Vol. 34 (2014) J. of Math. (PRC)

¥MEFTE AXB+ CYD = E BI=5 APtk ek
/N T

EN L, dkEE 2, kG
(1. BRBUZR I B RE Rt 3, 1t B 430212)
(2. ZEHZYr IR, Wik B 430035)
(3. B TR fs BLR B, Wk 5L 430065)

WE AKUWIR THEBETE AXB 4+ CYD = E =5 M O 5 FRE /N V8 B /> = JR A 1) 731,
FIFHAE PR Kronecker #UF1 Moore-Penrose |~ Uik, 8| THMEAFE AXB+ CYD = E F)=%f
A DX R AR ANE U /N — TR fR 1Rk 5

XK IR =5 M A O AREE RS B NEEUR, B 3R f#; Moore-Penrose | X i¥; Kronecker

MR(2010) EFH3ES: 15A24 FESES: 02416
XEKARIRAD: A X EHS: 0255-7797(2014)06-1163-07
1 5|5

R 5 R A e/ SR gt BB AR AR B 2 M A0 b 9 S AT SO R A, A TR W)
o BRWEE L AT B s H SN A T2 N . O% T T T AR TR T
SEE. Bl (1-2]. RFHERE TR

AXB+CYD=E (1.1)

) i R 5 /N TR A O Tt A T AN 3R FE L 9 G S [3-4), FL U5 A 0 R A A o A A
J7 XA RAE R 2007 4, 3T [5] R I Kronecker AN B 1) 4 B 5 T SR R
Moore-Penrose | SGERFFL THEFE A FE (1.1) BIXSARAR/MNEE IR /N — T fif.

ST, AR AN [R] S s i 80 1) 5 22, ) — 2R P 5 R 75 B R A RSB B (. =X Ao
X AR B8 1) 8 R 58— M0 R R B B A2 2%, I L DG T =0 A H O X AR AR O I 7 R b L. {H =
XF A H Lo R FR R PR AE M P AL TR RORSETT A 5 N A . 3 [6] A A A8 4 i B T
R TAERE 5 RE AX = B RAE =0 O RFR (B NEED B SRR 1 78 B 4644, (B3
K HHARRIRIE . ASCRIFSC [5) M7k AR AR (1.1) 1 =X 1 X R B /i
B 3R fiR, Ireh M RIA .

ASCH R™ ™ Fam m x n BYSEAERERIEES, 1, R n MY PAALAEREIEE S, e R HANAE
FE L, WEE i 5] (i =1,2,--- ,n). AT, A" 55138 A BJE M A 1] Moore-Penrose | S(iHfi.
X A€ R Be R™™ €S A S B ARN (A, B) = tr(ATB), HILS H 7%
|A|| = \/(A, A) #XA A 1] Frobenius i, H R™*™ ¥p—> 564 WAL [A].

ks HER: 2014-01-22 JEW B #A:2014-06-23

EBE T : IH (1981-), L&, WIHLBEM, YHIT, BT TTT1: A RS,
BiRfEE: sk




1164 b 4 7 & Vol. 34

EX 1.1 K Ae R Be R, FRARB = (a;;B) € R™"*" J§ A 5 B If] Kronecker
.

EX 1.2 A= (aij)mxn, e a; = (alj,azj,-u ,amj) (j =1, ,n), I vec(A) _
(a1, an)" NHEFE A B GZA)) fiH.

