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Abstract: In this article, we investigate the (J)nonsquare point of generalized Orlicz sequence
spaces. Analysing and combining the structures of the classical Orlicz spaces and the generalized
ones, we get sufficient and necessary conditions of this property by the generating function, which
not only generalizes the results of the classical Orlicz sequence spaces but also is easy to use.
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1 Introduction

James [1] introduced conception of (J)nonsquareness of linear normed spaces in 1964.
Later, Schéffer [2] introduced conception of (S)nonsquareness of linear normed spaces. Then
Chen [3] proved that the two conceptions of nonsquareness were equivalent. However, Wang
and Shi [4] introduced (J)nonsquare point and (S)nonquare point and proved that they are
not same. First, as an important property of linear normed spaces, the nonsquareness has a
close relation with flatness, rotundity and basis. Second, it is “uniformly nonsquare Banach
spaces have the fixed point property for nonexpansive mappings” [5] that makes it play an
important role in the application of approximation theory. On one hand, the nonsquare
point is a meticulous depiction of nonsquareness. On the other hand, the nonsquare point
is a powerful tool to study nonsquareness. So the research of nonsquare point of Banach
space is very important. Because of the complication of generalized Orlicz sequence spaces,
the discussion of nonsquare point has not be seen . In this article, we discuss the proper-
ties of generalized Orlicz sequence spaces and get the sufficient and necessary criterion of
(J)nonsquare point as well.

In the sequel, let N be the set of all natural numbers, Cardl = Cardinal I where I is a
subset of N.
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2 Some Lemmas

Definition 2.1 Let M be an Orlicz function, that is to say M : (—oo, +00) — [0, +o0]
(M may reach the value of +00) is convex, even, left-continued on [0, +00) and M (0) = 0.

For u = {u(7)}$2, is a sequence of real numbers, denote
pu(u) = ZM(u(z)), Iy = {u:3X>0, par(du) < +ool.
i=1

Then we can prove that l’]\\/[/ is a linear set. Define the function

. u
HuH(M) =inf{A>0: pM(X) <1}
on lf\]\;» then {lfj\v;, HH( M)} is called generalized Orlicz sequence space. Denote

a=sup{u>0:M(u) =0}, 8=sup{u>0:M(u) < +oo}.

Remark 1 V0 < u; < g, since M(ui) = M(;tuz) < 2 M(uz) < M(up), this
yields that M is non-decreasing on [0, +00). Thus lim M (u) exists (may be +00). Denote
M(o0) = lim M (u).

0, u =0,
+oo0, u#0.
we have § = 0, thus « = 8 = 0. Conversely, when o« = 3 = 0, Yu > 0,M (u) = +00. Since
M is even, then Vu # 0, M (u) = +o00, combining with M (0) = 0, we get

0, u=0,
M(u):{ 0o, u#0

Remark2 a=p(=0<+<= M(u) = In fact, Vu > 0, M(u) = +o0,

meantime, [y, = {0}.

Remark 3 o = =400 <= M(u) =0. In fact, Yu > 0, M(u) = 0, we have o = 400,
thus @ = 3 = +o00. Conversely, when o = 3 = 400, Yu > 0, M(u) = 0. Noticing that M
is even, we get M(u) = 0. In this case, Iy =s ( the set of all sequence of real number).
Moreover Vu € ly;, we have [[ull (ary = 0, 80 ||| (4 could not be a norm.

Summarily in the following we always assume: Ju; > 0,us > 0, s.t. M(uy) >
0, M(uz) < oo. Then we can prove that {l;, [l ary} forms a Banach space, denoted by
Ly and ||+[[ (5 is called Luxemburg norm.

Definition 2.2 [1] Let X be a norm linear space, S(X) be the unit sphere. z € S(X)
is called a (J) nonsquare point if Yy € S(X), min{||z + y||, ||z — y||} < 2.

Lemma 2.3 [6] Vs € R, M (%) =3M(s) < VA€ (0,1), M(As) = AM(s).

