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1 ���
�������

Nevanlinna �����������:� �������������w� [1,2],  �¡ T (r, f) ¢ N(r, f) ¢ m(r, f)£
. ¤�¥�¦ , §�¨�©"ª$« a(z) ¬�­ T (r, a) = S(r, f), ®�¯�°�± f �$²³ª$« . °�´ S(r, f) ¬
­ S(r, f) = o(T (r, f))(r → ∞), µ�¶�·$¸�¹�º�»�¼�¼�½�¾�¿�À�Á1� r ��Â�Ã .ÄwÅ

f Æ g Ç C È1�$ÉwÊ�«�¨w©�ªY« , a Çw¹�º³Ë�« . § f − a Ì g − a ¼�ÍÏÎ��ÑÐÒ
, Ó�Ô�«�Õ�Í1Î ( Ö�×�Ô�« ), ®�¯ f Ì g CM (IM) ��Ø a. ¡�Ù f = a Ú$¼ g = a, Û � ±

f = a ⇒ g = a.Ü ªY«³Ì�°³Ý�«w��ØwÞ�ßwà�º�����á�¹�¿Ïâ8ã , ä:å�æ³ç1è>é�ê�ë�Ù . 1986 ì , Jank G£�í�î���ï
[3] ´:ð�ñ�è Ü ªÑ« f ¢ f ′ Æ f ′′ ��Ø�¹�º�¼�ò>�ó�8ô�õ , æ�ç�è8¡�ö�ë�Ù .÷�ø

A
Å

f ±�É�Ê�« Ü ª$« , a Ç�¹�º�É�Ð�¼w½�Ë�« , § f Ì f ′ IM ��Ø a, f = a ⇒

f ′′ = a, ® f = f ′.

¶�ù � f �Ñú�û�Ý�«�ü³ý�þ�û�Ý�« , ÿ���� [4] ��� ¹�º��� ��	��è�
�º�â.ã .� Å
k ≥ 3 Ç Ü « , w(6= 1) Ç�ü�«�
�� wk−1 = 1 ��� . � f = ewz + w − 1 , ® f ¢ f ′

Æ f (k) CM ��Ø w ��Ç f 6= f ′.î����������
, ������� A  �!wç�ú�û�Ý�« , "$#�è :÷�ø

B
Å

f ±�É�Ê�« Ü ª$« , a Ç�É�Ð�¼w½�Ë�«�Ó n ≥ 1 Ç Ü « . § f Ì f ′ CM �
Ø a, f = a ⇒ f (n) = f (n+1) = a, ® f = f (n).

¾�¿�%��wê'&�(�Ç�Ý�«ó�*),+� �! ,
��� ´ � L -�.�/�0 f �ÑÊ�1�«�¾�¿�%��wê'&�( ,

L = L(f) = a1f
′ + a2f

′′ + · · · + anf (n), (1.1)

°1´ a1, a2, · · · , an Ç�Ë�«�Ó an 6= 0.
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1999 ì , f�g î���ï [5] ´	����� B  �!wç�É�Ê�«�¾�¿�%��wê'&�( , æ�ç�è8¡�ö���� .÷�ø
C
Å

f ±�É�Ê�« Ü ªÑ« , a Ç�É�Ð�¼�½�Ë�« . § f Ì f ′ IM ��Ø a, f = a ⇒ L =

L′ = a, ® f ≡ f ′ ≡ L.

2021 ì , Goutam Kumar Ghosh [6] hji è f ¢ f ′ ¢ L(m) Ì L(m+1) ��Ø�¹�º�É�Ð�¼�½�Ë
«ó�8ô�k , 
�l m ≥ 0 Ç Ü « ,  �!�èm��� C, "$#�èÑö'n���� .÷³ø

D
Å

f ±³É"Ê�« Ü ª�« , a Ç³ÉwÐ³¼�½³Ë�« . § f Ì f ′ IM �wØ a, f = a ⇒

L(m) = L(m+1) = a, ® f ≡ f ′ ≡ L.��� ����� D ´�� f Ì f ′ IM ��Ø a o�p�±�q*r8��Ø , sut�èm��� D, v�w�ë�Ù�¡�ö :÷�ø
1
Å

f ±�ÉwÊ�« Ü ªY« , a Ç�É�Ð�¼³½�Ë�« , m ≥ 0 Ç Ü « . § f = a ⇒ f ′ = a,

f ′ = a ⇒ L(m) = L(m+1) = a, ® f ≡ L = βez x f = a + βez, °1´ β(6= 0) Ç�Ê�« .î ��� 1 ´�� m = 0, µ�æwö'yó�� �� .z�{
1
Å

f ±�ÉwÊ�« Ü ªY« , a Ç�É�Ð�¼³½�Ë�« . § f = a ⇒ f ′ = a, f ′ = a ⇒ L =

L′ = a, ® f ≡ L = βez x f = a + βez, °1´ β(6= 0) Ç�Ê�« .

