Vol 41 (2021) J. of Math. (PRC)

—RHICICIAVAE R H A 75 12 AV IR AR )RR

(ﬁﬂﬁ%iﬁz%%éﬁﬁ%ﬁ%, Wik E 430072)

1 E:  AXFE T FCIZI RS O, UE AR S A BRI (AR, T HRE R Sk
FETEIL . FEERAE: gf‘ﬁﬂﬁﬂ Green %5 Banach [E4MET B, Z7 7 W) 8 £ g, R,
T 2 SLf, UEBH T ff e A BRI R ik (1); 55, BB T — ANk TR MBI R M i, R A XA
J, UERH TR AR A E AR .

KR ARRHPTTRE; DI Rk

MR(2010) E&H 5335 35C15 ; 35K05 FESES: 01752
MEFRIRAD: A XEHS: 0255-7797(2021)01-0071-08
1 515

TEARSC R, AT e an R AR AL

= A’U+¢(.’E) +tv, TE Q,|¢(.’E)| <M,

t
8—3 —/ e’@ds,  x e oQ, (1.1)
on o
v(z,0) =0, r €,

Hrr Q& R ERARXE, BERAR 00 c OV 0 < pu < 1), 7@ & HArykmE, F48m
Ak

ELEILHES, PR 7 R RS T Fmp pe s, Horp D3E ERNE BB+ Avner
Friedman N E A, B IX — S0 B FTHER) 1 s 7K. 7232k [1) #, Friedman
Bt - S B0 THUE B T A A A AT o, BE S, AR SR 2] HUERA T, SRR B
WKL, — BRI e —M 2 BE. Mizohatals! T FEBEM 45 T Cauchy [0 1)
1FAEME, Tychonovt! NN #ufe 57 R B S #5377 Cauchy [ ff#KIME—PE. 7E Friedman 1]
W B8 SRR T ST B RE I R S e A R

Uge = Uy, 0<x<s(t),t>0,
u(0,t) = f(t), 0< f(t),t >0,
u(z,0) = ( ) 0<z<b¢(b) =0, (1.2)
u(s(t),t) = 0 <t s(0) =0,
Lo (s(8), ) = fdz(tt), 0<t,
“WFSEHA: 2020-09-23 W HHA: 2020-11-03

TEERN: RALE (1963-), B, WAL, @87, FEM 57 H: Wi 7. Email:s.h.wu@163.com.
BIAEE: RIO7R (1995-), B, ek, WL, EZRFFEIT A sy 75 FE.



72 g4 =2 7 & Vol. 41

He = s(t) MECOESENAT, MM u(r,t) —RIFIHENE D, EiEal b, Bl
51 ) AT BN 78 4 IR 7T, Douglasl”) 5 Kyner'% IR & T Friedman #f 7¢ H HHid 7
7715, IS T AEE IR,

TSR, 2 AR 78 06 T #uk T 5 R id i W0d S il R e 7 (0 121 e 42, TR e
A I AR 73 3 S o AF. A A T B E A S ), A A R SN HE S ) AR DG 1 BN B
I 7 (4, SGFax A Y 1 i (BB AA) AR IIAPTE M, Ao i, A BRAS MR AL #0 Y. Yamada,
P. Souplet 1 P. Vernole 2 N 2754 1.

Rl MR s T T B B2 IR AR B AR R 0 ) O A U R A A2 T
Fisher 77 F£ 7% sUMB AL (A 75 (16, 170, 7RIX BLAG B4 1002, 2 B il 18] 5 B0 it iz 551
CATE D’ Arcy BRI T 5 00CAZ T8 = Hp g AT TR L B8, S6F AR B R 7 ORI
N, AT G T4z 46 0F 19,

AR R, MEEFERA IR (1.1). 55—, 7E3CHR [20] 1, B8 (1.3)

uy = Au, xeQt>0,
871_{ = e, x € 00Q,t >0, (1.3)
on

U(.@,O) ZUO(I)v xeﬁv

CLCEHEIE W, 4TI 5 2 T BRI TR, T 2 R R,
85, SR [10) o, XSBEBFAL T AL R RO ROTRR (L4), ERD T R4 R A7 2
PRI,

uy = Au, on r,
t
Vueit=ut [ u(s)ds, on (09, (1.4)
0
U = uo, on Q x {0},

XNTFH, p>0,¢>0,and Qr = Q x (0,7), Hrh Q 2& RNV EHE X, BAEHEMLTR
o0, it RRALEN &, fa M A, WIEME uo & —ME Q FAEFUELL KA. M= 2i0
2 RO p+q <1, N (1.4) MR E K. B—J7m, Wk p+q> 1, MPrFIER, TN
()it 70 A PRI TR AR A5 11

2 FRRVREMR
FERX 715, FATRAED] — A B, R4l BE ] E B 4.1, 33X B0 1 £ 2 e 1) i KA

Je A, IE BH 3 L I G A R AL
EIE 2.1 W u(z,t) £ Qx(0,7)(T < 1) EHES:RE, 32

u=Au+u, (z,t)eQx(0,7),

u < (z,t) € 02 x (0,T),q > 0, (2.1)

(T -0
u(z,0) =0, x € 08,



No.1 RS —H TR S B 73

MPGHE R Q' cc Q, FATHsup{u(x, t); (z,t) € @ x (0,T)} < co.
W AR, TATIAN 0Q 2R, Ha C? 1.

