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Abstract: This paper investigates the problem of existence of algebraic solutions of system
of complex differential equations. Using maximum modulus principle and the Nevanlinna theory of
the value distribution of meromorphic functions, a new result is obtained, and some existing results
are improved and generalized. Examples show that our result is precise.
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1 Introduction and Main Results

In this paper, we assume that the reader is familiar with the standard notation and
basic results of the Nevanlinna theory of meromorphic functions, for example, see [1, 2].
In 1988, Toda N considered the existence of algebroid solutions of algebraic differential
equation of the form
zp: a;w'
(W) = T ayb, £ 0.
> bjwi
3=0

He obtained the following result:

Theorem A (see [3]) Let w(z) be a nonconstant v-valued algebroid solution of the
above differential equation and all {a;},{b;} are polynomials. If p < n + ¢, then w(z) is
algebraic.

Since the 1990s, many authors, such as Tu Zhenhan, Xiao Xiuzhi, Song Shugang, Li
Kamshun, Gao Lingyun, using the Nevanlinna theory of the value distribution of meromor-
phic functions, studied the problem of the existence and the growth of solutions of systems of
complex differential equations and obtained many new and interesting results, for example,
see [4-11].

The purpose of this paper is to study the system of complex algebraic differential equa-
tions on the base of Toda N’s paper with the aid of maximum modulus principle and Nevan-
linna theory.
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We will study the existence of algebraic solutions of system of complex differential

equations of the following form

N\n1 _ Pi(zwi,ws)
w — Pi(zwi,wa)
( 1) Q1(z,w1) (1 1)
(w/)n2 _ Pa(z,wi,w2) :
2 Q2(z,wz2) 7’
where
P11 P12
Py (z,wq,ws) E E a”w 11)2, Q1(z,wq) E bwl,
=0 5=0
P21 P22
Py(z,wy,ws) g g c”wlwz, Q2(z,wy) = E dyw},
=0 j5=0

{a;;},{bi},{cij},{d;} are entire functions, ny, n, are positive integer numbers, p11, p12, ¢1, Pa1,
Do2, G2 are non-negative integer numbers.

We will prove

Theorem 1.1 Let (w;(2),w2(2)) be a nonconstant transcendental meromorphic solu-
tion of system (1.1) and all {a;;},{b:},{ci;},{d:} are polynomials. If there exists a positive
constant K such that min{ni,n; + ¢1 — p11} min{ng, no + g2 — paa} > Kpiap21, and one of
the following conditions is satisfied

(i) n1 4+ ¢ > pi1 + P12, N2 + @2 > Pa1 + Daas

(i) n1+q1 > p11 + P21, N2 + @2 > Poa + Pi2,
then (wy(z),wa(z)) is algebraic.

In this paper, we denote by FE is a subset of [0, 00) for which m(F) < co and by K is
a positive constant, where m(E) denotes the linear measure of E. F or K does not always

mean the same one when they appear in the following.

2 Some Lemmas

Lemma 2.1 (see [2]) Let w(z) be a transcendental meromorphic function such that
w(z),w'(z) has only finite number of poles. Then, for some constants C; > 0,7 = 1,2, it
holds

M(’I"7 ’U)) S Cl + CZTM(Tv U}/),
where M (r,w) = max{|w(z)|}

|z|=
Lemma 2.2 (see [2]) Let w(z) be a transcendental meromorphic function such that

w(z) has only finite number of poles. Then, for « > 0, it holds

M(r,w') < 2« [M(r,w)]**, (r € E).

3 Proof of Theorem 1.1

Let S be the set of zeros of {a;;},{b:},{c;;},{d;}.
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First, we will prove the poles of w; and w, are contained in S.

By the conditions of Theorem 1.1, if zy is a pole of wy or wa, 29 & S, then z; is also a
pole of w, or wy. Suppose that zy is a pole of w; of order 71, a pole of wy of order 75, but
20 € S. Then it follows from (1.1), we have

ni(m + 1) <pum + preme — i,
Na(To + 1) < porTy + PpaaTe — @aTo,

that is
ni(m +1) < (p11 — q1)71 + prate,
no (T2 + 1) < par171 + (P22 — @2) 2.

