Cauchy sequence, for each ¢ > 0, there is N such that for all n,m > N,
d(Zp, Tm) < 5. Since d(z,,,) < 52 — 0 (as k — 00), by Lemma 2.4, for the above ¢ and
N, there exists ko such that ny, > N and d(z,, ,r) < §. Thus for all n > N, we deduce
that

c ¢
(T, ) < d(Tp, Tiy,) + ATy, ) < 3 + 3=06

which means x,, — = (as n — 00). Therefore (X, d) is complete.

Remark 2.4 Theorem 2.3 is called as nested closed-ball theorem, which generalizes the
theorem of nested interval from metric spaces to cone metric spaces. The results may bring
us more convenience in applications. Indeed, it tell us a necessary and sufficient condition

on completeness for cone metric spaces.
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