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Abstract: This paper studies the stability of fixed points for random set-valued mappings.
Through set-valued analyses, the existence of essentially stable sets of random fixed points is es-
tablished. In the sense of Baire category, each random fixed point for most of random set-valued
mappings is essentially stable. These generalize some results in the corresponding references.
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1 Introduction

Many works in relation to random fixed points have appeared for the existence and
uniqueness for random single-valued and set-valued mappings, see [1-5] and references
therein. These have been also applied to random generalized games, random quasi-variational
inequalities, random equations, etc (see [6-8]).

It is known that the stability of fixed point theory is an important aspect in nonlinear
analysis. Originally, Fort introduced a conception of essential fixed point in the sense of
resisting the perturbation of functions in 1950 (see [9]). Nowadays, we can find that essential
stabilities have been widely used in many fields [10-16]. In the paper [17] by Beg, essential
fixed points in relation to random single-valued mappings were studied, and a sufficient and
necessary condition for the continuity of fixed point mappings was obtained.

Inspired by these methods for the study of fixed points, this paper studies the essential
stability of random fixed points in depth. Essentially stable sets are introduced to random
fixed points with set-valued mappings, and the existence of essentially stable sets of fixed
points is proved. In the sense of Baire category, we show that each random fixed point for

most of random set-valued mappings is essential.

2 Preliminaries
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Let E,Y be two topological spaces. We need recall some notions with set-valued map-
pings. Let F' : E — 2Y be a set-valued mapping, where 2¥ denotes the collection of all
subsets of Y.

(i) F is said to be upper semi-continuous (lower semi-continous) at x € E, if for each
open set U with U D F(z) (U N F(x) # 0), there exists an open neighborhood O(x) of x
such that U D F(a') (UN F(z') # 0) for any 2’ € O(x);

(ii) F is continuous at x € E if it is both upper semi-continuous and lower semi-
continuous at x;

(iii) F' is said to an usco mapping if F' is upper semi-continuous with compact values.

Let (X, d) be a compact convex subset of a separable metric linear space and ({2, X) be
a Y-measureable space, where X is a o algebra on the set Q. T : Q x X — 2% is a random
set-valued mapping with nonempty closed convex values such that

(i) for each w € Q, T(w,-) : X — 2% is continuous;

(ii) for each z € X, T(-,x) : Q — 2% is measurable.

Let CB(X) be the collection of such random set-valued mapping 7. Employ the Haus-
dorff metric, for any two T,S € CB(X), we can define the metric between them by

p(T,S)= sup H(T(w,z),S(w,x)).
(w,z)eQxX
Then (CB(X), p) is a metric space. Let M be the set of all ¥-measurable functions from
to X. Define the metric between any two &, € M as m(§,n) = sup,,cq d(§(w), n(w)), then
(M,m) is a compact metric space.

Definition 2.1 For each T € CB(X), a mapping £ : Q — X is called a random fixed
point of T if £ € M and {(w) € (T (w,{(w)) for all w € Q.

To study the stability of random fixed points for any 7' € CB(X), denote by F(T') the
set of random fixed points of T', then we define a set-valued mapping F as F : CB(X) — 2M.
By Theorem 3.2 in [18], F(T) # 0, VT € CB(X).

Definition 2.2 For each T' € CB(X), a subset e(F) of F(T) is said to be an essential
stable set of T if

(1) e(F) is closed,;

(ii) for each € > 0, there exists a 6 > 0 such that for each S € CB(X) with p(T,S) < ¢
it holds that F(S) N B(e(F),e) # 0, where B(e(F),¢) is the € neighborhood of e(F).

If an essential stable set e(F') = {z*}, then z* is said to be an essential random fixed
point of T'.

Lemma 2.1 Let {T,,} be a sequence of measurable mappings T;, : Q — 2% with
nonempty closed values, and T' : Q — 2% a mapping such that for each w € Q, H(T,(w), T(w))
— 0 as m — oo. Then T is measurable.

