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Ç�ÈÊÉ Ä3Å Æ º.ËÊÌÊ¸±Í�¸ , ²�³ª´�µ�¶A» , Î
ÏÊÐ.Ñ3Ò3À3£3Ó Æ3Ô ·Ê¸ . Newton-
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À'£'Ó Æ'Ô�Ö ¼ , ²'·�¸'¹
ºª»�Î�Ï'£'Ó�×ÊØ
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Ý » ⊗ â�ã±ä!å3æ�¤`ç�Ó , è È ä!å x, é�ê x⊗2 = xx′.ë É
, Ä.�
ìSí�î�ï�ð'ñ á , Newton-Raphon Ó Ô ¤�ò�ó�ô�õ à
áöM÷
1 �
é�ø�À β0 «ù¬�£�Ó�ú�û ε;öM÷
2 ü È à
á�ý�þ�ÿ�ß , ¿�� t− 1 ô�¢�£�À βt−1 ��� Ã�� t ô�¢�£�À βt

βt = βt−1 − (O2l(βt))
−1 · Ol(βt); (2.7)

ö�÷
3 �����	� ‖ βt − βt−1 ‖< ε, 
 : �
�	��� , � t = t+ 1, ����ô�õ 2; �	��� , �� �`¢�£�À βt,

ý�þ����
.

²0³D´0µ�¶±·.¸ » , ×ªØ.Ù0Ú'Ò±ÛDÜ����3¾��� .ÛDÜ , ! Ô ·#"�$�%ªÙ'& Newton-

Raphon Ó Ô ý�þ	( � .
ë % , ÎMÏ	)�* ��+ éÊ¤`Ò�À�£�Ó Æ�Ô .,�-'.0/

Adagrad Ó Ô $�1�·�¸ , Adagrad Ó Ô	2�3�4�5 ¾�«76�8
9�û	: Æ Rt è ý�þ
ô�;�$	1�<	=�>�?�� , 
`¿ ý�þ�ÿ�ß (2.7) @�A�Ã

βt = βt−1 −
α√

Rt + τ
· Ol(βt), (2.8)

Ý » τ Ã�:	B�Õ�Ò ,
ÝDC ¤M¾
Ã���EF���7G
Å	H'Ã 0 ¤7I	J , ¼�½�K
Ã�L�=.¤�Õ�Ò .

Ý »F6
8�9�û�: Æ Rt ¤ Þ�ß Ã

R1 = Ol(β1)
⊙

2,

Rt = Rt−1 + Ol(βt)
⊙

2,
(2.9)

Ý » ⊙ â�ã
M�N
O
P3¤`ç�Ó , è È ä!å x, x
⊙

2 
`è�ä!å�Q3¤SR�T�M�N�$	1�: Æ .
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[�d .
ë % .e/

RMsprop Ó Ô . RMSprop Ó Ô�f Ñ
9�û	: Æ ¤7g�Ò�B�h�:	i�¹
º�j�Â (2.9)
ß ¤F6�k�¹�º ,l�.S/ B
h�m�Ò φ n�o�g�Ò
B
h
:
i.¤Sp
d
q�b , φ ∈ [0, 1),

R̄1 = (1 − φ)Ol(β1)
⊙

2,

R̄t = φR̄t−1 + (1 − φ)Ol(βt)
⊙

2.
(2.10)

Çsr �	t , R̄t ¾�9�û	: Æ Ol(β)
⊙

2 ¤7g�Ò�B�h�:�i�À . RMSprop Ó Ô�f Ñ	g�Ò�B�h�:�i�À
R̄t è ý�þ ô�;�$	1
@�A , ¿ (2.7)

ß @�A�Ã
βt = βt−1 −

α√
R̄t + τ

· Ol(βt). (2.11)

u�v
RMSprop Ó Ô ²
·�¸'��Àªµ`¶'��wsx	y�z
L	{�¤�|�}	q�û , ~'¾�Ã±�0��K � {�¤

|�}�q�û ,
.0/

Adam Ó Ô $�1�·�¸ . ² Adam Ó Ô á , é�ê�9�û Ol(β) ¤�Ì��
¼'Ø�Û�¢�£
Ã

m1 = (1 − ψ1)Ol(β1),

mt = ψ1mt−1 + (1 − ψ1)Ol(βt),
(2.12)

Ý » ψ1 Ã�n�o�9�û Ol(β) g�Ò
B
h
:
i�¹�º±»sp
d
q�b.¤s�	��Ò , ψ1 ∈ [0, 1) ����K�À 0.9.� ��é�ê�9�û Ol(β) ¤`Ì
��×
Ø�Û�¢�£�Ã
v1 = (1 − ψ2)Ol(β1)