Case (i): Noting that p1; 4+ p1a < n1 + q1, pa1 + P22 < N2 + g2, we get

{ ni(m + 1) < (n1 — p12)T1 + p1272,
na (12 + 1) < pa171 + (n2 — pa1) 7.
That is

ny < pr2(Ta — 71),n2 < par(m1 — T2).
This is a contradiction because pio > 0, pa; > 0.

Case (ii): Noting that pi1 + pa1 < n1 + q1, p12 + P22 < na + g2, we obtain
n1(m1+ 1) +na(me +1) < (P11 +p21 — @)1 + (P22 + P12 — q2)T2 < 1Ty + NaTo.

Then, we have ny + no < 0. This is a contradiction.

Combining Case (i) and Case (ii), we obtain the poles of w; and ws are contained in S,
that is

N(r,wy) < Ky[N(r, alj) NG, bli) NG, 1J) + NG, d%-)]’ (3.1)
N(r,ws) < Ko[N(r, alj) + NG, ;i) + NG, 13) + N, ;i)], (3.2)

where K, K, are positive constants.
Next, we will estimate m(r, wy), m(r, w,).

We rewrite the system of complex differential equation (1.1) as follows:

{ K (Q1(wi)wi)™ = Pi(z, w1, w2)Q1 (2, w1)™ 1,

dy; (Q2(w2)wh)"2 = Py(z,wr, w2)Qa2(z, we)" 71, (3:3)
,Q

where Ql( ) Ql(bz wl) 2(w2) = 7622(;’102).
q1 q2
Let
wQ1+1 -1 z+1 -1 b wz+1
U — 1 — T\ 1
1(2) ql+1+;bqlz+1 Vi(z) ;(bql)l+17
wit d w;“ At

Ua(2) = =7 Ve(2) =D ()

=0
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Then system (3.3) becomes

bpi(Ui(z) = Vi(z)™ = Py(z, w1, w2)Q1 (2, wy)™ 1, (3.4)
dp2(Uy(z) — Va(2))"2 = Py(z, w1, w2)Q2(z, wa)" 1

We can easily prove the poles of U;(z), U/(z) (i = 1,2) are contained in S.

Because S is a finite set, it follows from Lemma 2.1 that

M(r,Uy) < Cy + CorM (r,Uy), 7 € E,
M(r,Uy) < C3+ CyrM(r,Us),r € E.

According to the definitions of U;,i = 1,2, we obtain

q1—1
M FM )" g M 00)

M(r,Uy) > ol i ) (3.5)

g2—1
M(?" w2)q2+1 K4M(T7 w2)qz{ 20 M(T, dl)}
> o - , (3.6)
(ﬂ)/ _ b;b(h - bglbl (i)/ _ d/idq2 - di]zdz 2
W) = w @) T

q2

]\4(’["7 UQ)

where di,d, are respectively the degrees of polynomials by,,dq, and K3, K, are positive
constants.

From Lemma 2.2, we obtain
2 r[M(r,b:)]* + M(r,b;)
E))SIQ e ;T ¢ E,

dz‘ T‘M?“,di 2+M7‘,di
M(n(di)/)SK(S [ ( :L+1 ( )7T¢E7
q2

where K5, K¢ are positive constants.
Therefore
1

KeM(r,w)® S (M (r, b + M(r,bi)}

i=0
M(r, Vi) < i , (3.7)
g2—1
KgM(’l“, wg)q2 Z {T‘[M(T, dl)]2 + M(T, dz)}
=0
M(r,V3) < = : (3.8)

where K,, Kg are positive constants.
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By (3.5) and (3.7), we have

M(T, Ul) - Cl

M(T?U{)_M(T7V1)2 —M(T,Vl)

CQT’
q1—1
KoM (1, wy )+ KoM (r,wq)® ;} {r[M(r,b;)]* + M(r,b;)}
Z - — ’ (39)
r rd1+1
M(r,Us) — C-
MU} — M(rva) > MO =C ey
047’
g2—1
2 )12 )
KM (r, wy) =+ KoM (r,ws)? ;) {r[M(r,d;)|* + M(r,d;)}
Z - - ) (310)
T pd2+1

where Ky, K19, K11, K12 are positive constants.
Let z, be a point such that M (r,U’(z)) = |U'(2,)|, |z| =7, (r ¢ E). Then

(M(r,Uy) = M(r, V1)) < |U(z) = Valz)[™

Py(z, w1, w2)Q1 (2, wy)™ !