Proof See [6].

Denote s; = sup{s < 3: M(%) = $M(s)}.

Lemma 2.4 If u € S(I(ar)) is a (J)nonsquare point, then
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(a) Cardlg(u) <1,
(b) Ixo >1, > M(Mu(i)) < oo,
i¢1s(u)
where I,.(u) ={i € N: |u(i)| = r}.
Proof First, we will prove (a) is correct. Otherwise, assume Cardlg(u) > 1, then
Elil,ig € N s.t. |U(’61)| = |u(22)| = B

Let
u(iy), 1 =11,
v(i) = ¢ —uliz), 7=io,
u(i), otherwise.

Then o ) = llullyy = 1. Since YA > 1, pp(A%2) > M(AB) = oo(f > 0). Therefore,

utv 1 utv 3 . utv utv _
H > H(M) >3- Hence, } > H(M) > 1. Considering that H > H(M) < 1,WededuceH > H(M) =
1, which contradicts the fact that u is a (J)nonsquare point.

Second, we are going to prove (b) is correct.
(b)1 Assume Cardlg(u) =1 (31 |u(i)] = B) and VA > 1, > M (Au(j)) = oco. Set

J#i
(i) = u(l)v ]:Zv
) { —u(j), j#i

Then [[v]|(as) = llull(ary = 1. Since YA > 1, ppr(A*52) = M(Au(i)) = M(AB) = oo(8 > 0).

Thus H“;”H(M) > 1. Considering that HU;UH(M) <1, we deduce H“;”H(M) =1

Since YA > 1, ppr(A452) = ZM()\U(])) = 00. Then H“g“H(M) > 1. Considering that

#1
<1, we have H“% =1. So H“i”

j
= H(M) > H(M) = 1, which contradicts the fact that u

15l
is a (J)nonsquare point.

(b)2 Assume Cardlg(u) =0 (ie., Vi e N, |u(i)| < B) and VA > 1, py(Au) = oc.

In case of § > «, we claim that IN\g > 1 s.t. Vi, |Aou(?)] < S.

In fact, if 5 = oo, since Vi € N, |u(i)| < oo, then [Agu(i)| < co = f.

If B < oo, assume VA > 1,3i € N s.t. |Au(i)| > S.

For A\; = 1+1,3i; s.t. [Au(iy)] > 6. By Ig(u) =0, 31 < X < Ay st Vi <ig, [Mu(i)] <
3.

For Ay = min{1+3, A1}, Jis > iy s.t. |Aou(iz)| > B. By Ig(u) = 0,31 < X, < Ay s.t. Vi <
iz, |Xou(d)] < 6.

Continuing this process in such a way, we get a sequence \,, \, 1,4, /" 00 s.t. [N u(iy)| >
B. Then VA > 1,3ng s.6. A > A, [u(in)| > £ > £, while n > ny.

Set e = 252 = ﬁ'fs, then n > 1. So |u(zn)| > % =B —e= 2 > a, while n > ny.

Therefore, pps(u) > io:M(u(zn)) > io: M (u(iy)) > io: M (—e) = 00, a contradiction

n=1

n=ng n=no

to pa(u) < 1.
Take A, \, 1,A; < Ag. Since ppr(Au) = oo, then Fi; > 0 s.t. 1 < Y M(Mu(i)) <
i<iy
00, Y. M(Mu(i)) = oo. Analogously, 3} > i3 st. 1 < > M(Mu(i)) < oo. Since

1>77 i1 <1<
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pru(Aau) = 00, Y M(Xu(i)) < oo, thus Y M(Au(i)) = oco. Then Jip > i) st. 1 <
> M(/\gu(i))liloo, Z M (Aau(i)) = 0. j‘jr;;logously, Jil, >dpst. 1< Y M(Xu(i)) <
gsngzéntinuing this prozc>ezszs in such a way, we get a sequence i; < i} < i212<<1i§212< <o st
1< Z M(M\u(i)) < oo, 1< Z M(A\u(i)) <oo,n=1,2,---, where ij = 0.

