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¥ X #& Banach [0, By, ,E, & X fIn NTFZM, S = (X;EB,--- ,E,) &2 X
fn FRBARS. 5 X #£0, WK S RIEFEn TERRG. KT = (Y F,- -, F,) & Banach
FEY Fin FREAL LS 5T MWEAN

SOT=XDPY;E.: DI, E.DFn),
‘Bl Banach [ X PY Fin FEERSG. 7 A€ B(X,Y) Wie AE) CF,,i=1,---,n,
MFRA RS BT hHES, HidNA:S - 7. idFA&EE. HASESESARSEN:

Hom(S8,T)={A: A RS 2T hHFEZ},

End(S) = Hom(S,S), Idem(S)={A € End(S): A? = A}.
#Ae B(X)Y) 2riinyy, BHie AE) = Fy,i=1,---,n, WK AZS BT LHH
. LR A S — T, WK S 5 7 [FH. # Banach [ X HH) n T2M RS
S=(X;Ey, B, 5HNEE n TEMAGWEMEM, WFK S £, SN S
SEANAT ORI O AR BN W
My - (X;E1,"' 7Ei7”' 7LC].’...E‘n);_>()(;E‘h... 7LCJ.’... 7Ei7"‘En)7 1§2<]§n

EX 1% S = (X;Ey, Fy, Es, Ey) 7 Banach 20 X i) 4 T2 RS, WRGE X

7200 X, 5 Xy, R T € B(X1,X,), S € B(Xo, X)) i3 X =X, P X, H
E,=X,0,E, =0 Xs, B3 ={(z,Tz) :x € Xp}, Es = {(Sy,y) : y € Xa},
M S RN AET RS, ILHN Sr.s.

FemlHh, R BRSO I, BIAF/E X M T2 Xy, UWET € B(X,) ffifd

X=Xx.px, H
E,=X,0,E, =0 X1, B3 ={(z,Tz) :x € Xa}, Es ={(y,y) : y € X1},
e Sp.; = Sy

TNHAEHARETRAMFESE. BRSES TS B FSERENZ)m.

W 2 Srs = (X;Ei, By, By E), Srsr = (Y3 Fy, Fy, Fy, Fy) 5393 /& Banach 4[]
XY FHERETRS, HP X =X, P X,, T € B(X1,X,), S € B(X5,X1),Y =Y, DY,
T' € B(Y1,Ys), 8" € B(Ys, Y1), M

(1) Hom(Sr.s,Sr.s/) = {A1 @ A, € B(X,Y) : Ay € B(X,,Y1), Ay € B(X,,Ya),

A S =8"Ay, AT =T/ Ay}
(2) End(Sr.s) = {A1 @ Ay € B(X) : Ay € B(X,), Ay € B(X,),
AyS = SAy, AT = TA,}.
(3) Idem(Srs) = {A1 P Ay € B(X) : A; € B(X1), Ay € B(X»),
Ay S = SAy, AT = TA;, A2 = Ay, A2 = A,
W A=A @A € BX,Y) R A € B(X1,Y1), As € B(Xy,Ys), A1S = S’ Ay,
AT =T'Ay. B AE) CFy,i=1,2. $HMEE (2,T2) € Es, H
A((z,Tx)) = (A1z, AsTx) = (Ayz, T A1) € F3,
B A(Es) C Fy. XHMTEE (Sy,y) € By, A
A((Sy,y)) = (A1Sy, Azy) = (S' Ay, Aoy) € Fu,
Bl A(Ey) C Fy. W A € Hom(Sr.5,S7.57)-

W A€ Hom(Srs,Sr.s). BT AE) C F,i=1,2, W A=A @A, H A €

B(X1,Y1), Ay € B(X,,Ys). SHERE y € Xo, M (Sy,y) € Ey. HT A(E,) C Fy, N
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A((Sy,y)) = (A1Sy, Azy) € Fy,
A Sy = S"Agy, Bl A1 S = S"Ay. SHERE = € Xy, M (2, Tx) € BEs. BT A(E3) C F3, N
A((z,Tx)) = (A1z, AsTx) € F3,
W AT =T Ay, Bl AT =T' A,
zi b, (1) oL, (2) B (1) AT (3) | (2) W45
#iL 3 WSy = (X;E, E,y, Es,Ey), Sp = (Y Fy, Fy, F3, Fy) 405l /& Banach 25[f] X, Y
HIARART RS, HP X =X P X, Te B(X,),Y =YY, T € B(Y1),
(1) Hom(Sy,Sr) = {B@ B € B(X,Y): Bc B(X,,Y1), BT =T'B}.
(2) End(Sr) = {B@ B € B(X): B € B(X,),BT = TB}.
(3) Idem(Sy) = {B@ B € B(X): B < B(X,),BT =TB,B?> = B}.

