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PERIODIC AND CONTINUOUS SOLUTIONS FOR
POLYNOMIAL-LIKE ITERATIVE FUNCTIONAL
EQUATION WITH VARIABLE COEFFICIENTS
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Abstract: Schauder’s fixed point theorem and the Banach contraction principle are used
to study the polynomial-like iterative functional equation with variable coefficients A1(z)f(z) +
Xo(2) f2(x) + ...+ An(2) f"(2) = F(x). We give sufficient conditions for the existence, uniqueness,
and stability of the periodic and continuous solutions. Finally, some examples were considered by
our results. The results enrich and extend the theory about polynomial-like iterative functional
equation.
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1 Introduction

Let S be a non-empty set and f : S — S be a self-map. For each positive integer n,
f™, the n-fold composition of f with itself, also known as the n-th iterate of f, is defined
recursively by f! = f, and f* = fo fn1L.

Let S be a non-empty subset of the real line R and F' : S — R be given. The polynomial-

like iterative equation
Mf(@)+Xaf? () + ...+ \of"(2) = F(z), Vz €S, (1.1)

where \;,7 = 1,2,...,n are constants, has been discussed in many papers under various
settings. Si [1] obtained results on C? solutions with S = [a, b], a finite closed interval, and
F, aC? self-map on [a,b], F(a) = a, F(b) = b. His work is based on Zhang’s paper [2] in which
the results cover the existence, the uniqueness, and the stability of the differentiable solutions.
In [3] invertible solutions are obtained in some local neighbourhoods of the fixed points of

the functions. Monotonic solutions and convex solutions are discussed by Nikodem, Xu, and
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Zhang in [4, 5]. Recently, Ng and Zhao [6] studied the periodic and continuous solutions of
Eq. (1.1). For some properties of solutions for polynomial-like iterative functional equations,
we refer the interested readers to [7]-[10].

In 2000, Zhang and Baker [11] studied the continuous solutions of

M) f(2) + Xa(2) f2(2) + ...+ () " (2) = F(2). (1.2)

Later, Xu [12] considered the analytic solutions of Eq. (1.2). In this paper, we continue to
consider the continuous and periodic solutions of Eq. (1.2). In fact, if A\;(x),i = 1,2,...,n
are constants, then the conclusions in [6] can be derived by our results.

Notations, preliminaries, and the current setting.

C(R,R) - the linear space of all continuous self-maps on R.
Pr={f €CR,R) : f(z+T) = f(z), Ve e R} (T > 0)

- a Banach space with the norm ||f|| = max |f(z)| = max|f(z)].
z€[0,T] z€ER

Pr(L, M) ={f € Pr : |fI <L, |f(y) = f(2)| < M|y — x|, Yo,y € R}.

- a closed convex nonempty subset of Pr (constants L > 0, M > 0).

Assume that \; € Pr(L;, M;), | M (x)] > k1 > 0,Vz € [0,T] and F € Pr(L’', M’), and we seek
solutions f € Pr(L, M).

2 Sufficient Conditions for the Existence of Solutions

We shall find sufficient conditions on the constants L', M’, L and M under which the
existence of a solution is assured. The Schauder fixed point theorem being a main tool, its
statement is included, and will be applied with Q := Py (L, M) in the Banach space Pr.

Theorem 2.1 (Schauder([13])) Let Q be a closed convex and nonempty subset of a
Banach space (B, || - ||). Suppose that A maps © into © and is compact and continuous.
Then there exists z € Q2 with z = Az.

Let A : Pr(L, M) — Pr be defined by

Af(@) = 57 F@) = 53 S0 M@ (@), ¥ € Pr(L 1), (2.1)

The space Pr is closed under composition. The range of A is clearly contained in Pr. Fixed
points of A correspond to the solutions of (1.2). Hence we seek conditions under which the
assumptions in Schauder’s theorem are met.

Lemma 2.2 (see [2]) For any f,g € Pr(L,M),z,y € R, the following inequalities hold
for every positive integer n.

[f"(y) = f" (@) < M"|y — =], (2.2)

f" =gl <) M| f —gl. (2.3)

=0
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Lemma 2.3 Suppose \; € Pr(L;, M;), |\ (z)] > k1 > 0,Vx € [0,T], then operator A
is continuous and compact on Pr(L, M).

Proof Forany f,g € Pr(L, M),z € R, by (2.3) we get

[(Af)(x) = (Ag)(2)] < |Z| )| () — g'(2)]

n i—1
1
< o 2ZLJWIIJ“ gll
Thus
lAf = Agll < o ZZLM’IIf gl (24)

=2 j=0

This proves that A is continuous. Pr (L, M) is closed, uniformly bounded and equicontinuous
on R. By the Arzela-Ascoli theorem ([14], page 28), applied to a sufficiently large closed
interval of R and taking the periodicity of the functions into account, it is compact. Since
continuous functions map compact sets to compact sets, A is a compact map.

