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Abstract: In this note we announce the sharp error estimate of BDF2 scheme for linear
diffusion reaction problem with variable time steps. Our analysis shows that the optimal
second-order convergence does not require the high-order methods or the very small time steps
71 = O(r?) for the first level solution u'. This is, the first-order consistence of the first level
solution u' like BDF1 (i.e. Euler scheme) as a starting point does not cause the loss of global
temporal accuracy, and the ratios are updated to r, < 4.8645.
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In this note, we revisit the two-step backward differentiation formula (BDF2) with

variable time-steps for solving the following reaction-diffusion equation:

Ou = Au+ ku+ f(x,t), xe€Qte(0,T],
u(z,0) = ug(x), r €, (1)
u(z,t) =0, x € 00, t €10,T],

where the reaction coefficient k¥ € R, and €2 is a bounded domain.
Set the generally nonuniform time levels 0 =ty < t; <ty < --- <ty =T with the kth
time-step size Ty, := ¢, — tx_1, the maximum step size 7 := maxi<y<n Tx, and the adjacent

time-step ratio
Tk

b
Tk—1

The BDF2 scheme with variable time-step is given as

Dou™ = Au™ + ku” + f*, for 1<n<N, (2)
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where the BDF2 formula can be unified to the following discrete convolution form
Dou =Y b, Vouk,  n>1, (3)
k=1

which is simulated by the discrete fractional derivatives [1-4]. Here the discrete convolution

kernels bglnj . are given as bgl) :=1/7 and for n > 1,

g0 A2 ey "

() _ .
O T Emy T Tmary o b =0 fr2sjsn-lo (@)

For the problem (1) with £ = 0, twenty years ago Becker [5] (one also refers to Thomée’s
classical book [6, Lemma 10.6]) presented that if the adjacent step ratios 7y satisfy 0 < ry <
(2+ V13)/3 ~ 1.868, the discrete solution can be bounded by

[u™|| < Cexp(CT,) ([luoll + Y 7| £]]) for n>1,
j=1

"2 max{0, 7 — r512}. As pointed out in [6]

where C' is a positive constant and I',, :=
and [7], the magnitudes of T',, can be zero, bounded [6, pp. 175] and unbounded [7, Remark
4.1] by selecting certain step-ratio sequence and vanishing step sizes. After that, Emmrich
[8] improves the Becker’s constrained condition to 0 < 7, < 1.91, but still remains the
undesirable factor exp(CT',,) in the Ly-norm stability. Chen et al. circumvent the factor
exp(CT,,) in Becker’s estimate with a bounded factor exp(Ct,) with 0 < 7, < 1.53, but
lack the estimate in the ideal case of I, = 0. Recently, by using the technique of the

discrete orthogonal convolution (DOC) kernels, a nice and interesting work [9] obtains the

convergence
[u(tn) — u™|| (5)
t1 tr
<2exp (4/{15”,1) ( ||u0—u0” + 2t,, /0 [|0pu|| At + 3t,, 121%}(” Tk /tk |0ssee]] dt)
with 0 < r, < 3.561. Here the DOC kernels are defined by
SO0, =6, forall 1<k <n, (6)

j=k
where 9, represents the Kronecker delta symbol with d,, = 1 if n = k and d,,, = 0 if n # k.
One can see that the right-hand-side second term is the first-order convergence when t,, is

large. If the second-order convergence is obtained, it suffers from a restriction condition
IR,| < Ny < N with the index set defined by

9%,,:{k’1+x/§§rk§(3+m)/2}. (7)

In this note, by introducing the novel conception of the discrete complementary convo-
lution (DCC) kernels, we achieve the sharp second-order convergence for BDF2 scheme and

update the adjacent time-step restriction condition to
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AL 0 <7 < Py = & (3/1196—12\/177 + 3/11964—12\/177) + 4 ~ 4.8645, for
2<k<N,

which does not suffer from the restriction condition |R,| < Ny < N. Here ryay is the
positive real solution of 3 = (2z + 1)2.

To obtain stability analysis of the discrete scheme (2)), it is natural to find a DCC kernel
Pt ; such that

Zp(")DuJ Zp(n) Zb(])v u —ZV ulan ; j l—u —u’, vYn>1. (8)

One can see that if the identity (8) holds for all n > 1, it only requires
an””k:1 Vi<k<mn,1<n<N. (9)

The first main contribution in our paper is establishing the positive semi-definiteness
of BDF2 convolution kernels, which produces the constrain condition A1l on the adjacent
time-step ratios.

Lemma 0.1 Assume the time step ratios 7, satisfy A1l. For any real sequence {wg }}_;,
it holds that

2 2
Tk+1 Wi, Tk W1
2 b y , k>2, 10
Wk Z 1+Tk+1> €xTk (1+7'k) €xTh—1 - ( )
2 E W E b,(i)jwj >0, forn>1, (11)
Jj=1

where the positive constant €, = % /12 ({/\/ 177+ 9 — i/\/17 - ) ~ 0.4534 is taken.

The positive semi-definitiveness of 0(")

(n)
b,

. 1s derived by the positive semi-definitiveness of

Lemma 0.2 If the BDF2 kernels bi"_)k_ defined in (4) are positive semi-definite, then
the DOC kernels Off_)k defined in (6) are also positive semi-definite. This is, it holds for any

real sequence {w;}}_; that

Zw Z@l(:)jwj >0, Vn>1.

j=1

A immediate product of the semi-positive definiteness of the BDF2 kernels is the fol-
lowing energy stability for BDF2 scheme (2)) (one also refers to [9]).

