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Consider the following elliptic equation of divergence form in Rd (d > 2):

div(a · ∇u) = 0, (1)

where a : Rd → Rd×d is a Borel measurable function and ∇ := (∂x1 , · · · , ∂xd
). When a is

uniformly elliptic, the celebrated works of De-Giorgi [1] and Nash [2] said that any weak solu-
tions of elliptic equation (1) are bounded and Hölder continuous. Moreover, Moser [3] showed
that any weak solutions of (1) satisfy the Harnack inequality. In [4], Trudinger considered
the non-uniformly elliptic equation (1) under the following integrability assumptions:

λ−1
0 ∈ Lp0 , µ0 ∈ Lp1 with p0, p1 ∈ (1,∞] satisfying 1

p0
+ 1

p1
< 2

d
,

where

λ0(x) := inf
|ξ|=1

ξ · a(x)ξ, µ0(x) := sup
|ξ|=1

|a(x)ξ|2
ξ · a(x)ξ

. (2)

He showed that any generalized solutions of (1) are locally bounded and weak Harnack in-
equality holds. Recently, Bella and Schäffner [5] showed the same results under the following
sharp condition on p0, p1,

1
p0

+ 1
p1

< 2
d−1

, p0, p1 ∈ [1,∞], (3)

Here we extend the main result of [5] to parabolic case. More precisely, we consider the
following parabolic equation of divergence form in Rd+1:

∂tu = div(a · ∇u) + b · ∇u + f, (4)
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where
a : Rd+1 → Rd×d, b : Rd+1 → Rd, f : Rd+1 → R

are Borel measurable functions. As in (2), we introduce

λ(x) := inf
t>0,|ξ|=1

ξ · a(t, x)ξ, µ(x) := sup
t>0,|ξ|=1

|a(t, x)ξ|2
ξ · a(t, x)ξ

, (5)

and suppose that λ and µ are nonnegative Borel measurable functions.
Definition 0.1 A continuous function u : Rd+1 → R is called a Lipschitz weak

(super/sub)-solution of PDE (4) if ∇u is locally bounded and for any nonnegative Lips-
chitz function ϕ on Rd+1 with compact support,

−〈〈u, ∂tϕ〉〉 = (> / 6)− 〈〈a · ∇u,∇ϕ〉+ 〈〈b · ∇u, ϕ〉〉+ 〈〈f, ϕ〉〉, (6)

where 〈〈f, g〉〉 :=
∫
R

∫
Rd f(t, x)g(t, x)dxdt.

For p, q ∈ [1,∞], let Lq,p
t,x := Lq(R;Lp(Rd)) and Lp,q

x,t := Lp(Rd;Lq(R)) be the space of
space-time functions with norms, respectively,

‖f‖Lq,p
t,x

:=
(∫

R
‖f(t, ·)‖q

pdt

)1/q

, ‖f‖Lp,q
x,t

:=
(∫

Rd

‖f(·, x)‖p
qdx

)1/p

,

where ‖ · ‖p stands for the usual Lp-norm. For r > 0 and (s, z) ∈ Rd+1, we define

Qr := [−r2, r2]×Br ⊂ Rd+1, Qs,z
r := Qr + (s, z), Bz

r := Br + z,

and for p ∈ [1,∞], introduce the following localized Lp-space:

L̃p :=
{

f ∈ L1
loc(Rd) : |||f |||p := sup

z
‖1Bz

1
f‖p < ∞

}
, (7)

and for p, q ∈ [1,∞],

L̃q,p
t,x :=

{
f ∈ L1

loc(Rd+1) : |||f |||L̃q,p
t,x

:= sup
s,z

‖1Qs,z
1

f‖Lq,p
t,x

< ∞
}

, (8)

and similarly for L̃p,q
x,t .

Below we fix p0 ∈ (d
2
,∞] and p1 ∈ [1,∞] with

1
p0

+ 1
p1

< 2
d−1

, (9)

and introduce the index set

Idp0
:=

{
(p, q) ∈ [1,∞]2 : 1

p
< (1− 1

q
)( 2

d
− 1

p0
)
}

.

We make the following assumptions about a and b:

(Ha) |||λ−1|||p0 + |||µ|||p1 < ∞, where λ, µ are defined by (5).

(Hb) b = b1 + b2, where if p0 ∈ (d
2
, d], b1 ≡ 0, and if p0 > d, b1 ∈ L̃q2,p2

t,x for some (p2, q2) ∈
[1,∞]2 with

1
2p0

+ 1
p2

< ( 1
2
− 1

q2
)( 2

d
− 1

p0
), (10)

and b2 ∈ L̃p1,∞
x,t and divb2 ≡ 0.
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For simplicity of notations, we introduce the following parameter set

Θ :=
(
d, pi, qi, |||λ−1|||p0 , |||µ|||p1 , |||b1|||L̃q2,p2

t,x
, |||b2|||L̃p1,∞

x,t

)
. (11)

We have the following apriori estimate.
Theorem 0.2 Under (Ha) and (Hb), for any f ∈ L̃q4,p4

t,x with (p4, q4) ∈ Idp0
and for

any T > 0, there exists a constant C = C(T, Θ, p4, q4) > 0 such that for any Lipschitz weak
solution u of PDE (4) in Rd+1 with u(t)|t60 ≡ 0,

‖u‖L∞([0,T ]×Rd) 6 C|||f1[0,T ]|||L̃q4,p4
t,x

. (12)

