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Abstract: In this paper, we study the properties of a class of Toeplitz operators on weighted
Dirichlet space. By using the method of constructing a class of unbounded function on I, we
prove that the Toeplitz operators with these symbols are compact. Also by using the method of
constructing a function ¢ in Li which is unbounded on any neighborhood of each boundary point
of D, we prove that Ty is a trace class operator on weighted Dirichlet space.

Keywords: weighted Dirchlet space; unbounded symbol; trace class operator; Toeplitz op-

erator
2010 MR Subject Classification: 47B35
Document code: A Article ID: 0255-7797(2014)03-0461-08

1 Introduction

Let ¢ be a positive continuous function on [0, 1), ¢ is called a normal function if there
are two constants a and b: 0 < a < b such that (lf(g)a (1’1(:2))17 increases on
[0,1). The simplest example is ¢(t) = (1 — t2)?, 3 > 0.

Also, let D be the open unit disk in the complex plane C and T be its boundary,

dA(z) = Zdrdf be the normalized Lebesgue measure on D. We write dA? (z) (1 < p < o0)

T

decreases and

for the weighted Lebesgue measure:fi(l‘zzl‘z) dA(z) = fp_(:;) Ldrdf, z = re®. A normal function

¢ and p € [1,00) are often used to define a Banach space L?(p) with norm

|fbw—<ﬁhﬂ@PW@@0Up<mm

Next for any « > b let ¢(t) = (1;5))(1

1 is also a normal function with two constants o« — b and o — a. Of course, every v can be

, then {¢, v} is called a normal pair. Obviously

used to give a Banach space L7(¢) for 1 < ¢ < oo, relative to norm || - || .
For f € LP(p) and g € L9(v), we can define a dual form (f, g) as follows:
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Let L' be the subspace of L*(y) satisfying condition

Julf = [ (GO +|52E )L <o

Let £2' be the quotient space LZ'/C, where C is complex constant functions subspace
of L%, then £%' is a Hilbert space with the inner product

of g of dg
1 =< 5703, e Hgs go)ne

The weighted Dirichlet space D, is the subspace of all analytic function in ,83;1. Let

fo fo a dé;i)ZH for z,w € D, then the linear operator P is defined as follows:

(PHE) =a [ 20 (aKz(“’)><1 Py ldAw), e D,

p Ow ow

We note that the operator P is bounded from L%" onto D,. Moreover, (Pf)(z) = f(z) for
f € Dy, so K, is called the reproducing kernel (see [1-3]). Let G be a domain in C, and
define

ou Ou
0,1 . e fe%s)
LG) = {u: u, 50, oF € I¥(G)}
for u € L4(G), Julls o = esssup masx{fu(=)],| 22 (2)], |2£()]).
zeG

Definition 1.1 Suppose u € L', the operator

1f) = Plup)e) = o [ 2SN (LD iy ey

is said to be the Toeplitz operator with symbol u, this operator is densely defined.

In the case of Hardy space, it is well known that 7, is bounded if and only if ¢ is
essentially bounded, and T, is compact if and only if ¢ = 0 (see [4, 5]). However, there
are indeed bounded and compact Toeplitz operators with unbounded symbols, in fact, Miao
and Zheng [6] introduced a class of functions, called BT, which contains L>, for ¢ € BT,
T, is compact on Bergman space L2(D), if and only if the Berezin transform of ¢ vanishes
on the unit circle T. Zorboska [7] proved that if ¢ belongs to the hyperbolic BMO space,
then T, is compact if and only if the Berezin transform of ¢ vanishes on the unit circle.
Cima and Cuckovic [8] constructed a class of unbounded functions built over Cantor set, the
Toeplitz operator with these functions are compact. Essentially, if the value of the function ¢
vanishes rapidly near the unit circle in the sense of measure dA, the T;, will be compact. Cao
[9] constructed compact Toeplitz operators on Bergman space L2(B,,,dv) with unbounded
symbols. Wang, Xia and Cao [10] constructed a trass class Toeplitz operator T, on Dirichlet
space D with unbounded symbols.

In this paper, we construct a class of unbounded function on D, the Toeplitz operators
with these symbols are compact. We also construct a function ¢ on any countable dense

subset in T which has nontagential limit infinity everywhere, such that T}, is trace class.
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2 Compact Toeplitz Operators with Unbounded Symbols

For § > 0,6 € T, set
Q¢,0) ={zeD: [1 = (1—[2])°)2]z — £] < |Re((z — €))|, Re(2£) > 0}.

Then (&, §) is an open subset of D and this domain is said to be circle cone like with vertex
¢ Forany 0 <r <1, let D, ={z:|z| < r} be the disc with center 0 and radius r, T, its
boundary. We denote the Lebesgue measure on T by df. Assume b is an arbitrary positive
number, it is obvious that we may choose a suitable § = §(b) > 0 such that for arbitrary
O<r<l,

0[Q(&,6) NT,] < d(1—r%)",

where d is a constant which is independent of ¢ and r. For convenience, we write (&) =
Q€. 8(0)).

