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Abstract: The integral functional of Hérmander’s vector fields is considered, by virtue of the
Sobolev inequality related to Hormander’s vector fields and the iteration formula of Stampacchia,
it is proved that the minimizers of integral functional have higher integrability with the boundary
data allowing the higher integrability. Moreover, the L*(Q2) and L*°(2) boundedness of minimizers
are also given, which extends the results of Leonetti and Siepe[12] and Leonetti and Petricca[13]
from Euclidean spaces to Hérmander’s vector fields.
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1 Introduction

We consider the integral functional of Hérmander’s vector fields

I(u) = /Qf(x,Xu(a:))dx,J; €Q, (1.1)

where 2 C R™(n > 3) is a bounded open set, X = {Xy,---,X,,} (m >n) are C* vector
fields in Q satisfying the Hormander’s finite rank condition[11], rank Lie[Xy, -+, X,,] = n,

where X; = Y b;j(7):2, b (z) € C®(Q),j =1, ---,m. Note that, when f (z,z) in (1.1)
=1

N
is a Carathéodory function and satisfies the standard growth condition |z|” < f(x,2) <
c(1+1z"),1 < p < @, where c is a positive constant, @) is homogeneous dimension of €
relative to {Xy,---,X,,} and Q > n, Xu[l6] proved the existence of minimizers of (1.1)
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by direct method and obtained Hoélder continuity by Moser’s method. Furthermore, Xu[17]
obtained C'*° continuity by similar method. Afterwards, Giannetti[7] obtained higher inte-

grability of the minimizers of (1.1) under the growth condition

) = Fl < cle—nl (J6P " +1g=nP") 1 <p < Q.

Namely, he proved u € WLP(Q) if u € WL (Q), 7, <7 < p,max{l,p— 1} < 7, < p. When

loc
(%‘1, cee ;T“n), (1.1) is an integral function in Euclidean spaces, the study on

the regularity and boundedness of minimizers of such integral function can also be seen in
[4, 8, 10].

In this paper we assume that f(x,z) in (1.1) is a Carathéodory function and satisfies

m:n,Xu:(

the standard growth condition
alzl’ —gi(z) < f(x,2) < colz[" + go(2), 1 <p < Q, (1.2)

where ¢; and ¢, are positive constants, functions g, (z), g2(z) € LT7(Q),b = L <p<
t < ¢ < Q. By virtue of the Sobolev inequality (see Lemma 2.5 ) related to Hérmander’s
vector fields and the iteration formula of Stampacchia (see Lemma 2.6 ), it is proved that the
minimizers of integral functional have higher integrability with the boundary data allowing
the higher integrability. Moreover, the L'(Q2) and L*(Q) boundedness of minimizers are
also given, which extends the results of Leonetti and Siepe[12] and Leonetti and Petricca[13]
from Euclidean spaces to Hormander’s vector fields. Throughout this paper ¢ denotes the

different positive constants in different places.

2 Main Results and Preliminary Knowledge

Definition 2.1[3, 6] For any 1 < p < @, Sobolev space W1 (Q) is defined by

WP (Q)={uel”(Q),Xuecl(Q),j=1, ---,m},

whose norm s [[ull 1y = (J (Jul” + |Xu|p)dx)%, where |Xu| = <E (Xju)2> . We

Jj=1
also denote the closure of C$°(2) in W' (Q) by Wy *(Q), whose norm is ||u||W01,p(Q) =

(fQ \Xu|pd:r)%.

Definition 2.2[1, 2, 9] The weak L?(2) space which is also known as the Marcinkiewicz

p

D eak(§2), is the set of all measurable functions f(z) satisfying

space, denoted by L

meas{x € Q:|f(x)| >t0}§tip (2.1)

0
for any t; > 0 and some positive constants ¢ = c(f), where meas E denotes the n-
dimensional Lebesgue measure of E C R". If f € L (), then f € L®(Q) for any

1 < gop < p. Moreover, when p = oo, it follows that L2 ,(Q) = L>®(Q).

weak
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Definition 2.3 A function u € u, + Wy"*(Q) is called a minimizer of (1.1) with the
condition (1.2) if

/ fz, Xu)dx < / f(z, Xw)dx (2.2)
Q Q
for any w € u, + Wy?(Q), where u, denotes the boundary data.