Consider the following heat equation with divergence free drift b:

∂tu = ∆u + b · ∇u + f, u(t)|t60 = 0. (13)

The following apriori global boundedness estimate is a direct consequence of Theorem 0.2.
Corollary 0.3 Let b ∈ L̃p,∞

x,t with divb = 0, where p ∈ [1,∞]∩ (d−1
2

,∞]. For any T > 0
and f ∈ L̃q′,p′

t,x , where p′, q′ ∈ [1,∞] satisfy d
p′ + 2

q′ < 2, there exists a constant C > 0 only
depending on T, d, p, p′, q′ and ‖b‖L̃p,∞

x,t
such that for any Lipschitz weak solution u of (13),

‖u‖L∞([0,T ]×Rd) 6 C|||f1[0,T ]|||L̃q′,p′
t,x

. (14)

Remark 0.4 Note that when d
p

+ 2
q

< 2 and b ∈ L̃q,p
t,x with divb = 0, it is well known

that (14) holds (cf. [6], [7]). When b does not depend on t, the current condition p > d−1
2

in
Corollary 0.3 is clearly better than p > d

2
.

As an application of the global boundedness estimate (12), we consider the following
SDE:

dXt =
√

2σ(t,Xt)dWt + b(t,Xt)dt, X0 = x, (15)

where W is a d-dimensional standard Brownian motion. We recall the following notion of
weak solutions to SDE (15).

Definition 0.5 Let F := (Ω,F ,P; (Ft)t>0) be a stochastic basis and (X, W ) a pair
of Ft-adapted processes defined thereon. We call triple (F, X, W ) a weak solution of SDE
(15) with starting point x ∈ Rd if

(i) P(X0 = x) = 1 and W is an Ft-Brownian motion;
(ii) for all t > 0, it holds that P-a.s.

∫ t

0

(
|σ(s,Xs)|2+ |b(s,Xs)|

)
ds < ∞, a.s., andXt = x+

√
2
∫ t

0

σ(s,Xs)dWs +
∫ t

0

b(s,Xs)ds.

We make the following assumptions about σ and b.

(H̃σ) Suppose that there are a sequence of d × d-matrix functions σn ∈ L∞(R+;C∞
b ),

(p2, q2) ∈ Idp0
and κ0 > 0 such that for all n ∈ N,

|||λ−1
n |||p0 + |||µn|||p1 + |||∂ia

ij
n |||L̃p1,∞

x,t
+ |||(∂i∂ja

ij
n )+|||L̃q2,p2

t,x
6 κ0, (16)

where an := σnσ∗n, λn and µn are defined as in (5) by an. Moreover, for some
p3, q3 ∈ [2,∞] with (p3

2
, q3

2
) ∈ Idp0

and for any T, R > 0,

sup
n
|||σn|||L̃q3,p3

t,x
=: κ1 < ∞, lim

n→∞
‖(σn − σ)1[0,T ]×BR

‖Lq3,p3
t,x

= 0. (17)
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(H̃b) Let b = b1 + b2 satisfy (Hb) and b ∈ L̃q4,p4
t,x for some (p4, q4) ∈ Idp0

.

We have the following existence result.
Theorem 0.6 Under (H̃σ) and (H̃b), for any x ∈ Rd, there is at least one weak solution

(F, X, W ) for SDE (15). Moreover, for any (p, q) ∈ Idp0
and T > 0, there are θ ∈ (0, 1) and

constant C = C(T, Θ, p, q) > 0 such that for any stopping time τ 6 T , δ ∈ (0, 1) and
f ∈ L̃q,p

t,x ,

E
(∫ τ+δ

τ

f(s,Xs)ds
∣∣∣Fτ

)
6 Cδθ|||f |||L̃q,p

t,x
. (18)

The following two examples can be derived from the above existence result.
Example 0.7 Let d > 3 and α ∈ (0, (d

2
− 1) ∧ ( 1

2
+ 1

d−1
)), β ∈ (0, 2α). For any λ > 0

and x ∈ Rd, the following SDE admits a unique strong solution:

dXt = |Xt|−αdWt + λXt|Xt|−β−1dt, X0 = x.

Note that the starting point can be zero and the uniqueness follows from [8].
Example 0.8 The following two dimensional degenerate SDE admits a solution:

{
dX1

t = |X2
t |αdW 1

t + b1(Xt)dt,

dX2
t = |X1

t |αdW 2
t + b2(Xt)dt,

where α ∈ (0, 1
2
) and b = (b1, b2) ∈ L̃p(R2) for some p > 1

1−2α
.

More details can be found in [9].
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[5] Bella P, Schäffner M. Local boundedness and harnack inequality for solutions of linear nonuniformly
elliptic equations[J]. Comm. Pure Appl. Math., https://doi.org/10.1002/cpa.21876.

[6] Nazarov A, Ural’tseva N N. The Harnack inequality and related properties for solutions of elliptic
and parabolic equations with divergence-free lower-order coefficients[J]. St. Petersburg Mathematical
Journal, 2012, 23(1): 93–115.

[7] Zhang X, Zhao G. Stochastic Lagrangian path for Leray solution of 3D Navier-Stokes equations[J].
Comm. Math. Phys., Preprint.

[8] Wang Z, Zhang X. Existence and uniqueness of degenerate SDEs with Hölder diffusion and measur-
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