Lemma 2.2 (see [19]) Let Y be a metric space, E be a Baire space, and F : E — 2V
be an usco mapping. Then, there is a dense residual subset @@ of E such that F' is lower

semi-continuous at each = € Q.
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3 Essential Stability of Random Fixed Points

Theorem 3.1 The set-valued mapping F' is usco.

Proof For each T € CB(X), F(T) is compact. Let &, € F(T) and &, — £ € M. Then
En(w) € T(w, &, (w)),Yw € Q. Sine &, — &, we have m(§,,§) — 0, hence, d(&,(w),E{(w)) —
0,Yw € Q. Noting that T'(w,-) is continuous for each w € Q, the right side hand of the

following inequality

d(&(w), T(w,&(w))) < d(§(w), &n(w)) + d(&n(w), T(w, &n(w)) + H(T(w, &, (w)), T (w, E(w)))

gets close to zero as n tends to infinity, where d(x, A) = inf e d(z,y). Then £ € F(T)
because T'(w, {(w)) is closed, hence F(T) is closed and compact also.

For each T € CB(X), F is upper semi-continuous at 7. By way of contradiction,
suppose that F' is not upper semi-continuous at 7'. Then there exists a ¢ > 0 and T,, €
CB(X) with T,, — T, such that F(T,,) ¢ B(F(T),e), n = 1,2,---. That is, there is a
&, € F(T,) but &, ¢ B(F(T),e),n = 1,2,---. Since the sequence {{,} C M, by the
compactness of M, there exists a convergent sequence as it’s subsequence. Without loss of
generality, we may assume that £, — &* € M. Clearly, we have {* ¢ B(F(T),¢) and for
each w € €, it holds that

A& (w), T(w, & (w))) < d(E(w), &n(w)) + d(&n(w), Tn(w, &n (w))
FH (T (w, & (w)), T(w, &n(w))) + H(T (w, & (w)), T(w, " (w))).

Since &, € F(T,), T, — T, & — & and the continuity of T'(w,-), for arbitrary a > 0, we
have d(&*(w), T (w, £*(w)) < a as n gets close to infinity. Noting that T'(w,&*(w)) is closed,
we obtain that &*(w) € T(w,{*(w)), Yw € Q, that is, &* € F(T), a contradiction with
& ¢ BF(T),2).

Generally, the mapping F' is not lower semi-continuous on C'B(X) though it is upper
semi-continuous by Theorem 3.1. See the following example.

Example 3.1 Let @ = X = [0,1], T : Q x X — 2% such that T(w,x) = [z,1] for
each (w,z) € Q@ x X. Let y : Q@ — X be a measurable function such that y(w) = w for
each w € Q. Since y(w) = w € T(w,y(w)) = [w, 1], we have y is a random fixed point of
T. For each n = 1,2, -, define a set-valued mapping T}, : Q x X — 2% such that for each
(w,z) € 2 x X,

T, (w,z) =[x + I—Tx’ 1,V (w,z) € 2 x X.
Clearly, we have T,, — T as n gets close to infinity. Consider a function z : 2 — X, for each
w € Q) if z(w) € [0,1), then we have

2(w) & T(w, 2(w)) = [2(w) + =52, 1];
if z(w) =1, then

z(w) € Tp(w, z(w)) =1,Vn=1,2,---.



66 Journal of Mathematics Vol. 35

Therefore, for each n = 1,2,-- -, there is only one measurable function z such that z(w) =1
as the random fixed point of T,. For each ¢ < 1, we have F(T) N B(y,e) # (), however,
whatever close T}, is to T, it holds that F(T,,) N B(y,e) = 0 because m(y,z) = 1. That is, F’
is not lower semi-continuous at 7.

Thus, for each T' € CB(X), the set F(T) is closed, and from Theorem 3.1 and the
concept of an essentially stable set, we can obtain the following result.

Corollary 3.1 For each T' € CB(X), F(T) itself is an essentially stable set of 7.