., . . —
i, <t<in in <t<dl,

Set

w(i), i <i<i,,n=12-,
0, otherwise,

w(i) = u(i), in<i‘§i§“n:1,2,-~,
0, otherwise.
Then v +w = u, vw = 0, pry(v) < pu(u) < 1, py(w) < pu(u) < 1. Hence |vf ) <1,
[wllpy < 1. ¥m €N,

prr(mt) =Y > MAuu(i) = Y Y M) = > 1=cc.

—14 f —mi’ S
n=1d/ _ <i<ip n=mi, _, <i<in,

Therefore, [[v]|(,; > 1, hence [|v],,) = 1. Similarly, we get [[w]| 5, = 1.
Take u' = v — w, then Vi,|[u'(i)] = [u(i)], hence |[u'[|y = [lullhyy = 1. Then

u+u'
2

’
u—u

2

= vl = 1, = |lwll(asy = 1, which contradicts the fact that u
(M)

is a (J)nonsquare point.
In case of 0 < = a0 < 400, firstly, we claim that VA > 1,3i € N s.t. |Au(i)] > a = 3.
Otherwise, assume 3\ > 1 s.t. Vi € N, [Au(i)| < a. Then

(M)

par(Au) = ZM(M(Z')) < ZM(a) =0,

which contradicts [lul[ . = 1.
Take A, \, 1, and {u(i,)}, a sequence of{u(i)} s.t. |A\u(i,)] > 8 = « . Then
|u(in)| > /\% Thus lim |u(i,)| = . Therefore, VA > 1,3ng s.t. |Au(i,)| > 3, for n > ny.
Let

0, otherwise.

. _1 nuin, .—Z’n7n—1,2,"'7
Hence VA > 1,

) = S MQa(in)) = S M(Au(in) = oo,

n=ngo

par (A2 > Yy = z_;M(Au(y;M)) > > M(uliza-1)) = oo,

n=no

oY) = 3 M i) 2 S Mulizn)) = 0,

n=nogo
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then [[o]up) > L, (|52 5y > %o thus ollany = 11452y = 145

which contradicts the fact that u is a (J)nonsquare point.

H(M) =

3 Main Results

Theorem 3.1 Given M(s;) = 0. u € S(l(n)) is a (J) nonsquare point <=
(a) Cardlg(u) <1,
(b) INo >1, > M(Mu(i)) < o0
i¢lg(u)
Proof Necessity By Lemma 2.4, we can obtain the conclusion immediately.
Sufficiency From M(s;) = 0, we have s; < sup{s > 0: M(s) = 0} = «. Noticing that
M(%) = 3M(a) =0, we have o < s, hence s; = ov.

(I) If CardIs(u) = 1, i.e., 31 |u(ip)| = B. From (b), we know IAg > 1s.t. D M(/\ou(i)) <

z;ﬁzo
00. VA, \, 1, by dominated convergence theorem, hm S M(Au(i)) = > M(u

z;élo i#£i0
Vv € S(liary), in case of u(ig)v(ig) > 0, let A < 2. Then

2

v(io))

< max{ 5 )}<ﬂ.

)

‘ )\U(’Lo) — ’U(io)
2

Hence lim M(i)‘“ fo) —vlio) ) — M(i"(io)g”(i“)).

A—1

When § > «, then |u(ig)| = 5 > o = s;, hence M( (“’)) < 2M (u(ip)). Therefore,

Au— v . Au(ig) — v(ig) _ Au(i) — (i)
2 ) A—1t 2 )+ ,\IE?Jr#iOM( 2 )

<5 M (i) + 5 M(o(io)) + 5 S M (u(i)) + M) = 3 loar(w) + par()] < 1.
i#io

Hence 3X > 1 s.t. ppr(2%%) < 1. Then H)‘UQ ”H(M) <1,ie., _f < +. Thus
(M)
Hu—v o u—x N u—x <1(1 1)4_1_1(1_’_1)<1
2 llon = 2 2 o 2 flap 20 M TAT 20 T