EMX 1.3 HWHFE X = (2;;) € RV MITGEWL 215 = Tng1ims1i(6,5 = 1,---,n), Nl
PR X DX BRFERE. 35 X 2 O X BRI oy = AR, TIFR X D9 =X A e X R
W, Ak n By =00 M D RREERE I SR S ey CST R

AL E B PG LLT [

B | 4% Ae R™",Be R*,C e R™! D e R> EeR™, XK

AS, ={[X,Y]| X € CSTR™™,Y € CSTR™,||AXB + CYD — E|| = min}.
B8R 1 K [X,Y] e AS,, 15

WmV+H?W:1XngjWﬂV+HYW} (1.2)

R 1 AR RERE T RS (1.1) B =3 A O X Rk die /N 3R, ml L 11 A A AR 9 K 5
FE (1.1) B9 =X 7 PO R NG i /s 3. ARSCHESR 2 354 7 R T ROfR, 26 3 7
2 I R I A AR R R K
B]RR | HOfE

T HRFIR T g, JekE LA 9] B
SIFE 2.1 (1) X n =2k B, X = (2i)nxn € R, N

X € CSTR™" < vec(X) = J,vecs(X), (2.1)
Hor
VeCS<X) = ($11,I21,$12,$2271’32, T ,x(kfl)kal'kkyxk(kJrl))T € Rsn{za (22)
[fe; e 0 0 0 0 0 0O -~ 0 0 0 ]
0 0 €1 €2 €3 0 0 0 s 0 0 0
0 0 0 0 0 es es ey 0 0 0
0 0 0 0 0 0 0 0 : : :
: : : : : : : : 0 0 0
0 0 0 0 0 0 0 0 _
J, = €k—1 €k Ckt1 . (2.3)
0 0 0 0 0 0 0 0 cer Ck42 Cky1 €k
0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 €n—1 ©€pn—2 €En_3 0 0 0
0 0 €n €n_1 €En_9 0 0 0 0 0 0
l€n €n—1 O 0 0 0 0 0 0 0 0 |




No. 6 CEME: TR AXB + CY D = E =0 A O B il INE S /s — 36 i 1165
Horh e, NENTHERE 1, (955 0 5, S J, € R
(2) Mn=2k+1) B, X = (2ij)nxn € R, N
X € CSTR™™" & vec(X) = J, vecy(X), (2.4)
Hrp
3n—1
vec'S(X) = (%11, %21, T12, T22, T32, " 7x(k71)k717kk713(k+1)k7xk(k+1)7$(k+1)(k+1))T ER 7, (2.5)
[eq e2 0 0 0 0 0 0 0 0 0 0 0 ]
0 0 el ez es 0 0 0 0 0 0 0 0
0 0 0 0 0 e2 es eq 0 0 0 0 0
0 0 0 0 0 0 0 0
: 0 0 0 0
0 0 0 0 0 0 0 0 €k—1 (73 €r+1 0
J,=10 0 0 0 0 0 0 0 0 0 0 er+epin epi1]|
0 0 0 0 0 0 0 0 €k+3 €42 €r+1 0 0
0 0 0 0 0
0 0 0 0 0 0 0 0 : : : :
0 0 0 0 0 €n—1 €n—2 €n_3 --- 0 0 0 0 0
0 0 €n €n—1 €n—2 0 0 0 0 0 0 0 0
len en—1 O 0 0 0 0 0 0 0 0 0 0 |
(2.6)
ot e, NEAIHERE 1, BI5 0 51, B J. e R T
HE HAIE (1), (2) FEBAE (1).
1 X € CSTR™™, H =X H O FRH B B e SCRT A1
_9011 Z12
T21 T22 T23
T32 T33 T34
T(k—1)k
Ti(k— x T
X = k(k—1) kk k(k+1)
Ll (k+1) g3 Tr(k—1)
T(k—1)k
T34 T33 T32
T2z T22 T21
L T12 T11




G

1166 g4 5 ES Vol. 34

=x11(€1,0,0,0,--+,0,0,0,e,) + x21(€2,0,0,0,--- ,0,0,0,e,_1) + x12(0,€1,0,0,--- ,0,0,¢e,,0)
+ 292(0,€2,0,0,---,0,0,€,_1,0) + x32(0,€3,0,0,--- ,0,0,€e,_2,0)
+ 223(0,0,€2,0,--+,0,e,_1,0,0)
+ x33(0,0,e3,0,- -+ ,0,€,-2,0,0) + x43(0,0,€4,0,--- ,0,€,-3,0,0) + - - -
+-T(k—1)k(07"' , 0,1, €842,0, - 70) +xkk(07"' ,0, ek, exq1,0,- - 70)
+ k1) (0, -+, 0, €41, €5,0,- -+, 0),

