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1) d(
(2) d(, )_d(y, )i
(3) d(z,y) < s[d(x, z) +d(z,y)].
WFK (X, d) RN s 1 b- B4 IR
EX 12020 % (X, d) &b RSN, {z,} CX Hre X.
(1) WHR n — oo B, d(x,, ) — 0, WFKFH {2, } € X BRSLT z, I N T}LIIC}O Ty = T
2) W n,m — oo B, d(z,, z,m) — 0, WFK {z,} & Cauchy 5;
(3) Wi X HHEA> Cauchy FZWELH, WFK (X, d) =&5E4& 1.
EX 1318 F X REFTES F: X x X - X BEEWS. WRAEE (r,y) € X x X,
43

S

—

F(z,y) =z, F(y,z) =y,

MFR (z,y) & F WA A3 .

EX 1.4M 3% (X, <) BRFE, o X x X — X &—NAEMs. i1 ram
ec X, 5

levip<(e) = {(z,y) € X x X 1 p(z,y) S e}

FE VAR, MIFR @ f& AT KT F ).

EX 1.5 (X, <) ZWMTFE, ¢o: X x X - X &N Ems. i Fiam
ec X, HH

levi, () = {(z,y) € X x X : e < p(x,y)}

FE AR, WIFR @ A& MK P ).

R 2 [0,00) — [0, 00) /&

(Uy) o IR %L

(W3) lim " (t) = 0 (¥t > 0).
MR o AL R L. 02 o BBl O .

WoE 1.1 SR () o Y07 wn(t) < oo (VE > 0), WIFR ¢ R . B4R, i
PO R B 5 T P AT R B A SO Jleli 25 N 1120 4 B {1 5 LU 2 bR B 55 4y B R 4

SIFE 1.1 # e, M

(1) ¥(t)<t, t>0;

(2) ¥(0)=0;

(3) o ff t =0 AIESE.

2 FELR

2.1 —PNEXYRTHFEE T =B
5 18 LAR 7 REAH AR AR AE ME— 1,

F(SL’,y) =z,
F(y,x) =y, (2.1)
o(z,y) = 0.
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HbF o X x X — X BN Em.

EIE 2.1 W (X, <) B MuFERL (X, d) ZE&0 - EETE (R¥s > 1). #F,
0 X x X — X RWHAGE, e

(1) @ =&MNAMIKTH 1,

(2) TE1E (z0,90) € X x X, 15 o(z0,y0) =< 0;

(3) MTHAEN (z,y) e X x X, A

p(x,y) 20= 0= 9(F(z,y), F(y,2));
(4) XTHEN (v,y) e X x X, H
0 =2 p(z,y) = p(F(z,y), F(y,x)) 2 0;
(5) fF1E Y € U, fiif3
d(F(z,y), F(u,v)) + d(F(y,z), F(v,u)) < ¢(d(z,u) + d(y,v)),
Hrp (z,9), (w,v) € X x X, p(z,y) <0, 0= ¢(u,v).
M (2.1) FEAEME—fif.
SE B, {2}, {ga} R (@i, 70) + A1, Ym)) = 0.
B 26 (2) H1, A71E (20, 10) € X x X, 13 @(x0, yo) = 0, AT
0 < @(F(z0,90), F(yo: o)) = o(F*(20,y0): F*(yo, 20)) < 0
=0 j (P(F3(.’E0,y0),F3(y0,fE0))-
PR X, HNE
P(F*™(20,0), F*" (Y0, %0)) =0, 0 = p(F*" " (x0,90), F*"* 1 (yo, ), n=0,1,2...
T e =1, fFFEFE ny € N, {15
Sﬁno(l) < %
/&\ ‘,171’7’L+1 = g(x’ﬂhym) = Fno(l‘maym)y ym+1 = g(y’ﬂnxm) - Fno(ymal‘m)a m = Oa ]-72 e EE
no NEHA1E

0 = p(z1,51) = ©(9(w0, Y0): (Yo, o)) = @(22,y2) = ©(9* (%0, %0), 9° (Y0, 7)) = 0
= 0= 90(963,y3) = @(93($()7yo)793(y07$0))~