Lemma 2.1 Suppose {fi} C D, and [|full21 = 1, fu — 0 weakly in D, then
| fellz2(p) < A and || fel/z2(p) — 0, where A is a constant.

Theorem 2.2 Suppose ¢ > 0, Up(2) = (1—|2]*)7¢, z € D. For any £ € T, let b > 2c+4
and xq, () be the characteristic function of ©,(§), then ¢ = xq,)U.(2) induces a compact
Toeplitz operator on weighted Dirichlet space D,,.

Proof Suppose {fi} C D, with ||fk||L§;1 =1 is a sequence which weakly converges to
zero, it is enough to prove that ||T¢fk||L§;1 — 0 when k& — co. Note

T,fi() = / Ol (M “’>> ) dA(w)

o( ¢(w (

)= o)

+a/¢ )l <3 ))<1—|w|>“ 144 (w).

Then

(1= w[*)*"
(1 — zw)ot+!

L ol fuw) dA(w)

L), [ 26w
s [ ot S a)

we see that

oT, 2 2\a—1
ITofilis = o [ | P o) aac)

et QP

CO‘/ /Q,,@ L= el ) e zw)wd/‘( )

o / F1(w)(1 — o)L= Py - je)etaace).
Qp (&)

(1 — zw)ot+t

IN
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For m € (0,1), set 2,(§,m) ={z € Q(&) : |z| > m}, then

51 — lwl2) =1, (w (1= Jw*)*! w
Ha/m(g)sub@,m)w(l el il )(1—215)““ dAw)

e (=)
o[l ) A

(= fw)e

/ 2
+‘Ol/f;b(i)—ﬂb(f,m) fk(w)(l N |w| ) WdA(w)

e (i

+‘a/g,,(§,m) Jr(w)(1 —|wl|?) WCIZA(U}){ ](1 — |z}t A(2).

2
7.l < 200 |

| 2

|2

Note

5(1 — w2 . (w (1= Jw]?)o! w
o [ =) )

(1= Jw)7>2(1 = Jw[*)*!
|1 — zaw|?(et1)

‘ 2

« (w21 = Jw?)* HdA(w)a dA(w),
< Aﬁmf(ﬂ(Il) <>/ (w)

Qb (fxm)
and

(1 [z[2)>? 1

- dA(Z) = —— .
@ b |1 — Zu—)|2(a+1)d (2) (1 — [w[2)e+1
Since || fi(w)[| 2y < Allfe(w) ] 20 < A, thus

oyt gy LT e
94“L%m”1') ulw) e AW (1 = o) dAG)

(= )22 )t
f“é“ﬂmm | (1= 2)* dA(w)dA(z)

1 — zw|?(e+D)

_ 2\—2c—-2 _ 2\a—1
e[ GoWBEL-Rrn
Qp(§,m)

IN

(1 _ |w|2)a+1

1
S AO/ (1 _r2)b72574dr2

A
_ b_200_3(1_m2)b—2c—3SAO(l_m2)’

where A is a constant. It is obvious that for any € > 0, there is an my € (0, 1) such that

1— 2\a—1
a/ {oz/ w(1—|w|2)_6_1fk(w)%dz4(w)‘2(1—|z|2)°‘_1dA(z) < Ag(1-m?) < e
D Qp(€,m) (1 —zw)
for m € [my,1). For the same reason, there exists an mq € (0,1) such that
(1= |w]?)et 2 -
1 1—|w]? C(7&4 1—[2]?)* TdA(2) < Ap(1 —m?
o [l sy A A < A ) <

for m € [mg,1). We write my = max{my, my}, then both inequalities hold for m € [mg, 1).
On the other hand, since Q,(&) — Q,(&,mp) C {z € D : |z] < mg}, we know that fr(w) — 0
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and f,(w) — 0 uniformly on (&) — (&, mo). Hence for any ¢ > 0, there is a Ky, such
that for k > Ko, |fr(w)| < € and |f(w)| < € for any w € (&) — Qu(&, mp). Therefore

/ / D1 — [w?)~ fi(uw ><( W) A w) P2~ 2Py dAG)
Q4 (§)—Q(&,m)

Zw)a+l

1 [0
< 6a/ L dA(w) < e
Qu (&)= (&,m) (1 - |w|2)20+4 (1 _ )2c+4

and

e LT
aflof - A1 o)1 dA)

Z,w)a-i-l
1 eQ

dA(w) <

< - -
= -

< ea -
/Qb(g)szb(g,m) (1 — fw[?)2et2
consequently [T, fi[| ;21 — 0.