$a 25 AL 5 1 B AT

T
veo(X) =z1 [ex, 0, 0, 0, o, 0, 0, 0, e

r T
+ T2 €2, 07 07 07 Ty 07 07 07 €n,1:|

- T
+ T12 07 €1, 07 07 ) 07 O; €n, Oi|

- iT
+ Too 07 €2, 07 07 Ty 07 O; €n—1, 0

_ T
+ T30 07 €3, 07 07 Ty 07 O; €n—2, 0

_ T
+ To3 07 07 €2, 07 Ty 07 €n—1, 07 0

- -
+ X33 07 07 €3, 07 Ty 07 €n—2, 07 0

_ T
+ Z43 07 07 €4, 07 Ty 07 €n—3, 07 0
+ e

T
+ x(k—l)k |:Oa T Oa €k—1, €k+42, 03 T 0i|
T
+ Tk |:0> Ty 07 €Ly €41, Oa R 0i|
T

+ Tk(k+1) |:0> Tty 0) €k+1, €k, Oa Ty 0i| .

=B 1F vee(X) = Jovees(X). RIEK, H VX = (ij)uxn € R H vec(X) =
Jovecs(X), Ml X € CSTR™™.

5132 2.2 [l vec(AXB) = (BT ® A)vec(X).

513 2.3 7 % A e R™" be R, MAMBLIE R Az = b MR/ Tl

r=ATb+ (I — AT Ay, (2.7)

Hy e R" ZEEM.
3138 2.4 Bl HSERE (Py, Py) Y Moore-Penrose |~ ¥ N

P — PP,H

(P1)P2)+: H

HI— (P, P)" (P, P) =
(Pr, o) " (P, Py) ST Sy

St 512]



No. 6 SEME: S TR AXB 4+ CYD = E (=X OSBRI 8 $ow /s — e fii 1167

H=R"+ (I~ R'R)ZPF(PH'PH(I ~ P,R");R= (I — PP]")Py;
Z=(I+(I—-R'R) P (PNTPP,(I - R"R))™!;

Sy, =1—-P P+ P'P,Z(I - RTR)P] (P)7;

Sio=—P/Py(I - R"R)Z; Sy, = (I - R'R)Z.

T R SR R R T A
EIE 2.1 %€ Ac RV, B e RV, C € R\, D € R>**, E € R™* vec(X) Wl
I’EX 1.2 ﬁﬁé/ﬁ\, Jn,VeCS(X) ﬁﬂ%lfﬁ 2.1 Fﬁé{ﬁ\7 é'\ Ql = Jna Q2 = Jl7 )La Q = diag(QlaQ2)7
P = (BT ® A)Q1, P, = (DT ® C)Qo, W 1 [t AS, AIERN
Sll 512
Y P, 2.8
st 522] } 29

vec(X)

vex(Y)

P} — PfP,H

. vec(E) +Q

=Q

ASp = {[X, Y]

Hodr g NIE MR R A =
uE BI5GB 2.1 %0
| AXB+ CYD — E || =|| vec(AX B) + vec(CY D) — vec(E) ||2
=|| (BT ® A)vec(X) + (DT @ C)vec(Y) — vec(E) ||z
=|| (BT ® A)Q,vecs(X) + (DT @ O)Qavecs(Y) — vec(E) |2

vecs(X)|
= ||(Py, P») VecS(Y)] vec(E) 2.
5 HE 2.3 50
|AXB + CYD — E|| = min < iiiigf)) = (P, Py)"vec(E) + (I — (P, ) (PL, Py))y.
o HE 2.4 50
VeC(X) _ VeCS(X) P1+ — PfLPQH Sll 512
vee(Y)| @ [VGCS(Y) =Q H veel£) +Q ST, 522] 4

Forpry il A4 AT = e
IO 2.1 g, vees(X) MRIBARYE n = 2k Bin =2k + 1 4H (2.1) 5k (2.4)
k.