H1F
<P($2m7 yZm) j O; 0 j @(x2m+17 y2m+1)7 m = 07 17 2... (22)
H He 48 S A1 AT 43

d(‘rerl? xm) + d(ym+17 ym)
=d(9"(9(w0,Y0), 9(Y0; 20)), 9™ (z0, Yo)) + (9™ (9(¥0, o), 9(0, ¥0)), 9™ (Yo, T0))
<Yp™™(d(g(x0,yo0), o) + d(g9(yo, To), Yo))-
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JH: nhlbiinoo(d(merla xm) + d(ym+l7 ym)) =0.
20, W {2}, {ym} & Cauchy %1

P 1
EX mo € N7 1i{%]: d(xmmxmoJrl) + d(ymmymoJrl) < 275 <1, Mﬁlﬁ

d(xmo ) I’m0+2) + d(ymm ym0+2)
SS[d(‘(Emo? mmo+1) + d(l’m0+1, xmo+2) + d(ymm ym0+1) + d(ym0+17 ymo+2)]

SS[d<$mo’ $m0+1) + d(ymo’ ymo-i-l) + ,(/)no (d($m0,$m0+1) + d(ymo? ym0+1))]
1
— o 1

<s[g; 9" (1)]
1 1

25 T o3

<s|
,fE/%)&_ d(xmoaxmg—i-k—l) + d(ymoaymo-i-k—l) <1 ﬁjzja I)_I\IJ

d(mmo ) xmo-&-’é) + d(ymm ymo-‘rk)
SS[d(fL‘mO, l‘mo-‘rl) + d(‘q"mo-‘rl’ xmo-‘rk) + d<ym0?ym0+1) + d(ymo-l‘l? ym0+k>]
SS[d(l’mO, xmg—‘-l) + d(ymo ) ymo—H) + Wm (d(xmm mmo—&-k—l) + d(ymm ymo+k—1))]
1
<s[— + " (1)]

2s

1 1

1 1=1
<S[2s * 28]

IR
d(me,fL'mo_A,.k) + d(ym07ymo+k) < 1, Vk E N
PR %A, X TEEM meN, keN,

d(l’m, $m+k) + d(yww ym-l-k)

:d(gm—mo (xmoa ymg)a gm—mg (xmo—Hm ym0+k)) + d(gm—mo (ymga xmo)a gm—mo (ymo+k7 mmo—&-k))

<P (A2, Tongi) + Aoy Yo )
<w(m—mo)no(1) -0 (m — OO)

R {2z}, {ym} & Cauchy %1
53 0, IEM g fELEME— AR & A B AL
B (X, d) 25841 b- SRS B AL F71E (2%, y*) € X x X, fiif3

. e .
lim z, =% lim y, =y".
m—00

EERVOL Jim, P(t) = 0 W13, FEdaln, 3 g s,

¥ = lim z, = lm 2,1 = lim g(zm,ym) = g(z*,y"),
m— 00 m— 00

m— 00

*

y = lim y, = m}l_{noo Ym+1 = Jgnoog(ymvxm) = g(y*,x*).

m—00
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[l (x*,y*) & g F— A Ash . i (2.2) BIEE (me’me) = leV(pj(O), m=0,1,2...
St B4 m — oo BURER, M o & WA ACE I LL K (2.3) T8 (2%, y*) € levp<(0), Bl
o(a*,y*) < 0. FRHIZAF (3) A4
oz, y*) 20= 0= p(F(z*,y*), F(y*,z"))
= o(F?(z*,y"), F*(y",2*)) 20
=>05<p(F3( y*), Fo(y*, ")),
g5t no NEEL AR

0 = p(F"™ (2", y"), F"(y", ")) = p(g(=™,y"), 9(y", 27)) = p(z", y"),
A
e(z”,y") = 0. (2.4)

ik (u*,v*) € X x X & g MR —MEEABN S, | (2.4) ATH, (2%, y*) FEER (u,v) €
X x X B2 R AT,

d(z”,u") +d(y*,v*) = d(g(z",y"), g(u",v")) + d(g(y*, 2"), g(v*, u"))
< ¢ro(d(a”,ut) +d(y*,v"))
<d(z*,u") +d(y",v").