3 ARETREMEMMER

AHPHeHE AR T REMFERTER, B5%s B T E T RS R RS 2] .

W 4 W Srs = (X; By, By, B3, Ey), Sprs0 = (Y3 I, Fo, Fy, Fy) 5755 Banach <[]
XY HIARETRG, HPF X =X P Xo, T € B(X1,X2), S € B(X2,X1),Y =Y, PYo,
T' € B(Y1,Y2), 8" € BYo, Y1), M Srs 5 Spv g RN & FEHR T A € B(X,, Y1) 5
Ay € B(X,,Ys) 15 A1S = S'A,, AT =T'A;.

W “="HT Srs 5 Spe FM, WAAEWNEHE T A € Hom(Sr,s, St s) 15
AE) = Fy, i = 1,2,3,4. Ha @l 2 713, A = A P A, HH A € B(X,Y1), Ay €
B(X3,Y3), A1S =84y, AT =T'Ay. i1 AW U Ay, Ay WIS

“e=" A=A P Ay, T2, A€ Hom(Srs,Sr 5), W A(E;) C Fy, i =1,2,3,4.
BT Ay, Ay AII, A v, B AE) = F;, i =1,2. SR (2, T'2') € Fy, o' e Y,
MAFAE v € Xy, 13 Ajx =2'. HT (2,Tx) € B3, H

A((z,Tx)) = (A1z, AsTx) = (A1, T" Ayx) = (2, T"2'),
Bl Fy C A(Es). AT A(Es) = Fs. SHMEE (S"y,y) € Fy, Hb oy € Yo, MAFHE y € X, 1§15
Ay =vy'. BT (Sy,y) € Eyq, H

A((Sy,y)) = (A1Sy, Asy) = (S"Asy, Aoy) = (S"Y', '),
ED F4 Q A(E4). ﬁﬁu A(E4) - F4- é/%iﬂ?gf A: ST,S — ST’,S’ I%Iﬁl*@, E& ST,S 5 ST/,SI ]ﬁj
1.

Efr 4 b S =1, 58 =1, a[1%

FIB5 WSy = (X;Ey, Ey, Fs, Ey), Sy = (Y Fy, Fy, F, Fy) 43 %lJ2& Banach %] X, Y
FHERETRG, HP X =X P X, T € B(X)),Y =Y @Y, T' € B(Y1), M Sr 5
S [Ff =T 5 T ML

A EHE 5 YA REAMEE T AL TG AN A FE T 4 1 R RGN [F R oy
K.

WS = (X; By, By, F5, Ey) 72 Banach i) X 1114 TR H R4, id S* = (X*; Ef, By, By, Ef),
Hb X+ B X IR, BEX = {f e X*: f(z) =0,z € E;} R T20H E; 1 EF4T,
i=1,2,3,4, N S & X* ) 4 770 R 5.