< M(r, - , (3.11)
bihl
(M(r,Us) = M(r, Vo))" < |Us(z,) — Va(z,)|™
P ng—1
< M(r, 2(27w1,w2)§2(27w2) ) (3'12)
dg;
Since
M(r, Pl(Z,w17w2)gl(Z7w1)mfl)
b‘h
P11 P12 q1
K1sM (r, wz)P> M (r, wy )P H =D I8 57 M (ry ag) D M (r,b;) 3!
< 20720 =0 , (3.13)
Ir'nldl
M(r, P2(z,w1,w2)nQ22(z,w2)”2*1)
d(12
P21 P22 q2
Ky M (7, w01)P? M (r, wp)P22 22D I8 57 M (r, i) H{ Y0 M(r,d;)}>!
< 2070 =0 , (3.14)
Tn2d2

where K3, K14 are positive constants.
Combining (3.9)—(3.14), we obtain

;

P11 P12 a1
41 K15M(r,w2)p12/m M(r,wl)(ml*ql<“1*1))/“1{Z 3 M(T,aij)}l/nl{z J&I(r,bi)}("lfl)/”l
M(r,wi)?t i=0 j=0 i=o
T — rd1
171 5
KigM(rawq)? Y {r[M(r,b;)]*+M(r,b;)}
i=0
+ ra-‘,—l T g E7
p21/m2 (p22+az(n2—1))/n2 ESEESE 1/ng Z (ng—1)/ng
4 KairM(rawn) M(r,ws) {2 X M(rei;)} /"2 {3 M(rdi)}
M (r,w2)92 < i=0;=0 i=0
T — rda
gqo—1
KisM(raw2)2 Y {r[M(r,d;)]*+M (r,d:)}
i=0
\ + r@*l I r g E7
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where K15, K16,K17, K13 are positive constants.
Further, we get

pr2/ni s K2 v1/mg gt y(r1—1)/nq
e omk Ki9[M (r,w2) {3 3 M(r,ai)} /™ {3 M(rb:)}
M min{1, 14 _PLL lel P11y < i=03=0 i=0

(Ta wl) = T
q1—1
2 Ar[M(r,bi))+M (r,b:)}]
+-=

mry :
Kao[M(rwn)?2 /72 (35 5 M)} /2 (£ M(rdn}ra=0/m
min{1, *2ta2—pa2 =0 =2
M (ry )™ < ey
" M )]
4= — :

where K19, K5q are positive constants.

By calculating log™ of the both sides of the above inequalities, we have

min{n;,n; +q — p11}log™ M(r,w;) < Kigpialog™ M (r,ws) + Si(r),
min{ng, Ng + g2 — p22} 10g+ M(ﬁ w2) < Kogpar log+ M(Ta wl) + 52(7’),

where
P11 P12
Si(r) = Kig ZZlog M(r,a;;) + Zlog M(r,b;) + O(log )],
1=0 5=0 1=0
P21 P22
Sa(r) = Ko ZZlog M(r, ci;) —l—Zlog M(r,d;) + O(logr)].
=0 j=0 =0

Further, we get

(min{ny,n1 + g1 — p11} min{ng, n2 + ga — pas} — K19Kagpiapar)log™ M (r,w;) < S(r),r ¢ E,

where i = 1, 2,

P11 P12

S(r) = K212210g M(r,a;;) +Zlog M(r,b;)
=0 j5=0
+§§log M(r,c;j) +Zlog M(r,d;)] + O(logr),
1=0 5=0

where K5, is a positive constant.
Since there exists a positive constant K such that min{n,n; + ¢; — p11} min{nq, ny +

ga — P22} > Kpiapo1, then we obtain

(r), (3.15)
(r). (3.16)

Combining the inequalities (3.1), (3.2), (3.15) and (3.16), we have

T(r,w;) = O(logr) (r ¢ E), i=1,2,
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which shows that (w;(z),w2(2)) is an algebraic solution of (1.1).