M G, BRI (2%, y*) 22 g RIME— ARG A s .
5405, W (2.1) FEEME—FE.
H g BE 5
g(F(z*,y"), F(y*, ")) = F™* (", y")
= F(g(=",y"), 9(y",z"))
= F(z",y").
g(F(y* x"), F(z*,y")) = F* " (y*, ")
F(gy™,z%),9(z",y"))
=F(y" )

M (F(z*,y*), Fy*,z%)) & g M— MG B g BRREAE)mifmE— 145
F(a*,y") =", F(y",2") =y".
PR (2.4) ATAL (2%, y*) J2 (2.1) F—AME & (v, 0") € X x X & (2.1) 55—, NI

d(z”,u') +d(y",v') = d(F(a",y"), F(u',0) + d(F(y", 27), F(v', )
< (d(z”, u') + d(y”,v"))
<d(z*,u")+d(y*,v").
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MNP &, R (2%, y*) 52 (2.1) ME— KRR

WEE 2.1 ke 2.1 FIIEM (1) 308 ¢ R MNEMKT IR, S8 0558 BT

W 2.2 Sk [12] T Jleli & A4 H! T Banach A4 T B — N ERL W T RS AR
S e 2.1 I b- BESSBUAVEEUAE BRI EE B H < BONHER I, st LIS 2 [12]
(e B 2.1, RILIRATISE B Jleli 25 A\ 45 1A b- BEES 2 MR i B

WEE 2.3 WSOk E R 2.1 R RGE SN

max (d(F(z,y), F(u,v)), d(F(y, z), F(v,u))) < ¢ (max(d(z, u), d(y, v))),
Hr (z,y), (u,v) € X x X, ¢(x,y) 20, 0= ¢(u,v), FHRATIIRL.
2.2 r NMERYRTHRBE TR0
F LA T 77 B A AR R A7 LEME— 1k,
F(z,y) =,

F(y,z) =y, (2.5)
@Z(x,y) :0’ 1= 1725"°7T

HPF o XxX->X(G=12,...,r) &r+1 DHEM.

EIE 2.2 % (X, <) 2 MePEH (X, d) Z5E&N b- BEREE (REs > 1). W F,
it X xX =X (=1,2,...,7r) & r+ 1 DNHTHS, #HE

(1) @i(i =1,2,...,7) &M MAKF R,

(2) FF1E (m0,90) € X x X, 118 ¢i(z0,90) 20 (i =1,2,...,7);

(3) MTHAN (z,y) e X x X, H

wilz,y) 20,i=1,2,....,7= 0 <X ¢;(F(z,y), F(y,x)), i=1,2,...,7;
(4) XTHEN (r,y) e X x X, H
0=pi(x,y), i=1,2,....1r = p;(F(z,y), Fy,x)) 20, i =1,2,...,7r;

(5) FFHE Y € U, {13 d(F(z,y), F(u,v)) + d(F(y,z), F(v,u)) < ¢(d(z,u) +d(y,v)), 3
Fo(2,y), (u,v) € X x X, @i(z,y) 20, 0= ¢i(u,v), i=1,2,...,7.
W (2.5) FA7EME—fif.

W 1B WiE {n ), {ym) R Ailnoo(d(a:mﬂ,xm) + d(Ymi1,Ym)) = 0.

H2&A1F (2) H0, F77E (z0,90) € X x X, X F i =1,2,...,7, pi(zo,y0) =<0, AT

0 < i(F(z0,%0), F(y0, 20)) = 0i(F*(z0,0), F*(y0,70)) < 0
=0 j (pi(FS($0,y0),F3(y0,$0)).

MENE, ARG, T i=1,2,...,r,

i (F*™ (20, 0), F*" (Y0, 0)) = 0,0 < ¢, (F*" (20, v0), F*" " (yo, z0))
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XF e =1, fFAEATE no € N, 15

é'\ merl = g(xm>ym) = an(xmaym)a merl = g(ym7$m) = Fno(ymyxm)vm = 0>172' .. EE
no N&HE, NFi=12,...,r,