Theorem 2.4 Suppose that F € Pr(L',M'),\; € Pr(L;,M;),i = 1,2,...,n and
|A1(z)| > k1 > 0, Vo € [0,T]. If the constants L', M’, L, M satisfy the conditions

L - : LL;
k L, >L M' < kM~ My - (LZ-M’ LM, + =20 ) 2.5
then (1.2) has a solution in Pr(L, M).
Proof By (2.1), for all z € R, we have

N

AN < Ml P ‘Zu SIRE

IN

Thus the first condition of (2.5) assures

[Af] < L.
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For all z,y € R, by (2.1), (2.2) , we have

I(Af)(y) — (Af)(=)|

n

1 . 1 1 .
= 5w - mzxiw )= 5@+ 5 M@ @)
1 i(y) Ai(Z) 4
< 5O - e+ Z‘Aly m(@”x)‘
1
. |A1<y>|‘F(y)‘F(“'+’A w "
2|\ )] A(
, A(z) = A (y)
< kTM|Z/— |+‘W‘|F($>|
+Zkley T Aly))lf
< k—lM’|y x|+kflz:;Lle|y*1’|
(@) () = Aa(@)] + (@) (@) = M ()]
> M@n @) L
< I;M’|y— g;|+]€112;Lle|y—x|

L < LM,
+HZMi|y*$|+7ZLi|?J*$|

- (klM’ LM1 ZLM’ ZM+LM12L)Iy—wI
=2 =2

1

The second condition of (2.5) assures

[(Af)(y) — (Af)(@)| < My — =,

Therefore Af € Pr(L, M). This proves that A maps Pr(L, M) into itself. All conditions of
Schauder’s fixed point theorem are satisfied. Thus there exists an f in Pr(L, M) such that
f = Af. This is equivalent to that f is a solution of (1.2) in Pr(L, M).

3 Uniqueness and Stability

In this section, uniqueness and stability of (1.2) will be proved.
Theorem 3.1 (i) Suppose that A is defined by (2.1) and

n i—1

- ZZLMJ<1 (3.1)

=2 j=0
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Then A is contractive with contraction constant o < 1. It has at most one fixed point and
(1.2) has at most one solution in Pr(L, M).

(ii) Suppose that (2.5) and (3.1) are satisfied. Then (1.2) has a unique solution in
Pr(L, M).

Proof (i) According to (2.4), ||Af —Ag|| < «||f —g|| and so « is a contraction constant
for A. Let f,g € Pr(L, M) be fixed points of A. Then ||f —g|| = ||Af — Ag|| < o/ f — g]-
Hence o < 1 yields || f — g|| = 0, resulting in f = g. This proves that there is at most one
fixed point. (ii) The existence is cared for by Theorem 2.4.

Theorem 3.2 Let Pr(L, M) and Pr(L’, M’) be fixed and allow F(z) and X;(z) in
(1.2) to vary. The unique solution obtained in Theorem 3.1, part (ii), depends continuously
on F(z) and A\;(x) (i =1,2,...,n).

Proof Under the assumptions of Theorem 3.1, part (ii), we consider any two functions
F,G in Pr(L', M') and a parallel pair of unique f, g in Pr(L, M) satisfying

M(@)f (@) + Ao (@) (@) + -+ Aa(2) [ (2) = Fa),
pa(2)g(2) + pa(2)g*(2) + - + pa(2)g" () = G(2).

Then
If =gl
1 1 u i 1 1 - i
— wgg};} ‘mF(z‘) NG Z)\i(m)f (x) — MG<$) + @) ;,ui(x)g (ZL‘)‘
1 1 Ai(z) pi(x)
= mgl[oa,);] ‘T(-’B)F(x) - Ml(iU )) < wel 0§] ‘Al(x) () - Ml(x)g (9(:)‘
1 1
e R C I
- Ni(x i(x i(x i
+2;£1[0T ‘ ((ac))“fl |+Zw€0T ‘MEQB /)flix; ‘\g (=)l
- pi(r)  pa(@) ]
+Zmr€n[OT ‘/\1(:10) p(x) ‘lg ()]
< —||F Gl + 3 Ao +fZZL M| f =gl
+£2|Ai—mn +,§Z;Li|w ~
Thus

(1- ffj L )|1f =g

=2 j=0

< LIF-Gl+ g (L’+LZL)|A1 u1|+—2||x wl (32
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n i—1

where, by (3.1), 1 — ﬁ S>3 L;M7 > 0. Hence ||f — g|| tends to 0 when G(z) tends to F(x)
i=2 =0

in norm and pu;(z) tends to A;(x).

4 Examples

In this section, some examples are provided to illustrate that the assumptions of Theo-
rem 2.4 and 3.1 do not self-contradict.

Example 4.1 Consider the equation
(4 + cos?(z)) f(x) + f(f(x)) = sin(z), VxeR. (4.1)

It corresponds to the case of \i(z) = 4 + cos?(z), \o(z) = 1, F(z) = sin(x). Taking k; =
4, Ly =5, L=M =L"=M' = M, = Ly = My = 1. A simple calculation yields

L'=1<3=(k - L)L,
and
3 I LL
M= 1< 5= kM~ M, - <L2M2 LM, + k—2Ml>
1

then (2.5) is satisfied. Theorem 2.4 gives a continuous periodic solution for Eq. (4.1) in
Par(1,1). Noting
1
= —L 1+ M <1
el )=5<1,
(3.1) is satisfied, hence by Theorem 3.1, we know the continuous periodic solution is the
unique one in Py, (1,1).

Example 4.2 Consider the equation

(44 cos*(z)) f(x) + 0f(f(z)) = sin(z), Vz €R. (4.2)
As Example 4.1, A\;(z) = 4 + cos?(z), Ao (z) = §, F(x) = sin(z), where § is a parameter. So
taking ky =4, L1 =5, Ly =My =0, L=M =L'= M’ = M; = 1. In order to apply (2.5)
in Theorem 2.4, we need

and
15 9 L LL
M=1<=2 25— M- 2, - <L2M2 + LM, + —2M1) (4.4)
4 4 kl kl
Then we see § < 4 by (4.3) and (4.4).
From (3.1), we have
0
= fL 1+ M — < 1. 4.5
CLa(1+ M) = (45)
From (4.3)—(4.5), by Theorem 3.1, we know (4.2) has an unique continuous periodic solution

in Por(1,1) with § < %. This improves estimates of Example 4.1.
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