W d(z) = dist(z,00),0(z) = d*(z), XHz € N(0Q), HH N (0Q) = {z € Q,d(z) < €}
Bl yi 5t o 72 C* |, BrbA R E e 5870/, MR v(z) € CPN(0Q). BT |Vd(z)| =
1,|Vol2 = 4d2(2)|Vd|2, Av = 2d(z)Ad + 2(Vd(x))? , NTIEBR 00 1 Ay — @IVl
2 —4(qg+1). BN v(x) € C2N(09Q), WE ¢ 77N, WIE N, (09) L, FATE

(g +1)|Vo]?
v

Av — > —4(g+1).

TR, FATH o(x) M8 SURIERE] Q 1, 43 v e C2(Q), 1 BAE Q\N,0Q 10 < co <v.
W, £ Q b, X TR O > 0, AT IR 2],

2
Ap— FDNVOE o

v

8w, t) = garetaon TRA

2

"t prea o v CT—0)

—Aw—w:w(g

) > 0.

R Cy T K, 17 (C*)7 < Crt, ARG LB, FATH w(z,t) < w(z,t), MH

sup{u(z,t); (z,t) € ' x [0,T)} < Cysup{———;2 € Q'} < o0.

( )e

3 AMRETEERK
N, FRATE AR R BT ERE AR T v(x, t) IFRIAR, A5 FIH Banach A3 5
SEH, FATAT LAIE B % A 2% W3 (1.1) 1RS84 SR

EI 3.2 W Gn(n,y,t,7) BRANTH TR Neumann 2 5 Z5 A4 11407 T2 1A% AR B8 2L,
AR [ (1.1) 2 FERATA

t T t
Cv](x,t) = / / GN(x,y,t,T)/ "W dsdS, dr —l—/ / Gn(z,y,t,7)(p(x) + v)dydr
o Joo 0 0o Jo

(3.1)
SHEUIN ¢ A FEGE

IE ARAESCHR [21], &

= sup //szary,rnds dn, w(t)= sup //GN(x,y,T,n)dSydn'
0 o0 0 Q

Q,0<7<t Q,0<7<¢



74 %

S
G

Vol. 41

RS

Wi T < e HM>o0, {513
max{erk(f),me(f)} < %

W Sk [14), SAEE €0, Co,C > 0, Wt < €0, H k(t) < 2CoVE,w(t) < Ct. # |v] <
M,0<t<T <1, N

‘ < GN (JI, Y, t7 T)(¢(.T)) + U)dydT

Gn(z,y,t, T / “(y’s)dstydT +
Q

8

LY

<7
- 3 3

B, TRy B E S — AN, By = {v e C@x[0,T]) : [[v]|e < M}. JOREd 30
V1,02 € X, ?‘Zﬂ‘]ﬁ

||F v1] — I'v]|oo

Gn(z,y,t, T)/ er W) dsds, dT—/ / Gy(z,y,t, T / 2w dsdS, dr
aQ o9

Gn(z,y,t,7)(v1(y, T) — va(y, T))dydr

Q

G (,y,1,7) / (01 (s 7) — valy, )" dsdS, dr
Q

8

GN ZL' y) y T Ul yaT) - U2(ya7—))dyd7—

7(CT + 2COT€ )H’Ul — ’UQHOO.

B T < min {1/(5+ 2C,eM), 1,60}, M0 < a < 1, 15 ||D[v1] —Tva] oo < afjvr —v2||s0,
FTOAT s — AN EAamss. T2, AT AR 2 —AN Ja) 8 1 22 i i

t T
/ / Gn(z,y,t,7) / e’ W) dsdS, dr
0 o0 0

_|-/0 /QGN(:E,y,t,T)(qé(x)—l—v)dydT. (3.2)