When 0 < § = a < oo, then py(u) < 0.
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Therefore,
i pu ()
=i L i SR
iio
< a0y iy > (5 M (i) + 2 M(o(i)]
< SM(u(io)) + 5 M(u(io) + ;;[Mw» + M) = glonw) + pue(w)] < 5 <1

Hence 3\ > 1 s.t. ppr(2%%) < 1. Thus H“;’H(M) <1

In case of u(ip)v(ig) < 0, then —u(ig)v(ig) > 0, by the above arguments,

< 1.
(M)

Hu—l—v .

(-u) —v
2 H(M’) H 2

(IT) If CardIz(u) = 0, from (b), we know 3Ny > 1 s.t. par(Aou) < co. By dominated

convergence theorem
Tim par () = S Tim MOu(i) = M (u(i)) = par().
i=1 =1

From ||ul|,y = 1, we have pr(A,u) > 1, then par(u) > 1, considering that pps(u) <1, then
pu(u) = 1. Hence Jig s.t. |u(ip)] > «, then M(#) < 2 M (u(ip)). From 7Lli_}n;@pj\/[(/\nu) =
pu(u), we have /\EH}+PZVI()‘U) = pu(u).

If u(ip)v(ip) > 0, let A < 2, then

‘/\u(io) — v(ip)
2

< max{ 5

)

v<i2°))}}<ﬁ.

Hence
. Au(ig) —v(ig), u(io) — v(io)
Jim M) = M=),

Repeating the above argument of (*), we get

AU — v

/\linlrhpM( ) <1,

then |52, <1.

If u(io)v(ip) < 0, then —u(ip)v(ip) > 0, by the above arguments,

Hu—l—v

= < 1.
2 H(M) ‘

Combining (I) and (II), we get that u is a (J) nonsquare point.
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Theorem 3.2 Given M (s;) > 0. u € S(Ip) is a (J) nonsquare point <
(a) Cardlg(u) <1,

(b) Ixo >1, > M(Mu(i)) < oo;
i¢1s(u)
(¢) (1) pam(u) <1;0r (2) Jist. |u(i)| > s;or (3) M(s;)Cardly(u) < 1.

Proof Since M(s;) > 0, we claim o = 0. In fact, if s; = oo, by the hypothesis of M,
Jur > 0 s.t. M(uy) > 0. Then Vs € (0,u1), M(Fu1) = =M(ui) > 0, hence a = 0. If
81 < 00, since M(s;) > 0, then Vs € (0,s1), M(s) = M(Zs) = 2M(s;) > 0, thus o = 0.

Necessity By Lemma 2.4, (a) and (b) certainly hold.

Assume (c¢) does not hold, i.e., py(u) = 1, Vi,|u(i)| < s, and M(s;)Cardly(u) > 1.
Hence Cardly(u) > 0. Set Ip(u) = {i;}.

In case of M(s;) > 1, we will deduce that 3s; s.t. M(sy) = 1.

If M(s;) = 400, then s; = co. In fact, assume s; < co. YA € (0,1), from Lemma 2.3, we
have M(\s;) = AM (s;) = oo, hence As; > 3, then s; > 3, a contradiction to s; < 5. Hence
by Remark 1, 3s € (0,00) s.t. 1 < M(s) < oo. Take A = ﬁ,sl = As, by Lemma 2.3, we
get M(s1) = M(As) = AM(s) = 1.