In this paper, our mian results are sated as follows.
Theorem 2.4 Let u € u, + Wy (Q) be a minimizer of (1.1) with the condition (1.2),

where u, € Wh1(Q), 1 < p < ¢ < Q. Suppose that g;(z), g2(x) € Lﬁ(Q) b= p<t<
q. Hence,
_op
(i) (integrability) if b < 92, then u—u, € L2 " (Q), where Qi >pt = Qp > p;

(i) (LY(©) boundedness) if b= Q—, then there exists a posmve constant 0 such that
eflu=ul e L1(Q);

(iii) (L*() boundedness) if b > 22 then u — u, € L>®(Q).

Inspired by Leonetti and Slepe[12], for a minimizer u of (1.1) with the condition (1.2),
we can rewrite u as u = u, + (u — u,), our aim is to prove when the boundary datum w, has
the higher integrability, u — u, also has the higher integrability. The following two lemmas
are needed for the proof of Theorem 2.4.

Lemma 2.5[3, 6] Let Q C R” be a bounded open set. Then for any u € Wy*(Q),1 <
p < Q, there holds W, ?(Q) C L' (Q), where p* = %, namely there exists a positive

Q

constant ¢ such that .

( |u|p*dx) §c< |Xu|pdx>
Q Q

for any u € Wy*(Q),1 <p < Q.

Lemma 2.6[5, 14, 15] Let ¢(t) be a nonnegative and nonincreasing function on [k, +00)
satisfying p(h) < ﬁ[@(k)]ﬁ,h > k > ko, where ¢, and [ are positive constants. If
6 <1, kg >0, then

1\ ™7
o(h) < [¢T7 + (2ke)T7 (/{?0)} 287 <h> : (2.3)

if =1, then
p(h) < e TR (k) (2.4)

where 7 = (ec)_é > 0;if B > 1, then
o(ko +d) =0, (2.5)
where d = ¢(p (ko)) & T

3 Proof of Theorem 2.4

Proof of Theorem 2.4 For any k € (0, +00), suppose that Tj, : R — R is a function
such that

Ut lu — u.| > k,

lu—u.|?

T Wk, - Wx Skv
mu—u*)—{“ ! = ] (3.1)
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setting ¢ = u — uy — Ty (u — u,), it follows from (3.1) that

U —u, + k, u— u, < —k,
Y= 0, —k <u-—u. <k, (3.2)
U — Uy — k, u— u, > k.

Using u € u, + Wy (Q) and (3.2) we have ¢ € W, ?(2) and
X = (Xv = X)) juu, >3 (3.3)
9] = (Ju = ual = F) Lju—u. 83, (3-4)
where 14(z) =1ifx € A, 14(x) =0if x ¢ A. Let us consider
w=1u—1, (3.5)
which implies w € u, + W, "*(€). By (3.3) and (3.5) we obtain

Xw=Xu—X¢=Xu— (Xu — Xu*)1{|u,u*|>k} =Xu-— (Xu)l{\ufu*|>k} + (XU*)l{\ufu*|>k}
= (Xu)lu—ug<ry + (X) u—u sk — (X)L fu—u >0y + (X)L >k}
= (Xu)lu—u. i<k + (X)L u-u. >k (3.6)

Combining (2.2), (3.6) and Q = {|u — u.| < k} U {Ju — u.| > k}, it concludes

/ f($7Xu)d$+/ f(z, Xu)dx
{Ju—u.|<k}

{lu—u.|>k}

< /{|u—u*§k’} f(:I:,Xw)dx+/ flz, Xw)dzx

{Ju—u.|>k}

= / f(m,Xu)d:r:—l—/ fz, Xu,)dz, (3.7)
{lu—u.|<k}

{lu—u.|>k}

and then by (3.7),

/ flz, Xu)dx < / f(z, Xu,)dz. (3.8)
{lu—u.|>k}

{lu—u.|>k}

It follows from (1.2), (3.3), (3.8) and Lemma 2.5 that

/ﬁmfmwﬂgc/ﬁxmﬂm—c/‘ | Xu— Xu,|"dx
o ) {u—u. >k}
'4

c/ |Xupdx+2pc/ | Xu,|"dzx
{lu—u.|>k} {lu—u.|>k}

2”0[/{uu*l>k} (f(x, Xu)dz + g1)dx] + 2”0[/{ (f(x, Xu,)dx + g1)dx]