2 �}|
±�èm
�~ ,

�
∆δ(z0) = {z : |z − z0| < δ}.

�
ρ(f) -�.�¨w©�ªY« f �u� . fn(z)

χ

⇒ f(z)

-�.óªY«��j� {fn}
î

D ⊂ C È����������$¹������j0 f , � fn(z) ⇒ f(z) -�.óªY«��j�
{fn} ���*�K���$���>¹����'��0 f . ��� , ¨�©³ªÑ« f

î"Ò
z �"����y�Ý�« � ±

f#(z) =
|f ′(z)|

1 + |f(z)|2
.

� ø
2.1

[7]
Å

F ±*�u� D ���Y¹��w¨w©�ªY« , k Ç�� Ü « , F ´m��ºóªY«��ÑÐ Ò �$Ô
��Þ�ß�Ç k, Ó�� î A ≥ 1, ��æ����}� f ∈ F , � f(z) = 0 Ú , ��¼ |f (k)(z)| ≤ A. § F

î
z0 ∈ D ��Ö���  , ®����j� 0 ≤ α ≤ k, ��� î

(i)
Ò � zn ∈ D, zn → z0;

(ii) ��«�� ρn → 0+;

(iii) ªÑ«�� fn ∈ F ,¡ È ��� ��æ
gn(ζ) =

fn(zn + ρnζ)

ρα
n

χ

⇒ g(ζ)

î
C È�¢�£ , °1´ g ± C È��>É�Ê�«�¨�©³ªÑ« , Ó����j� ζ ∈ C ¬�­ g#(ζ) ≤ g#(0) = kA+1.� ø

2.2
[8]
Å

f ±�É�Ê�«�¨�©³ªÑ« , ¬�­ N(r, f) = O(log r). § f#(z)
î

C �4¼�¤ , ®
ρ(f) ≤ 1.� ø

2.3 [9]
Å

f ±�¬�­ ρ(f) ≤ 1 �ÑÉ�Ê�« Ü ª$« , a Ç�É�Ð�¼w½�Ë�«�Ó k ≥ 2 Ç Ü « .

§ f = 0 ⇒ f ′ = a, f ′ = a ⇒ f (k) = 0, ®�¼ f(z) = a(z − z0), °1´ z0 Ç�Ê�« .� ø
2.4

[10] �m� D È��8¨�©³ªÑ«�� F Ç��� ó���ÑÓ�¥��m���w¹�¼�¤���� K ⊂ D , �î
M ∈ R

+, ��æ�����º f ∈ F Æ z ∈ K ¼ f#(z) ≤ M .� ø
2.5

[11]
Å

f ±�¬�­ ρ(f) ≤ 1 �>É�Ê�« Ü ªÑ« , k ∈ N, ®
m

(

r,
f (k)

f

)

= o(log r)(r → ∞).
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� ø
2.6
Å

F ±��`� D ���m¿�©"ª$«�� , m Ç�� Ü « , a Ç�É�Ð�¼w½�Ë�« , L ¡ (1.1)

´m��À . §����j� f ∈ F , f = a ⇒ f ′ = a, f ′ = a ⇒ L(m) = a, ® F
î

D ����  .Á ÄóÅ
F
î Ò

z0 ∈ D Ö*�j  . Â'0 D Ç}Ã � , Ä}�}� î ¹³º}Å�� ∆δ(z0), ��æ
∆δ(z0) ⊂ D. 0�Ç$Â'Æ>� 2.1 (α = 1) Ç , � î fp ∈ F , zp → z0 Æ ρp → 0+, ��æ

gp(ζ) =
fp(zp + ρpζ) − a

ρp

χ

⇒ g(ζ) (2.1)

î
C È�¢�£ , °1´ g ± C È��>É�Ê�« Ü ªÑ« , Ó

g#(ζ) ≤ g#(0) = |a| + 2(ζ ∈ C). (2.2)

�ÈÂ'Æ>� 2.2 µ�Ç ρ(g) ≤ 1.É�Ê
:

(i) g(ζ) = 0 ⇒ g′(ζ) = a,

(ii)
î

C È , g′(ζ) = a ⇒ g(m+n)(ζ) = 0.Ë + g(ζ) 6≡ 0. §�� î ζ0 ∈ C, ��æ g(ζ0) = 0, ®$Â Hurwitz ����µ�Ç , � î ζp, ζp → ζ0,

��æ���Ì���Í�� p ¼
0 = gp(ζp) =

fp(zp + ρpζp) − a

ρp

,

Ä�� fp(zp + ρpζp) = a. Â Ä�Å ��� µ�æ f ′
p(zp + ρpζp) = a, Î ¡ g′

p(ζp) = f ′
p(zp + ρpζp) = a.