⊙
2,

vt = ψ2vt−1 + (1 − ψ2)Ol(βt)
⊙

2,
(2.13)

Ý » ψ2 Ã�n	o
9�û	: Æ Ol(β)
⊙

2 g�Ò�B�h�:�i�¹�º�»0p�d	q�b±¤S���
Ò , ψ2 ∈ [0, 1) �
�
K�À 0.999.Ç

(2.12)
ß	�

(2.13)
ß �
Y�Z�G , ² ψ1, ψ2 Ã	����K�À�¤7I	J á , ² ý�þ ø�� , mt, vt

¾��±ä È 0 ¤ ,
ë É ÎMÏ�$	1�� ¯

m̂t = mt/(1 − ψt
1),

v̂t = vt/(1 − ψt
2).

(2.14)

$�% , ¿ (2.7)
ß j�Â�Ã

βt = βt−1 −
α√
v̂t + τ

· m̂t. (2.15)

ÇùÉ
, Ä.�
ìSí�î�ï�ð'ñ á , Adam Ó Ô ¤�ò�ó�ô�õ à
áöM÷
1 �
é�ø�À β0 «ù¬�£�Ó�ú�û ε;öM÷
2 £�Ó�9�û±¤�¼
Ø�Û�¢�£ m̂t,

Ý ò�ó Þ�ß�� (2.12), (2.14)
ß

;öM÷
3 £�Ó�9�û±¤�×
Ø�Û�¢�£ v̂t,

Ý ò�ó Þ�ß�� (2.13), (2.14)
ß

;öM÷
4 ü È à
á�ý�þ�ÿ�ß , ¿�� t− 1 ô�¢�£�À βt−1 ��� Ã�� t ô�¢�£�À βt,

βt = βt−1 −
α√
v̂t + τ

· m̂t; (2.16)
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ö�÷
5 �����	� ‖ βt − βt−1 ‖< ε, 
 : �
�	��� , � t = t+ 1, ����ô�õ 2; �	��� , �� �`¢�£�À βt,

ý�þ����
.

2.2 ²´³�µ�¶�·
¸
¹ Adam º�»F¼
² r ¼	=�½�» , ¾	¿±� Adam Ó Ô ²0ì!í�îÊïMð�ñ á ¤�·�¸'ô�õ , ²
�'é�ø	À�`�aFb α,

:
B
Õ�Ò τ � , Adam Ó Ô ²�� t ô3¤ ý�þ ô�;�Ã
4βAdam = α · m̂t√

v̂t + τ
. (2.17)

� ¦ (2.13)
ß è v̂t $	1�Á�Â�Ã
Ä

v̂t =
1

1 − ψt
2

[
ψ2vt−1 + (1 − ψ2)Ol(βt)

⊙
2
]

=
1

1 − ψt
2

[
ψ2

2vt−2 + ψ2(1 − ψ2)Ol(βt−1)
⊙

2 + (1 − ψ2)Ol(βt)
⊙

2
]

=
1

1 − ψt
2

[
ψk

2vt−k + ψk−1
2 (1 − ψ2)Ol(βt−k+1)

⊙
2 + · · · + (1 − ψ2)Ol(βt)

⊙
2
]
,

(2.18)

Ý » k = 1, 2, · · · , t.
Çsr ß ��Y�Z
G , g�Ò�B�h�:�i�è ® �
9
û�: Æ	Å�Æ ��Ç ¤7È	É , %
Ê

��9�û�: Æ ¤SÈ
É��±«sg�Ò Þ
ß p�d , Ë�%�Ì	ÌFn�o±�´9�û�: Æ ¤e6�8�¹�º . ¡
% , ]
Í�9�û
: Æ ¤eÎ	��Ï	Ð'��Ñ	Ò����
^�_'Ó Ô |
}�z�Ó
Ô0¤��
À#Õ . Z�G �
Ö	× [10] ² ICLR 2018

» ¯ ²�Ø 2 ¤�¼
Ù Ö�Ú »sÛ.��¤
µ!¶���Ü�%�¦ .

Ã.�S¸�ÝF9�û�: Æ ¤0Î
��Ï
ÐªµS¶ ,
.S/ Ï	Þ PA

t â�ã Adam Ó Ô � t ô ý�þ ¤ ��� å
PA

t =
m̂t√
v̂t + τ

. (2.19)

ß�à z ��� å PA
t

�
Adam Ó Ô ¤ ý�þ ô�; (2.17)

ß�áeâ ¼�T'Õ�Ò#ã
ã7`�aeb α.
� ¦
x	ä

Ó Ô Momentum Ó Ô (
��Ö
×

[4]) »sh�å±äSå3¤ 4�5 , h�å±äSå3¤ 4�5 ¾�ð	æ�ç	è
Q
h�å±¤é
ê
, Ñ
8�6 Ö å3¤Sh�å
ë�j þ	ì ¯ ¤S9�û , Ï
h�å
í	Þ�Ã M (Momentum)

M1 = 0,

Mt = u ·Mt−1 + Ol(β),
(2.20)

Ý » u Ã�h�å M îðï`¤SÈ
É .