W 6 W Srs = (X;E, Ey, Es, E,) /& Banach %A X A RE T R4, Hb
X =XiPXe, T € B(X1,Xs), S € B(Xo,Xy), W ST.s 5 7y om348_ g e K, H
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S* T* 4y RN S, T HFLHIS 7.
W BT -5 € B(X},X3), T € B(X3,X}), Wl S_g_pe = (Y, Fy, F3, Fy) 52
Banach 21 Y HAERET RS, HF Y = X7 P X;. ML}
7T1,27T3,4S—S*,—T* = (Y;F27F17F4,F3)-
HT X=X PX,, &
A X = X7 PXs =Y A(f) = (flx,, flx), f € X7,
o flx, #8 f € X7 6 X AT X, BRG] i =1,2. 53 A e B(X",Y) ZF#,
HAHMER (z,y) e X,z e Xy, y € Xy, LER fe X",
(@, ), f) = flx, () + flx (v)-
BRAELD =0PX; =F, A(Ey)=X;P0=F.
IR fe Bf CX* kg = flx, € X5. SER 2z € Xy, W (2, Tx) € Es, &
0= ((z,T2), f) = flx,(@) + flx,(Tz) = flx,(2) + 9(Tx) = f|x,(2) + (T"g) ().
Wk flx, = =T*g. BIL A(f) = (flx,, flx,) = (=T*g,9) € Fu. B A(E5) C Fy. ]RZ, X
2% (-T*g,9) € Fy, g€ X5, W -T*ge X;. & f=A"1(-T*g,9) € X*, W flx, = -T*g,
flx, =g YMEE (z,Tx) € B3,z € X1, H
(z,T2), f) = flx, (%) + flx,(Tz) = (-T7g)(x) + 9(Tz) = —g(Tz) + g(Tz) = 0.
Bl f e BEf, H A(f) = (=T*g,9). Bl F, C A(ES). It A(ES) = Fy.
IR f e Bf CX* kg = flx, € X;. SHERE y € Xy, W (Sy,y) € By, &
0= ((Sy,9),f) = flx,(Sy) + flx,(y) = 9(Sy) + flx,(v) = (S*9)(v) + flx, ()
Wik flx, = =S*g. FrlL A(f) = (flx,, flx.) = (9,—S*g) € F5. B A(E}) C F5. ]2, Xt
f£& (9,—S*g) € F3, g € X;, W -S*g e X;. & f=A"1g,—-S*g) € X*, { flx, = ¢,
flx, = =S*g. XHMEE (Sy,y) € By, y € Xo, H
((Sy,9), f) = flx,(Sy) + flx,(y) = 9(Sy) + (=S*9)(y) = 9(Sy) — g(Sy) = 0.
B fe Ef, HA(f) = (9,—S*g). Bl F3 C A(EY). Btk A(EL) = F.
Zibwrig A 2 5;,5 £ 1273485+ T+ E R, B ‘S;,S 5 71273485+ 7+ A,
W7 W Srs = (X;Ey, Eq, B3, E,) 72 Banach F[A] X HHARHET RS, H
X=X PX,, T € B(X1,Xs), S € B(Xy,X,).
(1) & T Wi, W Srs 5 Sprs A
(2) # S Wi, W S s 5 Ser,p .
iE (1) BT TS € B(Xy), W Srrs = (Y; By, Fy, Fs, Fy) /& Banach Z5[0] Y H i A4
TRG, Py =X, P X,. &

A: X=X P X =Y =X X2 A(x,y) = (Tz,y), =€ X1,y € Xo.
M AecB(X,Y). T T i, M AW gk
AE) = AX: @P0) =T(X)Po=x. o= F,
A(E) = AOEP X2) = 0@ X2 = Fa.
MHEE (v, Tx) € B3, v € X1, A A((z,Tz)) = (Tz, Tx), N

A(Es) ={(Tz,Tx):z € X1} ={(y,y) : y € Xo} = F.
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SHMEE (Sy,y) € By, y € Xo, A A((Sy,y)) = (T'Sy,y), M
A(Ey) ={(TSy,y) 1y € Xo} = F}.

ZE LV A 2 Srs Bl Sirs LWIFEIM, B Sp s 5 Spps [FIF.
(2) HT ST € B(X1), W Ssr.; = (Y; F1, Fy, F3, Fy) #& Banach 21 Y HiEAHT &R
G, EhYy=XPX,. %
A X=XPXo—=Y=XPX::A((z,y)) = (z,5Y), x € X1,y € X».
M AeB(X,Y) HT S g, W A v 5%

A(Ey) = A(Xl@O) =X @0 = 1,

A(Ez) = A(0EP X2) = 0P 5(X2) = 0P X1 = Fa.
SMER (2,Tz) € E3, v € X1, A A((2,T2)) = (z,5Tz), N

A(Bs) = {(z,5Tx) : x € X1} = F.
XHMER (Sy,y) € Ey, y € Xo, H A((Sy,y)) = (Sy, Sy), W
A(Es) ={(Sy,5y) :y € Xo} ={(z,2) : v € X1} = Fy.
ZEbnifg A 2 Srs B Ssr; LRI, B Srs 5 Ssrr FIFA.
4 FADHHNBRETRSR