Theorem 0.1 Assume the condition A1 holds and « < 0, then the discrete solution
u" to the BDF2 scheme (2) with variable time steps satisfies

0, EF <2(f* 0.u"), Vk>1. (12)
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Furthermore, the energy has the following estimate:
VE" <VEC +4Co() IV + 1/, ¥n>1. (13)
k=1

Here the (modified) discrete energy E* is defined by

Bk .— Tk4+1Tk

= ﬁﬂ&ukﬂg + |u¥)? — k||Ju*|?, for Kk <0 and k > 1, (14)
€ Tk+1

where the initial energy E° := [u°|2—# |[u°|?, O,uf = V,uF /7, and ¢, = TV12(V/VITT +9—
V1T -9 ) ~ 0.4534 and ||-|| represent the inner product and norm in the space L?(2).
The second main contribution in our paper is that we achieve the sharp error estimate.
To obtain the sharp error estimate, we first establish the stability and consistency results
for the BDF2 scheme (2). Before that, several useful properties of DOC and DCC kernels
are presented.
Lemma 0.3 [9] The DOC kernels 07@]- have the following properties:

Z@fﬁ)j = Tp, forn > 1, (15)
j=1
n k
>0 =t,,  forn>1 (16)
k=1 j=1

Lemma 0.4 The DOC kernel 95:1)]- can be explicitly represented by

n
) %;j) 11 T for 2 <k <n.
[ i=k+1
en—k - n ¢ (17>
™ Il o5 for k= 1.
i=k+1 ‘

We remark that the results in Lemma 0.4 is very important for the following convergence
analysis and the bound of DCC kernels. Here we emphasize on the connection of DCC and
DOC kernels, and present the properties of DCC kernels by propositions as follows.

Proposition 0.1 Let the DCC kernels pff_)j and the DOC kernels Hfln_)j be defined by

(9) and (6)) respectively. Then, the DCC kernel and DOC kernel hold

l .
P =367, vi<j<n, (18)
I=j
057_)] = pi:l_)j _pfmn__ll_)ja Vli<j<n, (19)

where p(_nl) :=0,Vn > 0 is defined.
Proposition 0.2 Let 7 be the maximum time-step size and the time-step ratios satisfy
0 < rp <1y, where r, is any given positive constant. The DCC kernels pff_)k defined in (9)
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satisfy
"7 1+ 7k) k T
(n) k k % .
= 2<7< 20
P =2 Gyon Al Ty, 2Sisn (20)
k=j i=7+1
n k r
(n) _ i
pnfl - ZTICH 1+2ri7 (21)
k=1 i=2
STpY, = t, (22)
j=1
-\ e ' T
n * k
R S e B SE O L (23)
k=j k=j
where Hf:j 41 = Lfor j >k is defined.

To obtain the stability of the BDF2 scheme (2)), we introduce a discrete Gronwall in-
equality for the following L2-norm estimate.
Lemma 0.5 Assume X > 0 and the sequences {v;}_, and {1;}}_, are nonnegative.

If

n—1 n

vy, < /\szvj +an, for 1<n<N,
j=1 =0

then it holds .
v, < exp (/\tn_1) an, for 1<n<N.

=0
We now present the stability result of the BDF2 scheme (2).
Theorem 0.2 If the BDF2 kernels b\"” ; defined in (4) are positive semi-definite (or
condition A1 holds), the discrete solution u" of the BDF2 scheme (2) is unconditionally
stable in the L% -norm. If x > 0 and the maximum time-step size 7 < 1/(4k), it holds

lu"|| < 2exp (4ntn71) <HUOH +2Zp§[‘_)j Hf]H> , for1<n<N. (24)
j=1
If k <0, it holds
)l < ]| +2> P [ £, for1<n< N (25)
j=1

Lemma 0.6 Set

I
Gl = —/ (t — tl_l)Qattt’LLdt, 1 S l S N,
2 ti—a1
i_ Lo v :
R = —obimjoy [ (20— tj) +7j-1)0udt, 2<j <N, (26)
tj71
I

1M
t28tttu dt—?l / Sutt(s) ds.
0
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The truncation error 1/ := Dou(t;) — dyu(t;) (1 < j < N) can be expressed the following

form

J
W= G +R, 1<j<N. (27)

=1
Theorem 0.3 Assume the conditions in Theorem 0.2 hold, and the truncated error

can be expressed by

fr=y b Gr 4 Rr (28)

k=1

where G* and R™ are given in (26). If x > 0 and the maximum time-step size 7 < 1/(4k),
it holds

[u]| < 2exp (4rt,_1) <Hu°|y +23 ||GH| + zzpmnmn) , for1<n<N. (29)
k=1 k=1
If k <0, it holds
lu™| < HUOH +2Z HGkH —l—QZpEln,)kHRkH, for 1 <n < N. (30)
k=1 k=1

Finally, applying the Lemmas 0.6, Proposition 0.2 and Theorem 0.3, we achieve the
sharp error estimate.

Theorem 0.4 Let u(t,x) be the solution to problem (1)). If the BDF2 kernels bgl"jk
defined in (4) are positive semi-definite (or the condition A1 holds), then the solution u™ to

BDF2 scheme (2) is convergent in the L?-norm. If x > 0 and the maximum time-step size
T < 1/(4k), it holds

t1 n ky
[u(t,) — ™| <2exp (4kt,_1) (Wo) — w0l 4+ 2(m + T>/ || Opeur]| At + Zr,f/ | Opeee| At
0 k=1 th—1
tr
+2t,, max Tk/ ||Oe| dt) , for1<n<N\. (31)
1<k<n o

If k <0, it holds

t1 n ky
u(ta) — ] < [[u(0) — ]| + 2 +7) / Ol dt + 72 / B1sral| dt
0 k=1 tr—1

tr
+ 2t,, max Tk/ |Opeeue|| dt,  for 1 <mn < N. (32)
1<k<n U [,

More details can be found in [10].
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