This completes the proof of Theorem 1.1.

4 Some Examples

Example 4.1 and example 4.2 show that the conditions in Theorem 1.1 are sharp. Ex-
ample 4.3 and example 4.4 show that Theorem 1.1 holds.
Example 4.1 (w;(z),ws(z)) = (€%, 2¢%) is a nonconstant transcendental meromorphic

solution of the following system of differential equations

2 2 2
5 8w 4+ wiws 4 2wiwi — w3

w1 + 1 1
2 2 2 3 3
(w)? = 4wy — 3wiwy — dwjwy — wiws — W5 + dwiw;

5)° = .

)

w3 —1
It is easy to know that
ny=3,q1=1,p11 =3,p12 = 2510 =3,¢2 = 2,p21 = 2,pap = 3.
Thus
n+q =4 <5=pi1+Di2, N2+ g2 = 5 = pa1 + Daa,

or

ny+q =4 <5=pi1 +p2,n2+ g2 =05=pia+ pa.

Example 4.2 (w;(2),ws(z)) = (sinz,cos?z) is a nonconstant transcendental mero-

morphic solution of the following system of differential equations

2
I\2 __ (w2)

(wl) 1— wf’

(w))? = Swiwy + dwiwi — wo + w3
h)? = )

U}2+1

In this case,

n=2,q1 =2,p11 =0,p12 = 2510 =2,¢0 = 1,p21 = 2,pap = 2.

Thus
ni+q=4>2=pn+p2,n2+ g =3<4=py +pw,
or
ni+q =4>2=pp+pa,ne+ g =3 <4=pis+pao.
Example 4.3  (wi(2),wz(2)) = (2%,22) is a nonconstant algebraic solution of the

following system of differential equations

(w))? 62w, + 22wy + 222w — 3wiwe — 3zwiwe
w))? = ,
1 —w?
g 22— 2248+ 3wiw; + (92 — Tws — 323w ws + Tzwiws + 13w — 52%w w3
(w3)® = B .
wi —wy +1
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Clearly, we get
n=2,q1=2,pn=2,p2=1 n2=3,¢2=2,pn =2,p = 2.
In this case, Case (i) holds, that is
ni+q=4>3=pn+p2,n2+q=5>4=py + pw,
but Case (ii) does not hold, that is
ny+q =4=pi1+pa,ne+q=5>3=p2+pan.
There exists a positive constant K = 2 such that

min{ny,n1 + ¢ — prrfmin{ng, no + g — Pra} =2 x3 =6 >4 = Kpiopa.

1
Example 4.4 (w;(z),w2(2)) = (=, 3z) is a nonconstant algebraic solution of the
z

following system of differential equations

2ws — 112%w? + 2wiwy — 22wiws + wiws — 2zw3 — 322w, — 22w,

(wi)g 21,42 6 9
z2wi — 2zwy +2° +1
422 + Dw?wy — 522w? — wiwy — 2ws + (522 + 72 — 3wy — 22+ 1
(uy)? = i i
2)" = 1 :

—wh — zwi + 222wy + 2
9

Easily, we obtain
n1=3,q1 =2,p11 = 2,p12 =3;n2 = 2,92 = 3,p21 = 2,p2 = 1.
In this case, Case (i) does not hold, that is
n1+ ¢ =95=pi+pi2,N2+ g2 =95>3 = pa + P2,
but Case (ii) holds, that is
ny+q=5>4=pi+pa,n2+qg=5>4=p+ pa.
There exists a positive constant K = 1 such that

min{nl,nl +q1 —pn}min{nz,ng + q2 —pzz} =3x4=12>6= Kplgpgl.
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