If 1 < M(s;) < 400, then s; < co. In fact, assume s; = co. From Lemma 2.3, s; < 3,
then 8 = oo, noticing that @ = 0, hence a < 3. By Remark 1, M(s;) = uh_}noloM(u), then

M(s;)

Js € (a,81) s.t. 1 < M(s) < oo. Take n € Ns.t. n > 74

, then

1 1
M(s;) <nM(s) =nM(—ns) =n—M(ns) = M(ns).
n n
Noticing that ns < s;, M is non-decreased, hence M(ns) < M(s;), a contradiction to
M(ns) > M(s;). Take A = ﬁ, $1 = Asy, from Lemma 2.3, we have

M(s1) = M(As;) = AM(s;) = 1.
If M(s;) =1, take s; = ;. Set
'U(Z): S1, Z:Z”j:l,
0, otherwise.

Then py(v) = M(s1) = 1, VA > 1, pp(Av) = M(As1) > M(s1) = 1, hence [, = 1.
Since Vi, [v(i)| < s;, suppu () suppv = (), thus VA € (1, 2),

PM(AU;EU) = Z M(/\@) + Z MO\@) = %[PM(U) +pu(v)] =A>1,

1Esuppu 1Esuppv

then H “jzw H(M) “j;’ H(M) > 1, noticing that H “jzw H(M) < 1, we deduce that
H utv

> H o = 1, which contradicts the fact that u is a (J)nonsquare point.

In case of M(s;) <1, let k= [ﬁ] + 1, then (k — 1)M(s;) <1 < kEM(s;).

(I) If (k —1)M(s;) = 1, then Cardly(u) > ﬁ =k —1. Set

’U(’L')—{Sh i:ijajzlyza"'ak_la

> %, therefore,

0, otherwise.
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Then ppr(v) = (K —1)M(s;) =1,

VA > 1, ppr(Av) = (k—1)M(As;) > (k—1)M(s;) =1,
hence [[v][(,;) = 1, since Vi, [v(i)| < s, suppv € Ip(u). Repeating the above arguments, we
get H utv H(M) = 1, which contradicts the fact that u is a (J)nonsquare point.

(I ) If (k—1)M(s;) <1, by the continuity of M on [0, s;], 3s1 € (0, ;) s.t. (k—1)M(s;)+
M(s1) = 1. Then Cardly(u) > 37755 > k — 1, hence Cardlp(u) > k. Set

= M
81, Z:Z]7j:1a277k_17
’U('L) = S1, i:ilm
0, otherwise.
Then pp(v) = kM (s;) + M(s1) =1, VA > 1,
M()\’U) = kM()\Sl) + M()\Sl) > kM(Sl) + M(Sl) =1.

Thus |[v][ sy = 1, and suppv C Ig(u), Vi, [v(i)| < s;. Repeating the above arguments, we get
H utv

H (M) = 1, which contradicts the fact that u is a (J)nonsquare point.
Sufficiency Vv € S(lr)).
(I) If suppunsuppv # ), take iy €suppunsuppv. From pM(“iv) < 1, we have

+
lim M(M) —0.
Noticing that o = 0, then lim i(l

1—00

< s, Vi >1i'. Then V1 < A < 2,

= 0. From M(s;) > 0, we get s; > 0, hence 3¢’ > ig

u(i)Fv(7)
A 2

w(i)£v ()
s.t. |widv@

< 87, when i > ¢'. Therefore,

u(i) £v(i), 1 u(i) £v(i), 1 ou(i) £o(i), u(i) £ v(7)
M()\f) = /\XM(/\f) = )\M(X)\f) = /\M(f)
In case of u(ip)v(ig) > 0.

(i) If Cardlg(u) = 0, then Vi, |u(i)| < 5. Therefore,
u(@) —o@)| o |u@|  |v0)

1
5 5 N <§ﬁ+§ﬁ:ﬁ(ﬁ>0)-

Vi, +

Then
U—v

u(@) —v(@), . u(i) —v(@)
,\lg?+pM</\ 2 )= /\IE{I*' = M()\ 2 )+ )\ligl'*' ,>‘/M()\ 2 )

_ (i) (i), ulio) — vlio) i) ~ ()
=2 M<f””f”££? M50

1<’ i#ig >4

< 3 a0y o far (M) )y SO0
1<i’,i#i0 >

M(u(z)) + M(v(z M(u(ig)) + M(v(2g M(u(i)) + M(v(z
3 (())2 (v(®) | (())2 (())+Z (())2 (v(7))

<4/ ,i#ig >4’

<

= lous(u) + pu(w)] <1
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Hence I\ > 1 s.t. pp(A*5%) < 1, thus Hu;vH(M) <L

(i) If Cardlg(u) =1, ie., 31 |u(iy)| = B. Then Vi # iy, |u(i)| < B.