0 < pi(z1,91) = i(9(20, ¥0), 9(¥0, Z0)) = @i(T2,¥2) = i(9” (x0, Y0), 9 (Y0, 20)) = 0
= 0 = i(23,y3) = ¢i(9° (0, %0), ° (%0, T0)).-
HE, X Fi=1,2,...,r,
©i(Tom, Yam) =0, 0 = ©;(Toms1, Yoms1), m=0,1,2... (2.6)
HI FE 46 26 AF 1T 15

d<mm+1amm) + d(ym+1>ym)
=d(g™ (9(x0,Y0), 9(Y0, 0)), " (z0, Y0)) + (9™ (9(yo0, Z0), 9(Z0, Y0)), 9™ (Yo, T0))
<™ (d(g(xo, Yo0), o) + d(9(y0, %0), Yo))-

UL Tim (@41, 20) + A, Ym)) = 0.
%9 45, HER 2.1 % Cauchy FUMIEY], 2680043 {2}, {ym} & Cauchy 3.
5345, AEW g TEAEME— IR A AN E .
(X, d) Z7E&H b- BB A5, F71E (2%, y%) € X x X, {13

nli_{nm Ty =T, nll_r}n()(} Ym =Y". (2.7)
RN ORI tlirgl+ Y(t) =0 018, F RIESN, dtm g £EEm, W
ot = lim zy = lm zp = o g(@m,ym) = 9(2%,y"),
y' = lim yp, = lm ypnp = lm g(ym, 2m) = g(y*, 7).

B (2%, y*) & g F—AMEEARS M. B (2.6) 713, T i=1,2,...,7,
(%2 Yam) € levpi2(0), m=0,1,2...
it ERA m — oo BRI, i1 (i =1,2,...,7) BRMAAMAKTHKILLL (2.7) 715
(z*,y") € levpi4(0), i =1,2,...,r

R
ei(z*,y*) 20, i=1,2,...,m
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BB Q) TR, HFi=1,2,...,r,
wi(x™y") 20=0 =2 pi(F(z",y%), F(y", )

= ;(F*(z* )Fz(y z*)) 20

:>Oj</7i(F3< ), FP(y*,a%)).
S5 ng NEEL AR, T i=1,2,..., 7,

0 =i (B (2", y"), F" (y", 2%)) = pi(g(z",y"), g(y", "))
=<Pi( ) *)
Rk, X+ i=1,2,...,r,
wi(z",y") =0. (2.8)

B (v, v*) € X x X 22 g M5 —MEEAZN AL B (2.8) WAL (27, y*) FUERER (u,v) €
X x X 2 R4 A,

d(x*,u") +d(y*,v") = d(g(z",y"), g(u",v")) + d(g(y", z"), g(v*,u"))
<gro(d(z”,u) +d(y",v7))
<d(z*,u")+d(y*,v7).

M &, R (2%, y*) /& g BIME— IR & sl .

540, HER 2.1 WEHERINE (2, y*) 2 (2.5) ME—RIfE.

VE 2.4 BRUFE 2.2, ATTLUE S, 22 2.2 2 [12] HEH 2.6 75 b- IH 2525 (] {4
I

WE 2.5 BITHE 2.3, K E B 2.2 RGN

max(d(F(z,y), F(u,v)), d(F(y,z), F(v,u))) < ¢ (max(d(z, u), d(y, v))),

HA (z,9), (u,v) € X x X, pi(z,y) 20, 0= p;(u,v), i =1,2,...,r, &RAIRRAL.
FEEE 2.2 W = 2 BT LU B DL R RRALARAG A2 £ — 1,

(2.9)

HF, o1, 020 X x X — X READGEBR.
#it 2.1 # (X, <) B MRFPEH (X, d) R5E&EN - BiEashE (R¥s > 1). K F,
01, 2 X X X — X BZNA e, e
(1) @;(i = 1,2) &MNAMAKFHT;
(2) FE (wo,y0) € X x X, 15 0;(z0,90) <0 (i =1,2);
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(3) MTHAN (z,y) e X x X, H

pi(z,y) 20, 1=1,2= 0= ¢;(F(z,y), Fy,2)), i = 1,2;
(4) X FHER (v,y) e X x X, A

0 =2¢i(z,y), 1 =1,2= ¢i(F(z,y), F(y,z)) 20, 1 =1,2;

(5) AFAE ¥ € U, fE13 d(F (2, y), F(u,v)) + d(F(y,z), F(v,u)) < ¢(d(z,u) + d(y,v)),
Ho(z,y), (u,v) € X x X, ¢i(x,y) 20, 0= p;i(u,v), i=1,2.
M (2.9) F71EME—fiE.