3 983 1 jfR

I 3.1 &S5 RUEE 2.0 MIF, WA I AFAEmE— R (X, Y] € ASp H [X,Y] 7]



1168 g4 =2 7 & Vol. 34

RRN
vec(X)

vec(Y)
Su S Su S .
11 o2 1 O12

x|@Q Q
%ol el 5l

WE G50 ASp RTE& NI R x R I —/N P AR, R I I S BN A7 A E—
¥ [X,Y] € AS, i (1.2) %o, FHAEM [X,Y] i (3.1) R .

P} — PfP,H
H

vec(F)

P} — P P,H

—Q I vec(E). (3.1)

i (2.8) AN
X 2
min (X2 + V)% = min [ [V
[X,Y]€AS, [x,Y]eAsy || | vec(Y) )
2
. S Si2 Pfr—Pf—PzH
— E
min leg S y+Q " ec(E)]| ,
513 2.3 A )
. Sll 5112 P1+_P1+P2H
E
min Q [5{2 S y+Q i vec(F)
I
S Sull [ su s
— + I— 11 12 11 12 z, 32
y= ( [Q [sg Sml | 19 1ST $m 32
S swll [ [pPr—pPrrH
stofgo=— Q|20 || o |TV BT )|, 2 mm Mt
Sia S22 H

¥ (3.2) AN (2.8) RAY » NEMENITE (X, Y] W (3.1) KPR

& F M

[1] Mizmdk, #84%. LR TE (ATX A, BTXB) = (C, D) HIRAHRAR [J). TREE 23R, 2003, 20(6):
65-68.

[2] B2 P, [Aia. JERE TR AT X A = D RO BRI/ 3R [J]. 1A, 2002, 24(1): 9-20.

[3] Shi S Y, Chen Y. Least squares solution of matrix equation AXB* + CYD* = FE [J]. SIAM J.
Matrix Anal. Appl., 2003, 24(3): 802-808.

[4] B2 ¥, AR, MR AXAT + BXBT = C xR o R/ NG EUR /N 3R (). T EECE,
2005, 27(1): 81-95.

[5] W=D, B, HIM. TR AXB + CY D = E X RRRNEER /D ZF-eff [J). 1HE £, 2007,
29(2): 203-216.

[6] FHH, TISC. 5 RE TR = O BR BN IR [J]. LR R (B AR, 2011, 17(3):
263-265.



No. 6 SEME: S TR AXB 4+ CYD = E (=X OSBRI 8 $ow /s — e fii 1169

(7] ARAd, SRELBESE. FERER T AEAE (M), dbat: B2 R, 2001.

[8] Magnus J R. L-structured matrices and linear matrix equations [J]. Linear Mul. Algebra, 1983, 14:
67-88.

[9] XU, JEFETTE AX B+ CY D = E [0 Frie/h i 2 e @in [J]. 22N E TR 224, 2011,
37(6): 148-153.

[10] ZE/KHr. HPEJFR AXB = E,CYD = F F5/N ZFRfF [J]. RN T 2R W (HARHER),
2004, 18(3): 29-31.

CENTROSYMMETRIC TRIDIAGONAL LEAST SQUARES
SOLUTION OF THE MATRIX EQUATION AXB+CYD = FE WITH
THE LEAST NORM
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Abstract: In this paper, we investigate the centrosymmetric tridiagonal least squares solution
of the matrix equation with the least norm. By the means of Moore-Penrose generalized inverse
and Kronecker product, we obtain the expression of the centrosymmetric tridiagonal least squares
solution of the matrix equation AX B + CY D = E with the least norm.
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