NHEHW A R T 4 TR RG] R 7. H 4 n 720 RGEA T
(P Z A 221 1
BHS8 W% S=(X;E, - ,E,) & Banach & X H{n FEMAL, W S AT 5
fiitft] < Idem(S) = {0,1}.
IE =7 HAR AFE P e Idem(S), i P #£0 H P #1 it X, = P(X) #0,
Xy = (I-P)(X) #0, B, = P(E), E/ = (I ~P)E),i=12-,n HTPREF
LEF M X = X,PX,, B, = EQE!, i = 1,2,---,n. LS = (X;;E,,---,E),
S" = (Xo; B, EY), M 88" 435 Banach %10 X1, Xo THIEE n TAN ARG, H
S=8PS". X5 BAFBMEITE, # Idem(S) = {0,1}.
<7 S RN, MEEEE N FTEHRA S = (X EL---E) 58 =
(X BV, BN, RS 58PS = Xi DX EiDE],-- E,DE)) Fk. #ffE
HEHT Ac B(X, X, D X,) #15 AE)=FE.@E', i=1,2,---,n. Q€ B(X; P X>)
W2 Q(z1,x9) = (21,0), 1 € X1,70 € Xo, W QEIPE!) = ELPO, i =1,2,--- ,n. &
P=A"QAeBX),WlP#A0HP#I Wt
P(E;) = A 'QA(E;) = A'Q(E!@E!) = A (E/PO0) CE;,i=1,2,--- ,n.
W P e End(S). X
P2 =AT'QAATIQA=AT'Q*A = A"'QA = P,
M P € Idem(S). X5 Idem(S) = {0,I} FJ&. AL S AT /1.
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N SR AR TR ZE A T E T 4 7230 R AT L

EX 9 % X & Banach 2], T € B(X). WRAFE X WAL F2E M 5 N,
3 X=M@N, HTM C M, TN C N, WFK T &AL,

7 W X & Banach [0, | T € B(X) &AWL < # Pe B(X) e PP=P H
PT=TP, WH P=08 P =1

EX 10 # X,Y /& Banach ], T € B(X,Y), S € B(Y,X). % (T,5) £3A A2
HYxt, #% P e B(X), Q € B(YY) /£ PS = SQ, QI = TP, P> = P, Q> = Q, A
(P=0,Q=0)8(P=1,Q=1).

W X /& Banach %8, M C B(X), i M' ={T € B(X): TS =ST,S€ M} A M ]
Hehi ¥

88 11 ¥ X f& Banach 28], T € B(X), S € {T}'. % (T, S) /&3R5 T, W
T JEA 2.

E HZPecBX)WEP=PHPT=TP,Pc{T}y. T Sc{T} N PS=SP.
HT (T,S) ABRATTAHEFI, W P =05 P =1, B T ZEAT L1

HTAMEZ T € B(X), 5 1€ {T}. WlEE X9 JarEEa 11 A/

Rl 12 % X J& Banach %[0, T € B(X), W (T, 1) Z#ARLH T3 T £iiAn]
291).

FH A 2, il 8 FlE X 10 nf 3
Wl 13 W Srs = (X; By, Eo, E3, Ey) #& Banach 0 X FERE TR, H

X=X PX,, T € B(X1,Xs), S € B(Xz, Xy), W S 5 —AT RN < (T, S) &t An
AN

ERT R 13 THEL S = I, S5 A 12 Al 15

EIE 14 ¥ Sy = (X;E, Ey,E3,Ey) & Banach 0] X F A RET R4, H
X=X X1, T e B(X1), W Sg AR 73N T ZomAr L.

RG% AR SC EB AR,

EIE 15 & X J& Banach ZF[E, X* w* 0[50, W X @ X FAEEA T HZ A WA A4
PIAT] D REIA FHET 4 TR RS

WE B O[10] M EE 2.0 WA, X EAEAEBRATAHE T T € BX). EEac C, 4
T,=T+al € B(X), 2 T, WREEATLMN. 4 Sr, = (XPX;Era,Foa, B30, Fia)
& Banach ¥ X @ X AT T, MAERETRA. HEH 14 77 Sr, A0 7 f# 1.
Ma# BN, BRT, 5 T; AFMEEMIEE, T, 5 Ty AELL. HE# 5, S, 5 Sr, A
FRg. B {Sr, : a € C} RATEEZA IR 3R R ET 4 720 R4

R
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BOUNDED OPERATOR FOUR SUBSPACE SYSTEMS IN
BANACH SPACES

CHEN Jian-lan, QUE Jia-hua, ZHANG Yun-nan
(School of Mathematics and Statistics, Fujian Normal University, Fuzhou 350117, C’hina)

Abstract: This paper studies the bounded operator four subspaces systems St in Banach

spaces. It shows that St and Sp/ are isomorphic if and only if T and T’ are similar. It also
shows that St is indecomposable if and only if T is strongly irreducible. Finally, it shows that
when the conjugate space X™ of Banach space X is w™ separable, there is an uncountable family
of indecomposable bounded operator four subspace systems in X €@ X which are not isomorphic
each other. These results are the generalizations and supplements of the corresponding results on
Hilbert spaces to Banach spaces.

Keywords: Banach spaces; bounded operator systems; four subspace systems; strongly
irreducible operators

2010 MR Subject Classification: 46C07; 47A15