FHER 2.1 Y o #N —po, 1FEILL TSR,

#ig 2.2 (X, x) 2 MaTEH (X, d) £E&b- BHEEZWE (R¥is>1). & F,
01,020 X x X — X Z=AN e W e

(1) 1 MM, oo A& WA 7K P

(2) F71E (20,90) € X x X, {15 ¢1(20,%0) =0 H 0 < pa(z0,%0);

(3) XTHEMN (r,y)e X x X, H

901("1773/) =0,0= 4102(xvy) =0= <P1<F(x7y))F(ya$))7 QQ(F(l',y),F(y,LL')) =0;

(1) JTFHEN (2,y) e X x X, B
0= pi(z,y), pa(z,y) 20 = @1 (F(z,y), F(y,2)) 20, 02 @2(F(x,y), Fly, z));
(5) fFfEY € W, {45
d(F(z,y), F(u,0)) + d(F(y,z), F(v,u)) < ¢(d(z,u) + d(y,v)),

Hrr (2,y), (u,0) € X x X, @1(x,y) 20, 0= 0a(2,9), 0= 01(u,v), @a(u,v) 20,
M (2.9) f71EME—fiE.

B 2.2 H) o Bl —pr, BEILL RS

#iL 2.3 (X, <) B MrFPEH (X, d) ZEAH0b- RSN (Rts >1). % F,
01, 20 X x X — X BN w B, e

(1) @i(i = 1,2) 5& MAMKF P

(2) 1715 (wo,90) € X x X, 15 0 < ¢i(z0,90), (i =1,2);

3) MTHMEN (z,y) e X x X, A

pi(z,y) 20,i=1,2=0=2¢i(F(z,y), Fy,z)), 1= 1,2
4) NFAEN (z,y) e X x X,

0= ¢i(z,y), i=1,2= pi(F(z,y), F(y,z)) 20, i =1,2;
(5) fAE Y € U, fiif5

d(F(z,y), F(u,v)) + d(F(y, z), F(v,u)) < ¢(d(z, u) + d(y,v)),
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H (z,y), (w,v) € X x X, @i(x,y) 20, 02 pi(u,v), i =1,2.
I} (2.9) fELEME—f#.

3 NMH

3.1 MMFRLYIR T = EE
B LN T AR 2 AR AR AR ME—
{ F(x,z) ==z, (3.1)

vi(r,z)=0,i=1,2,...,r

HAF o XxX—>X@G=12,....r)&r+1 ANGE TE WL

#ig 3.1 W (X, x) 22— MeTFEH (X, d) £EANb- EEZE (Ris>1). & F,
0 XXX =X (i=1,2,...,r) &1+ 1 NEEMS, L

(1) i (i =1,2,...,7) & MM T;

(2) @i (2—1727--- ) FERFRI;

(3) fF1E (wo,%0) € X x X, 118 ¢i(z0,90) 20 (i =1,2,...,7);

(4) XTHEN (r,y)e X x X, A

oi(z,y) =0,i=1,2,...,7r = 0= ¢;(F(z,y), F(y,z)), i=1,2,...,7;
(5) MFHAM (z.y) € X x X,
0= @i(x,y),i=1,2,...,7 = p(F(x,y), F(y,x)) <0, i=1,2,...,7;
(6) fAE Y € U, fiif5
d(F(z,y), F(u,v)) + d(F(y, z), F(v,u)) < ¢(d(z,u) + d(y,v)),

HA (z,y), (u,v) € X x X, pi(x,y) 20, 0= pi(u,v), i=1,2,...,7.
M (3.1) AFTEME—fif.

WE HEEE 2.2 A1 (2.5) AHME—IE (2, y") € X x X. BN ¢ (i = 1,2,...,7r) B
), FrbA (y*, o) o (2.5) B— M. HME—MEAR, o =y Blib 2* € X 22 (3.1) HInE—fi4.