When i; ¢suppunsuppwv, then v(i;) = 0, and w = g < B(B>0). Vi # i,

u(i) — v(7) u(7) v(i) 1 1
< — —_— = .
5 S| +72 <2ﬂ+25 8 (8>0)
Hence Vi € N, %”(’)‘ < (3. By the progress of (i), we get H “ H(M) <1

When i; €suppun supp v, without loss of generality, take ig = i1, then

u(io) | |v(io)
2

2

’LL(’L()) — "U(’io)
2

?

1
}:§5<5-

< max{‘

u(i)—v(i)

2

Vi # o, |u(i)] < B. Hence Vi,

u—"v

2

< (. By the progress of prove of (i), we get

(an) < 1.

In case of u(ig)v(ig) < 0, then —u(ip)v(ig) > 0,

H (—u) —wv
2

< 1.
(M)

Hquv
(M)

2

(IT) If suppunsuppv = 0, i.e., suppv C N\ suppu.
While pps(u) < 1, then

uto, u(7) . (i)
y )= D MO+ lim 3 MO
1Esuppu 1Esuppv
. A . . A )
< lim §M(u(z)) + lim §M(v(z)) ()

A—1t
1€Esuppu 1€Esuppv

O

—Tim 2 par(w) + par(w)] = Sloar(w) + par(w)] < 2+ 2 = 1.

A—1+ 2 2

N

utv
. <1

Hence 3\ > 1 s.t. ,OM()\uiv) < 1, therefore, (M) :

2
While Jig, |u(ig)| > s;. Then

utv

o (5
—im S ") i v ) 4 S Y
2 A1+ 2 A1+ 9

A—1t

1€ESUppu,iFio 1ESUppY

<lm ) %M(u(i))JrM(

TA—1t

1ESuppu,i#io i€suppv

< Y M@+ gMulio) + 3 SM)

i€suppu,izio i€suppv

= [on(u) + pus(0)] < 1.
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Hence
utov

dA>1 S.t.pM(A 5

) <1,
therefore, H“i” H(M) < 1.
While M (s;)Cardly(u) < 1

From suppu N suppv = (), we have Cardly(u) > 0, since M (s;) > 0, then
Cardly(u) < oo.

If Vi, [v(i)| < B. From o = 0, we have > o = 0. Combining with Cardly(u) < oo, we
have El)\() > 1 s.t. |)\()’U(Z)‘ < ﬂ,

Jim py (W) = lim Y M(w(i) = Y lim M(x(i =Y M) = pu(v) < 1.
suppv suppv suppv

Since [|v[| 5y =1, then
YA> 1, pp(Av) > 1

hence lim pp(Av) > 1, then
A—1+
pu(v) = lim py(Av) = 1.

Noticing that M(s;)Cardly(u) < 1, suppv C Ig(u), we get Jig € suppv s.t. |v(ip)| > si-
In fact, assume Vi, |v(i)| < s;, then py(v) < M(s;)Cardsuppy < M(s;)Cardlp(u) < 1, a

contradiction to pps(v) = 1. Exchange the positions of w and v in (xxx), we get H utv an < 1.
If iy esuppo s.t. [v(ip)| =
When s; < 3, exchange the pos1t10ns of u and v in (* x x), we get H utv H(M) < 1.

When s; = 3, from M (s;)Cardly(u) < 1, we have

Z M(s;)Cardly(u) <

utv < 1.

exchange the positions of u and v in (xx),we get H H(M)

Summarily, u is a (J)nonsquare point.
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