0�Ç
g′(ζ0) = lim

p→∞
g′

p(ζp) = a.


�Û�"$#�è (i).

t�¹�Ï�¦ , g′(ζ) 6≡ a. §³Ö�+ , g′(ζ) ≡ a. ë�Ã (2.2) µ�æ |a| + 2 = g#(0) = |g′(0)|
1+|g(0)|2

≤

|g′(0)| = |a|, ÐjÑ�Ò�Ó . §�� î ζ0 ∈ C, �wæ g′(ζ0) = a, ®�Â Hurwitz ���wµ�Ç , � î ζp,

ζp → ζ0, ��æ���Ì���Í�� p ¼
a = g′

p(ζp) = f ′
p(zp + ρpζp).

Â���� Ä�Å µ�æ
a = L(m)(fp(zp + ρpζp))

= a1f
(m+1)
p (zp + ρpζp) + a2f

(m+2)
p (zp + ρpζp) + · · · + anf (m+n)

p (zp + ρpζp).

0�Ç�¼
anf (m+n)(zp + ρpζp) = a −

(

a1f
(m+1)(zp + ρpζp) + · · · + an−1f

(m+n−1)(zp + ρpζp)
)

.

Ô�Õ ±
g(m+n)

p (ζp) = ρm+n−1
p f (m+n)

p

= ρm+n−1
p

a − (a1f
(m+1)(zp + ρpζp) + · · · + an−1f

(m+n−1)(zp + ρpζp))

an

=
1

an

(

aρm+n−1
p −

(

an−1ρpg
(m+n−1)
p (ζp) + · · · + a1ρ

n−1
p g(m+1)

p (ζp)
))

,

(2.3)
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�ÖÂ (2.1) µ�Ç���0�Ì���Í1� p, g
(l)
p = ρl−1

p f
(l)
p ⇒ g(l)( l = 1, 2, · · · )

î
∆δ(ζ0) È�¢�£ .

Õ �
ë�Ã (2.3) µ�æ

g(m+n)(ζ0) = lim
p→∞

g(m+n)
p (ζp) = 0.

Õ�Û�"$#�è (ii).× î�Ø�Ù��
(i) Æ (ii) Ú�Ý�Û$¹�º�Ò�Ó . Â�ÆÑ� 2.3 µ�æ g(ζ) = a(ζ − c0), °�´ c0 Ç�¹

º�Ê�« . ë�Ã (2.2) µ�æ |a| + 2 = g#(0) ≤ |a|, Ð�Ñ�Ò�Ó .
Õ � F

î
D ����  .

3 ÜÝ|ßÞ�àßá
Á Å

F = {f(ω + z) : ω ∈ C}, ® F ±�q�â$ã`ä 4 ���Y¹���¿w©�ªY« . Â ÄwÅ µ�Ç ,

���j� g(z) = f(ω + z) Æ z ∈ 4, ¼ g = a ⇒ g′ = a, g′ = a ⇒ L(m)(g) = a.
Õ �ÈÂ'Æ>� 2.6

æ , F
î

4 ����  . åÖÂ�ÆÑ� 2.4, � î ��« M ��æ����}� z ∈ C ¼ f#(z) ≤ M , æÈÂ�ÆÑ�
2.2 æ ρ(f) ≤ 1.

Ô�Õ ± f = a ⇒ f ′ = a, Î ¡ f − a çÑ¼�è�q�Ð Ò .É�Ê
: f Ç�¹�º�é�ê Ü ªÑ« .

§�Ö�+ , f Ç�¹�º³ê'&�( .
Å

f(z) =
k
∑

i=0

biz
i, °1´ bi ∈ C, bk 6= 0 Ó k ≥ 2.

Õ ± f − a ç
¼�è�q�Ð Ò , Î ¡ f − a ¼ k º�Ö1Î��m� , ® f ′ − a Þ³êY¼ k − 1 º�� . � f = a ⇒ f ′ = a,

Ð�Ñ�Ò�Ó .
Õ � deg(f) ≤ 1.Ä�Å

f(z) = d1z + d2, °�´ d1(6= 0) Æ d2 Ç�Ê�« , ® f ′(z) = d1. Â f = a ⇒ f ′ = a µ
æ d1 = a.

Õ �

f(z) = az + d2, L(m) =

{

aa1, m = 0

0, m > 0
, L(m+1) = 0.