3.2 AHBEFENREE

EX 31012 ¥ X R JFXxX > X, g: X — X ZWANEEME. Wi
£ (v, y) € X x X, 15

r=gr=F(z,y), y=g9y = F(y,z),

WK (z,y) & F g FIAEREAB) AL
#ig 3.2 W (X, 2) &2—MRFEH (X

(X,d) &5E4&M b- FEEZN (R s > 1). &
F:XxX—-X, g: X — X &P EWS, e
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(1) g ——MESILY;
(2) TE1E (z0,90) € X x X, 158 gzo < 0, H g0 = y0;
(3) MTHAER (v,y) e X x X, H

gr 2w, gy 2y = Flx,y) 2 gF(x,y), Fy,z) 2 gF(y,z);
(4) MFFA (,y) € X x X, K
x 2 gz, y =gy = gF(z,y) 2 F(z,y), gF(y,z) 2 F(y,z);
(5) F71E ¢ € W, {78
d(F(z,y), F(u,v)) + d(F(y,z), F(v,u)) < P(d(z,u) + d(y,v)),

K (2,9), (w,v) € X x X, gz <z, gy <y, Hu=<gu, v=go
N F A g FAAEME— A SR A A8l 55
HE 2o, o X xX — X

e1(z,y) =gr —x, pa(z,y) =gy —y, (z,y) € X x X
W (z,y) € X x X & F M g M—ADAHBERZ M AMNY (z,y) € X x X & (2.9) I—
M. g BT 0,(0 = 1,2) RMAMIZKFHR. R 2.1 5 F F g fE7EME
3.3 b- EEEEPNINEEE
#iL 3.3 WT:X — X &2 MgEWult, WAL € U, 15
d(Tz,Tu) < (d(z,u)), (z,u) € X x X (3.2)

W T A7 ME—F B A
BE 2F:XxX—-X, 9g:X— X,

F(z,y) = Tz, (z,y) € X x X;
gr=1x, v € X.
i (3.2) 1%, X FHEM (2,y), (u,v) € X x X,
d(Tx, Tu) < Y(d(z,u)), d(Ty,Tv) < P(d(y,v)).

M
max(d(Tz, Tu),d(Ty, Tv)) < max(¢(d(z,u)), Y (d(y,v))).

Hi o AR 13

max(d(Tx, Tu),d(Ty, Tv)) < Y(max(d(z,u),d(y,v))), (z,y),(u,v) € X x X.
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W F A g 15E A5
max(d(F(z,y), F(u,v)), d(F(y, z), F(v,u))) < ¢(max(d(z, u), d(y, v))),

He (z,y),(u,v) € X x X, gz <=z, gy 2y, Hu < gu, v < gv. HHER 3.2 LIFF 2.5
ARl AFAEME— (2%, y*) € X x X, fi15 o* = F(a*,y*) = Tz*, y* = F(y*,2*) = Ty*. &
W # y*, W (3.2) 7 dz*,y*) = d(Tz*, Ty*) < ¥(d(z,y)) < d(z*,y*). \NTFJ&. Fik
z* e X & T HME— Az .

WEE 3.1 R 3.3t BUN () = kt, t >0 H k€ (0,1), W LL#5%] Banach 544
JR .

WEE 3.2 1L 3.3 WTLLKR [12] FHER 3.8 MR ATINZRAE L4a.

WE 3.3 w3 2.2 nf LU HER 3.3, e 3.3 B2 S0k [24] e 12.2, FtE
2.2 FEICHA [24] HERE 12.2 HIHE)
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A COUPLED FIXED POINT PROBLEM UNDER A FINITE
NUMBER OF EQUALITY CONSTRAINTS IN --METRIC SPACES

HE Dan-ni, HE Fei
(School of Mathematical Sciences, Inner Mongolia University, Hohhot 010021, China)

Abstract: The coupled fixed point problem under a finite number of equality constraints
in b-metric space is studied in this article. A class of nonlinear compressible coupled fixed point
results under a finite number of equality constraints are obtained in b-metric space by the method
of mathematical induction. Our results generalize the theorems from metric spaces to b-metric
spaces. In particular, the contractive conditions in our results are independent of the contractive
constant. As applications of our results, fixed point theorems under symmetric equality constraints,
common coupled fixed point theorems and nonlinear contractive fixed point theorems in b-metric
spaces are obtained. These results can deduce many existing results and even completely remove
some conditions in some results.

Keywords: b-Metric space; Coupled fixed point; Equality constraints; Nonlinear contrac-
tion
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