IR 3.3 I (1.1) MRS, A1 PLARLEA BRI 18] A FR AL

IE a3, EASEAEMIRE R T, WAME ¢ 3 Ci(i =0,1,2,...) RREMIE
WHC WoCEk [22] R, AOTH

/ Gn(z,y,t,7)dS, > cy FHrhyeQ,t>7>0. (3.3)
0



No.1 R, —IEHCAZ TN AR ST R AR i) 75

HL4 (3.2), (3.3) FIEBAZ R

/ v(z,t)dS, >/ (/ / Gn(z,y,t,7) / ”(y’s)dstydT) dS,
[o19) o0 o0
/ / / v S, dsdr
o0
_01// eloa v W:2)dSy g dr. (3.4)
0 0
B—5 T, iB4E (3.2), (3.3), BATH
/ v(z,t)dS,
/ </ /GN x,y,t, 7)oy dydT) dS, —/ /d) </ GN(x,y,t,T)dS,;> dydr
o0

o /0 /Q 6(y)dydr = cot /Q s()dy > o, (3.5)

/6 o(, 1)dS,
z/m </Ot/QGN(x,y,t,T)U(y,T)dydT> de:/Ot/Qv(y,T) (/m GN(x,y,t,T)dSz> dydr
e /0 t /Q oy, 7)dydr > cstK(2), (3.6)

Hor K(t):/mv(:v,t)dST 44 (3.2), (3.4), (3.5), (3.6) 133

t T
Cgt C1 K(s)
K(t) > dsdr t >0,
()_1—03t+1—03tAAe sar

alt) =

Co
1—Cgt

t T
B (1.1) F4R o, WIAHERE I T4 T, B K (1) > 6(T)T+6(T) / / e dsdr,
T <t <2T. ik, fEXH [T,2T) & K(t) > k(t), Hr e

% e(t) =

t T
k(t) = co(T)T + C~1(T)/ / e* O dsdr, T<t<2T.

AR, k(t) W2



76 g4 =2 7 & Vol. 41

Kt (3.7) AT ARIRLA k(1) FRAN T B ¢ By, FAAGE]

/ 2cq 1/2
E (¢ k(1) _ k()]
( ) 1-— CgT |: ]
— 2 e N 4
Le=m2+G(T) e = /5 Ccl = ¥ ERSERAEX I [1,27) LR, #5)
— C3

. k(2T 5 _ c dz N e dz
c = _ I — - -
4 ](T) ver — ek(T) - \/W \Ver — 652(T)T

< 7 o ﬁ”/ Ve

2 2v2 2
- Vs (Vin2+1),
Ve&(T)T n2 Vee  \ea(DT et

A
261 &
oo TVeR T < 2 (\/1112 n 1) . (3.8)
X R T, R (3.8) AT
4 B FIRHH

TESCHR [10] FHEREH, X T A e 2 AT 72 Ou/on = fot uP(z,s)ds (p > 1),
IAEL T BRI, BT 5 — MR AR, FEARTT b, JRATIE] 70 T (1.1), 7EIX IR A
AN R AR, O TR L, FAMEE T 9t a].

FEIE 4.4 X TAEMEHEE N, EFARWIGGE, HE (1.1) ffE X AT ReAEd it B

t T
iE A J(t) = / / / e’'W)dS, dsdr, H (3.4), H | wv(y,t)dS, > coJ(t), HEHA
0 0 o

o
e A I (1) — / NS, > ¢’ O, 45 LRRERIE, T (1), HAE (0,6) LAY, R
o0
i1 %)

J(t) > es /el — 1.
¥ ERTE (¢, 7) R, 153

*° d
/ hd > cg (T - t)
cod(t) V€& —1

ther — 12> 2424, o = [ % > er(T — 1), BN

J(t) = TC_Ot- (4.1)

BQ ccQ, e don,Q) =e>0, X FXEMQ, RIER Q" cc Q, it Q cc



No.1 RS —H TR S B 77

Q",d0Q",Q) > €/3,d(0Q,Q) > ¢/3, Xt Ve > 0, FREL
0 <Gn(z,y,t,7)<C, |x—y|l> g,m,yeﬁ,0<7<t<T. (4.2)

RIE (3.2), (4.1), (4.2) 135

maxv(z,t) < CiT + C.J(t) < C; :
o T—t
MR 2 B 2.1, FA1152)
v(z,t) < Cs . Q' x[0,7). (4.3)
T [W(X) + Cu(T - 1))
TR Cy > 0, AT ¢ € Co(Q”) Wi
P >0, zeQ’,
Y =0, z €, (4.4)

2 12
Aw—%%Lz—@, e’

AR (4.3) FHE Q x (0,T) W, v(z,t) ReRERE. Kb Qcc Q' e Q cc
QF,d(0Q*, Q) > €/9,d(0Q", Q%) > €/9, K1

v(r,t) <Cs;, 2€0Q", 0<t<T. (4.5)

2 F X M

[1] Friedman Avner. Interior estimates for parabolic systems of partial differential equations[J]. Journal
of Mathematics and Mechanics, 1958, 7(3): 393-417 .

[2] Friedman Avner. On the uniqueness of the cauchy problem for parabolic equations[J]. American
Journal of Mathematics, 1959, 81(2): 503-511.