Next, we show a property of essential fixed point set and a sufficient and necessary
condition for the mapping F' being continuous.

Theorem 3.2 For each T' € CB(X), then the set EF(T), consisting of all essential
fixed points of T, is closed.

Proof Let & € EF(T) with & — & Then for each t = 1,2,---, &(w) € T(w, & (w)),
Vw € Q. Since F(T) is closed, we have that £ is a random fixed point of T. Next we
show that £ is essential. Suppose that & is not an essential fixed point of 7. Then there
exists € > 0 and 7,, € CB(X) with T,, — T such that F(T,,) N B(§,e) =0, Vn =1,2,---.
Since & — &, there is a number N such that m(&,§) < /2 for each ¢ > N. That is,
& € F(T,),Yn =1,2,---. For each t, by the essentiality of & and the fact T,, — T, there
exists a number s() such that we can find a point n,, € F(T,,) satisfying that m(&;,n,) < /2

for each n > s(t). Then, as ¢ is large enough, we have

m(ga ns(t)) < m(é-)gt) + m(§t7ns(t)) < E/2 + €/2 =E&.
This contradicts with F(Ty)) N B(§,€) = 0. The proof is completed.

Remark 3.1 Theorem 3.2 generalizes the corresponding result for single-valued case
in [17] into set-valued operators.

Theorem 3.3 For each T' € CB(X), each random fixed point of T is essential if and
only if the set-valued mapping F' is continuous at 7.

Proof Assume that F' is continuous at T, then, for any & > 0 there exists § > 0 such
that for each S € M with p(T, S) < d satisfying that H(F(T'), F(S)) < e. Therefore, for each
£ € F(T), for any S € M with p(T,S) < § there is a point n € F(S) such that m(§,n) < ¢,
that is, £ is essential.

Conversely, assume that each random fixed point of 7" is essential. From Theorem 3.1,
we only need to show that F' is lower semi-continuous at T'. By way of contradiction, if F' is
not lower semi-continuous at 7', then there is an open set V in M such that V N F(T) # (
and T,, € CB(X) with T,, — T but F(T,,)NV =0,n=1,2,---. Take a point §; € VNF(T),
then there is an open neighborhood U (&) of & with U(§y) C V. Since & is an essential
random fixed point of T', there exists a number N such that F(T,,) NU (&) #0,Vn > N, a
contradiction with F(T,,) NV =0, n=1,2,---.

Next, we will give some generic stability results for random fixed points.

Theorem 3.4 The metric space (CB(X), p) is complete.

Proof Let {7,}32, C CB(X) be a Cauchy sequence. Then for each £ > 0, there is a
number N such that p(T),,T,,) < € for any n,m > N. That is, H(T,,(w, z), T,,(w, x)) < € for
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each point (w,z) € Q x X. Therefore, the sequence {T,,(w,x)}5°,, consisting of nonempty
closed convex sets, is a Cauchy sequence. By the completeness of X, for each (w,z) € Qx X,
there exists a nonempty closed convex set in X denoted by T(w,z) such that T,,(w,z) —
T(w,z) as n tends to infinity. That is, there is a set-valued mapping T : Q x X — 2% with
nonempty closed values. For each w € €, since p is the uniform metric, from the continuity
of T,,(w, -), we have T'(w, -) is also continuous. For each z € X, noting that T,,(-,z) : Q — 2%
is measurable with nonempty closed convex values and H(T,,(w, x),T(w, z)) — 0, by Lemma
2.1, we have T'(-, x) is also measurable. Therefore, T' € C'B(X), hence, (CB, p) is complete.

Theorem 3.5 Each random fixed point for most random set-valued mappings in CB(X)
is essentially stable.

Proof Noting that the complete metric space CB(X) is a Baire space, from Theorem
3.1 and Fort’s Lemma 2.2 (or Theorem 4.2 in [20]), there is a dense residual subset @ of
CB(X), such that F' is continuous on ). By Theorem 3.3, we have that each random fixed
point for any 1" € @ is essentially stable.
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