Ï Adam Ó Ô ¤eñe$�Ó Ô Ã MAdam Ó Ô (Modified Adam), Ï MAdam Ó Ô ¤S� t ô
¤ ý�þ ô�;�Ã PM

t .
� ¦
h�å±äSå 4�5 (2.20)

ß
, ò�Ñ MAdam Ó Ô � t− 1 ô3¤ ý�þ ô�; �

Adam Ó Ô � t ô±¤ ý�þ ��� å�$�1ªìSL , K
×�ó Ö æ'¤eô
��À ,
�

Adam Ó Ô � t ô±¤ ýþ ��� å�$	1�k
È�·
õ , ö�Ã MAdam Ó Ô � t ô3¤ ý�þ ô�; .
Ý ò�ó Þ�ß Ã

PM
1 = η · PA

1 ,

PM
t = α · Max(PM

t−1, P
A
t ) + η · PA

t ,
(2.21)

Ý » α Ã�`�aeb , η Ã�h�å ë0÷ , 
 Adam Ó Ô ��� å PA
t ¤SÈ
É , η ∈ [0, 1).
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� ¦ (2.16)
ß

, ¿ Adam Ó Ô ¤ ý�þ ¹�º
� ¯ Ã
βt = βt−1 − PM

t . (2.22)

Ç�È
PM

t ¾ PM
t−1

�
PA

t ô��'À � PA
t ¤Fk�È�·�õ ,

ë É �	Y'Z�G'² ý'þ ¹�ºD» PM
t ¾D«r ×�ó�ô��'À � PA

t ¤Fø'ù�ú'¦ .
ë É Å�P'ÅÊÍ�ô��'À�û'Kª¤�ü�Í�I Þ.á ¤�|	}�I�J , ý

PA
t ≥ PM

t−1 � , MAdam Ó Ô
þ
ÿ Ã�`�aeb�Ã (α+ η) ¤ Adam Ó Ô

PM
1 = η · PA

1 ,

PM
t = (α+ η) · PA

t .
(2.23)

ý PA
t < PM

t−1 � , MAdam Ó Ô �����'Ã�p	d	q�b
Ã α ¤ Adam Ó Ô ��� å�¤eg�Ò	B
h
:
i�¹�º

PM
1 = η · PA

1 ,

PM
t = α · PM

t−1 + η · PA
t .

(2.24)

Ç
(2.24)

ß
, $	1 à
á�� Ù

PM
t = α · PM

t−1 + η · PA
t ,

PM
t =

t∑

j=1

αt−jη · PA
j .

(2.25)

� ¦ (2.23)
ß
�

(2.25)
ß

, ��t MAdam Ó Ô � Adam Ó Ô ¤��
m�Ã
PM

1 = η · PA
1 ,

PM
t =





(α+ η) · PA
t , PA

t ≥ PM
t−1,

t∑
j=1

αt−jη · PA
j , PA

t < PM
t−1.

(2.26)

ÇùÉ
, Ä	z.ìSí�î�ï�ð'ñ á , MAdam Ó Ô ¤�ò�ó�ô�õ à
áöM÷
1 �
é�ø�À β0 «ù¬�£�Ó�ú�û ε;öM÷
2 £�Ó�9�û±¤�¼
Ø�Û�¢�£ m̂t,

Ý ò�ó Þ�ß�� (2.12), (2.14)
ß

;öM÷
3 £�Ó�9�û±¤�×
Ø�Û�¢�£ v̂t,

Ý ò�ó Þ�ß�� (2.13), (2.14)
ß

;öM÷
4 £�Ó Adam ��� å :PA

t = m̂t√
v̂t+τ

;öM÷
5 £�Ó MAdam ��� å :PM

t = α · Max(PA
t , P

M
t−1) + η · PA

t ;öM÷
6 ü È à
á�ý�þ�ÿ�ß , ¿�� t− 1 ô�¢�£�À βt−1 ��� Ã�� t ô�¢�£�À βt:

βt = βt−1 − PM
t ; (2.27)

ö�÷
7 �����	� ‖ βt − βt−1 ‖< ε, 
 : �
�	��� , � t = t+ 1, ����ô�õ 2; �	��� , �� �`¢�£�À βt,

ý�þ����
.