Ë + L(m+1) − a = −a 6= 0, Î ¡ L(m+1) − a ë�¼�Ð Ò , Ì���� Ä�Å Ò�Ó . æ f Ç�é�ê Ü ªÑ« ,É�Ê ¢�£ .Å
φ =

L(m) − f ′

f − a
, (3.1)

Â���� ��� µ�æ f = a ⇒ L(m) − f ′ = 0, ë�Ã f − a ç$¼�q�Ð Ò µ�Ç , φ Ç Ü ª$« .
¡ ö��

±�à�ì�ô�õ�í�� .î�ï
1
Å

φ 6≡ 0.
Õ ± ρ(f) ≤ 1, Â (3.1) µ�æ ρ(φ) ≤ 1. ë�Ã (3.1) ð�µ�æ

m(r, φ) ≤ m

(

r,

n
∑

j=1

aj

f (m+j)

f − a

)

+ m

(

r,
f ′

f − a

)

. (3.2)

�ÈÆ$� 2.5 ñ � ç (3.2) µ�æ m(r, φ) = o(log r)(r → ∞). � φ Ç Ü ªY« , 0�Ç�¼ T (r, φ) =

o(log r).
Õ � φ Ç�É�Ð�Ê�« ,

� ± c1. Â (3.1) æ
L(m) − f ′ = c1(f − a). (3.3)

�
N(r, a; f ′|f 6= a) -�.�Ç f ′ − a �8Ð Ò ��Ö�Ç f − a �8Ð Ò ��ò�è�×�«"ªÑ« .

Å
z1 Ç

f ′ − a �>Ð Ò , ��æ f(z1) 6= a. Â Ä�Å µ�æ z1 Õ�Ç L(m)(f) − f ′ �>Ð Ò , Â (3.3) æwç�Ò�Ó .Õ ��¼ N(r, a; f ′|f 6= a) = 0. � f = a ⇒ f ′ = a, æ f Ì f ′ IM ��Ø a. Â���� D æ�" .
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î�ï
2
Å

φ ≡ 0, ®ÈÂ (3.1) æ L(m) = f ′, L(m+1) = f ′′. ë�Ã f ′ = a ⇒ L(m+1) = a, µ
æ f ′ = a ⇒ f ′′ = a.î�ï

2.1
Å

f ′′ ≡ f ′. ó���µ�æ
f ′ = βez, f = d0 + βez, (3.4)

°1´ β(6= 0) Æ d0 ô Ç�Ê�« .

(i)
Ä�Å

a Ö�Ç f � Picard  ���� . ë�Ã (3.4) µ�Ç f−a = βez−(a−d0), f ′−a = βez−a.Ë + d0 6= a. Â f = a ⇒ f ′ = a µ� �æ d0 = 0, 0�Ç�¼ f = βez.
Ô�Õ ±

L(m) = βez =

n
∑

j=1

ajf
(m+j) = (

n
∑

j=1

aj)βez,

Î ¡ n
∑

j=1

aj = 1.
Õ ��¼ f ≡ L = βez.

(ii)
Ä�Å

a Ç f � Picard  ���� . Â (3.4) µ�Ç d0 = a,
Õ � f = a + βez.î�ï

2.2
Å

f ′′ 6≡ f ′.
Õ ± f = a ⇒ f ′ = a, f ′ = a ⇒ f ′′ = a, Ó f − a ç$¼�è�q�Ð Ò ,õ�ö ô�k 1 ��"$#8µ�æ f ′′−f ′

f−a
= c2, c2 Ç�É�Ð�Ê�« . 0�Ç�¼

f ′′ − f ′ = c2(f − a). (3.5)

�ÈÂ�( (3.5) µ ¡  *Û N(r, a; f ′|f 6= a) = 0, Ä���æ f Ì f ′ IM ��Ø a.
Ô

f = a ⇒ f ′′ = a,

Â���� A µ�æ f ≡ f ′, t���¼ f ′′ ≡ f ′, Ì Ä�Å Ò�Ó .

"�÷ .
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UNIQUENESS OF ENTIRE FUNCTIONS INVOLVING LINEAR

DIFFERENTIAL POLYNOMIALS

LIU Ban-yan, LIU Xiao-jun

(College of Science, University of Shanghai for Science and Technology, Shanghai 200093, China)

Abstract: This paper studies the uniqueness problem of entire functions and the higher

order derivatives of their linear differential polynomials sharing one finite non-zero value. By using

the theory of normal families, the results of Goutam Kumar Ghosh are improved and generalized,

and a uniqueness theorem is proved: Let f be a nonconstant entire function, a be a non-zero

complex number, and m ≥ 0 be an integer. If f = a ⇒ f ′ = a, and f ′ = a ⇒ L(m) = L(m+1) = a,

then f ≡ L = βez or f = a + βez, where β(6= 0) is a constant.

Keywords: uniqueness; normal family; entire function; linear differential polynomial
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