Theorem 2.3 There is a function ¢ € Lf;l which is unbounded on any neighborhood

of each boundary point of D (i.g. for any £ € T, and » > 0, esssup |¢(z)] = oo, where
zeDND(E,r)

D&, r) ={z: |z —&| < r}) such that Ty is a compact operator on D,,.

Proof Setc¢>0,b>4c+ 5 and let U.(z) be the function as in Theorem 2.2. Choose
i=1,2,---} of T. For each &, write ¢; = xq,(¢,)Ue then Ty, is
a compact operator by Theorem 2.2. For any f € D,,

a countable dense subset {¢;

ITe £

= / /Qb(s)agglww) (w) ((11_|::qu));_11dA(w)‘2
to [ om0 T a0 - ) )aAe

< 1z (e / /M (1_'wﬁ):Q;'Sa;')“”Q)a_ldA(w)<1—|Z|2)aldA(z)
~|—a/Da/Qb(&) 1= |lrl|21_:5‘12(:+$|2)a_1dA(w)(l— 22)°1dA(2))

— 1l (o f (e ) = A

< f2aa / /Qb(5 (12 (1 2)) st

< ||f||L21/ ((1—r2)72 2+(1r2)_20)(1r2)bmdr2

< K\IfHLi,l,

where K is a constant, hence ||Ty,| < K. Write Ty = Z 5714, then Ty is a compact, and
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for any M, N and f € D,,

||ZQZT¢1f||Lu<OZ A F 1z
It follows that

Mo Mo
1Y 5 Tellz <CY 5
i=N i=N
hence T' = Z 571, converges in norm. Furthermore, T' is a compact operator. It is easy to

check that ¢; € L% and HgbZHLz 1 < C. Thus Z 3¢ converges to a function ¢ € L%'. Tt is
=1
not difficult to see that for each polynomial P( )

oo

1
I(Ty = )Pl =IIT &, PI<CIPlzs D 5 —0.

i=N+1 ‘ i=N+1

Therefore T' = Ty, namely, T is a Toeplitz operator with symbol ¢ = > %(ﬁz Since {¢; :

=1
i=1,2,---} is dense in T, it is obvious that for any & € T and r > 0, esssup |¢(z)| = o0
z€DND(&,r)

3 Trace Class Toeplitz Operators

In this section, we prove that there is a family of trace class of Toeplitz operators with
unbounded symbols.
Theorem 3.1 There is a function ¢ € Lf;l which is unbounded on any neighborhood

of each boundary point of I (that is, for arbitrary £ € T, and » > 0, esssup |¢(z)| = oo,
z€DND(&,r)
where D(§,7) is same as in Theorem 2.2) such that T} is a trace class operator.

Proof Let ex(w) = w*/\/Cor(k € Z*) be the standard orthonormal basis of D,
where C,, , = k‘% Let {& : 4 =1,2,---} be a countable dense subset of T, and
U.= (1 —|w|*)~¢(c > 0). We must show that

oo
Z |Tlex, ex) 21 < oo.
k=1

For any m € (0,1) set ¢;(w) = Xa,(¢;,m)Uc(w), where b > ¢+ 5, then

(T, €xs €x) 127 ]

— 1 O (w) whkz" "1 (1 — [w]?) >~
= a/ (a/ﬂ) ow (1 —Zﬂ])o“ﬂ dA(w)

w1251 (] — [wl2)e1
—l—a/dn 2 (1= Jwl) dA(w))(1 - \z|2)o‘_1dA(z)‘

1 _ Zw)oz—H

= ol [ 25t ) A )
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ta / bu(w)E (1~ o) dA(w)|

k
[~ 3 R R R Tty
Ca’k Qb(fhm)
]{12
e U R S MRS
C(%k Qp(&i,m)
Ako, [* 2N\bta—c—2,.2k 7.2 ' 2\bta—c—1,.2(k—1) 7.2
< C ‘ (1—=77%) ridre + k[ (1—17) r dr|.
a,k m m
Since
1 1
/ (1 . T2)b+a_c_27"2kd’f’2 + ]C/ (1 . T2)b+a_c_1T2(k_1)dT2
ml T
< / (1 —r)*t3rhdr 4 k:/ (1 —r)oipk=iqy
I'(k+1I'(a+5)
B D(a+k+5)
then

Aka 2I'(k+ 1)I' (o + 5) - B(«a)
Cor T(a+k+5) - k57

[(Ts.€xs €x) 21| <

oo

where B(a) is a constant only depending on a. Set T' = Y =Ty, then T is a compact
i=1

operator. Note T is positive, thus

K

‘<T€k, €k>L31 |

>
Il
=

WK
Eﬁg

- <T¢,;€k7 €k>Li,1

?

q
Il
-
£l
Il
-

M8
518

B(a) <= B(«)
< i kb SZ P
k=1

1

ol
Il

% 1

Hence T is a trace class operator. In the same manner we can also construct Hilbert-Schmidt

Toeplitz operator T, on D, with unbounded symbols ¢ € LZ".
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