[3] Mizohata Sigeru. Le probléme de cauchy pour les équations paraboliques[J]. Journal of the Mathe-
matical Society of Japan, 1956, 8(4): 269-299.

[4] Tychonoff A N. A uniqueness theorem for the heat equation[J]. Mat. Sb., 1935, 42(1): 199-216.

[5] Friedman Avner. Free boundary problems for parabolic equations i. melting of solids[J]. Journal of
Mathematics and Mechanics, 1959, 8(4): 499-517.

[6] Friedman Avner. Free boundary problems for parabolic equations ii. evaporation or condensation
of a liquid drop[J]. Journal of Mathematics and Mechanics, 1960, 9(1): 19-66.

[7] Friedman Avner. Remarks on stefan-type free boundary problems for parabolic equations[J]. Journal
of Mathematics and Mechanics, 1960, 9(6): 885-903.

[8] Friedman Avner. Free boundary problems for parabolic equations iii. dissolution of a gas bubble in
liquid[J]. Journal of Mathematics and Mechanics, 1960, 9(3): 327-345.

[9] Douglas Jim. A uniqueness theorem for the solution of a stefan problem[J]. Proceedings of the
American Mathematical Society, 1957, 8(2): 402-408.



78 oo Rk & Vol. 41

[10] Kyner W T. An existence and uniqueness theorem for a nonlinear stefan problem[J]. Journal of
Mathematics and Mechanics, 1959, 8(4): 483-498.

[11] Anderson Jeffrey, Deng Keng, Dong Zhihua. Global solvability for the heat equation with boundary
flux governed by nonlinear memory[J]. Quarterly of Applied Mathematics, 2011, 69(4): 759-770.

[12] Deng Keng, Wang Qian. Blow-up rate for the heat equation with a memory boundary condition[J].
Applicable Analysis, 2015, 94(2): 308-317.

[13] CV Pao. Solution of a nonlinear integrodifferential system arising in nuclear reactor dynamics[J].
Journal of Mathematical Analysis and Applications, 1974, 48(2): 470-492.

[14] Aleksandr Kozhanov Ivanovich. Parabolic equations with nonlocal nonlinear source[J]. Siberian
Mathematical Journal, 1994, 35(5): 945-956.

[15] Grasselli Maurizio, Pata Vittorino. A reaction-diffusion equation with memory[J]. Discrete and
Continuous Dynamical Systems, 2006, 15(4): 1079.

[16] Aratdjo A, Ferreira JAf, Oliveira P de. The effect of memory terms in diffusion phenomena[J]. Journal
of Computational Mathematics, 2006, 24(1): 91-102.

[17] Aratdjo A, Ferreira JA, Oliveira P de. Qualitative behavior of numerical traveling solutions for
reaction—diffusion equations with memory[J]. Applicable Analysis, 2005, 84(12): 1231-1246.

[18] Caputo Michele. 3-dimensional physically consistent diffusion in anisotropic media with memory|[J].
Atti della Accademia Nazionale dei Lincei. Classe di Scienze Fisiche, Matematiche e Naturali. Ren-
diconti Lincei. Matematica e Applicazioni, 1998, 9(2): 131-143.

[19] Hetzer Georg. A quasilinear functional reaction-diffusion equation from climate modeling[J]. Non-
linear Analysis: Theory, Methods & Applications, 1997, 30(5): 2547-2556.

[20] Julidn Lépez Gémez, Mérquez Viviana, Wolanski Noemi. Blow up results and localization of blow
up points for the heat equation with a nonlinear boundary condition[J]. Journal of Differential
Equations, 1991, 92(2): 384—401.

[21] Deng Keng, Man Kam Kwong, A Howard Levine. The influence of nonlocal nonlinearities on the
long time behavior of solutions of burgers equation[J]. Quarterly of Applied Mathematics, 1992,
50(1): 173-200.

[22] Hu Bei, Ming Yin Hong. Critical exponents for a system of heat equations coupled in a non-linear

boundary condition[J]. Mathematical Methods in the Applied Sciences, 1996, 19(14): 1099-1120.

BLOW-UP PROBLEM FOR A CLASS OF NON-CLASSICAL HEAT

EQUATION WITH MEMORY TERM

WU Shao-hua, WU Ying-dong, CHENG Xin
(Department of Mathematics and Statistics, Wuhan University, Wuhan 430072, China)

Abstract: In this article, we consider a non-classical heat equation with a memory boundary

condition. We have proved that our solutions blow-up in the finite time, and blow-up only occur
on the boundary. Firstly, we construct the classical solution by using the Green function and
Banach fixed point theorem.And then we prove the solution blow-up in the finite time. Lastly, we
prove the solution only occur on the boundary by using the theorem 2.1.

Keywords: non-classical heat equation; memory boundary condition; blow-up
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