lu—w. >k}

(
2

IN

IN

IN

2pc[/{UU*|>k} (f(z, Xu,)dx + g1)dz] + 2pc[/{ (f(x, Xuy)dx + g1)dx]

lu—w.|>k}

IN

( / (Xt + g1 + ga)dal. (3.9)
{lu—u«|>k}
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Since p < g, there exists a positive number ¢ such that p < ¢t < ¢, thus from (3.9), Holder’s

inequality and Minkowski’s inequality, we can get

( / P dr) (3.10)

< (/ (| Xu.|” + g1 +92)%dx)?[meas{|u—u*| >k}]t%ﬂﬂ
{lu—u.|>k} | ) '
< ol ufin) 4 ([ tin+ ([ ) et u) > 1

.. t—
Moreover, we can define a positive number b = =%

1-2<1~ g < 1; and thus from u, € W9(Q) and g1, g, € Ll%b(Q), we can set

M = (/Q |Xu*|15bdx>1b+ (/ﬂ (gl)libdm>1b+ (/ﬂ (gg)lifzdx>lb<+oo.(3.11>

Finally we insert (3.11) into (3.10), we easily obtain

in (3.10), namely we have 0 < b =

/ W da < CM%[meas {lu — u.| > k}] o (3.12)
0
For any h > k > ko, it follows from (3.4) that
(h— k)" [meas{|u—u*|>h}]:/ (h—k)”*dxg/ (lu— u,| — k)" da
{lu—u.|>h} {lu—u.|>h}

< / (lu — u.| — k)P da = / 1| da. (3.13)
{lu—u.|>k} Q

Combining (3.12) and (3.13), it yields

meas {|u — u.| > h} < (3.14)

(h— k)" |

In (3.14), setting

w(h) = meas {|u —u.| > h}, (k) =meas {Ju —u.| > k},a=p",3 = (3.15)
We now apply Lemma 2.6 to (3.15). We can prove, respectively.
HIb< k== %, then 8 < 1. For any ko > 0, it follows from (2.3) that
Q-p

a

1 o o 1 1-3
meas {|u — u.| > h} < {cﬁ + (2ko) TP meas {|u — u,| > k‘o}} 2(-5)2 <h>

1 o _a _(1\'F
< [ctﬁ + (2ko) =7 meas Q] 2G-5)? <h> ) (3.16)
by (3.16) and (2.1), u — u. € L7, (), where %5 = 171’% = Q—%ng > pf = %.
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(ii) If b = €52, then 3 = 1. It follows from (2.4) that
meas {|u —u.| > h} < """ Fmeas {Ju — u.| > ko}, (3.17)
where 7 = (ec)” 7 > 0. When ko < 0, we have
1= T(h=ko) _ go=T(h—ho) < g=Th (3.18)
and
meas {|u — u.| > ko} = meas Q, (3.19)
Substituting (3.18) and (3.19) into (3.17),
meas {|u — u,| > h} < ee”"meas Q. (3.20)
It is easy to see that there exists a positive constant 6 < 7 satisfying
Olu—u.| _ ol on _ [T
e —1= /O fe’"dh = / 0" 1{ju—u,|>nydh. (3.21)

0

It follows from (3.20) and (3.21) that

/(e‘glu_“*—l)d:c:// eeehl{m_uoh}dhdﬂc:/1{|u—u*>h}d-’f/ b’ dh
Q QJo Q 0

= / 1dx/ 0e’"dh = meas {|Ju — u.| > h}/ 0eMdh
{lu—u.|>h} 0 0

= / 0e” meas {|u — u.| > h} dh < / 0e’ee " meas Qdh
0 0

Oe

T —

meas €,

which implies

ee\ufu*| c Ll(Q)

(iii) If b > %, then > 1. It follows from (2.5) that

¢ (ko + d) = meas {|u — u.| > ko +d} =0,

bQ—Q+b

(3.22)

where d = c(meas{|u — u.| > ko}) @ 2bQE%+P, hence from (3.22) and (2.1), we obtain

u—u, € LY (). Also since L2, .

(Q) = L®(Q), then u — u, € L=(9).
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