2.3 ²´³�µ�¶�·
¸
¹�ºeµ��
	 ½±» , 
�¹�Ò���ð�æ
Ã�ã�
sÍ������
Ô ÿ Ó Ô j þ Newton-Raphon Ó Ô ¤0�
1�§ , Ã

ã�²	� � Ò���� 	 å�«ù¬	� ����� b á , ��Ô ÿ Ó Ô ¤`Ò�À�£�Ó��
æ .
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2.4 �������
²
�'é�����å Z1, Z2 ¤� �! á , "�# � Ì��'æ T̃ ¤�îÊï�bÊÚMÒ�$�Ë à�á�Þ'ß ¤�ì`í
î

ï�ð'ñ
λ(t|Z1, Z2) = λ0(t)exp(β1Z1 + β2Z2).

Ã.��ì´L��
Í
��Ò�%�é á , �&����Ô ÿ Ó Ô � Newton-Raphon Ó Ô ¤S��Ò�¢�£
I
J , %
é���Ò ì À
Ã β1 = 0.693, β2 = −0.5. ����å Z1 Ë
_�' é b�Ã 0.5 ¤ Bernouli Å�(�»�)+*, _ ; ���'å Z2 Ë�-�� ¯�° Å�( N(0, 1) »�).* , _ .

�/� �Êæ C $�Ë	i10
Å�( U(0, c),

%'é�� � c À , ò
Ä 1000 Ó�ð�æ�2 , ¥���¤ �3� b�Å�P
Ã ρ = 0.2, 0.5 > 0.7. ü	�
î3ï�b
λ0(t) Å	P�%
é�Ã 1 õ 2t,

ÇSÉ ��Å	P Ç îÊï�b
Ã exp{β1Z1 + β2Z2} ¤7g�Ò�Å�(�Ò�� , «S¬Þ�4 �'Ò�Ã 2, 5'û��'Ò�Ã 1/
√

exp{β1Z1 + β2Z2} ¤ Weibull Å�(0»�).* , _ � Ì��Êæ T̃ .

� 	 å n %�6�Ã 100, 200 , 250 > 300.

ð�æ ��7 » , Newton-Raphon Ó Ô�8 Adam Ó Ô�8 MAdam Ó Ô�8 RMSprop Ó Ô «�¬
Adagrad Ó Ô �
Ò
¢
£�¤�¢
£	i
À (Mean)

8 �
Ò
¢
£�¤�� 	 -	� â (SD), -	��9 â ¤�¢
£
i�À (SE) õ 95% 6�:/;�æ�<�=�b (CP) i Ç 1000 Ó.>�?�ð�æ ��7 ��Ä .

ý�þ 9 â ε %�6�Ã
10−5. Ó Ô ¤�Ò
À
£
Ó'�Êæ (Time) Ã 1000 Ó�ð�æª»0:	i	R�Ó�£'Ó�î�@BA3¤Fm1C�£'Ó#�Êæ
( D�E : F ), ò�Ñ.¤`£�Ó�m�C.G�6�Ã :CPU ñ
Þ�Ã Intel Xeon E5-2630 v2, 12

2
, CPU H�I�Ã

2.6 GHz, JLK���=�Ã 64 GB.

Adam Ó Ô�8 MAdam Ó Ô�8 RMSprop Ó Ô «�¬ Adagrad Ó Ô ¤�ø'À#`�a	b/%36.Ã
α = 0.01, :	B�Õ�Ò�%�6'Ã τ = 10−8.RMSprop Ó Ô ¤7B	h�m�Ò	ò
Ñ����
À φ = 0.5. Adam

Ó Ô ¤s����Ò
ò�Ñ�����À ψ1 = 0.9, ψ1 = 0.999, MAdam Ó Ô ¤s����Ò � Adam Ó Ô�M�N ¼
& , È
É η = 0.05. Ò�À�ð�æ�£�Ó ��7.O	� â 1 – â 4, ��Ó Ô £�Ó��
æ ,

O	�BP
1 –
P

6.

ËÊâ 1 – â 4 ¤�Ò.À.£.Ó �/7 ��t , ² « r î.ÌB"B#A¤
�.Ò�%±é�I#J á , Adam ÓÔ�8
MAdam Ó Ô�8 RMSprop Ó Ô Ä�z.¤M�
�� '¡
¢
£	i'¾�!	��¤ , ).Q�� 	 å	\'� , -	�

9 â ¤�¢�£�i�À SE õ���Ò�¢�£±¤R� 	 -	� â SD Á�­�S ® , 6�:B;�æT<�=	b CP U + é�²
0.95 V�W , L
Ã�¦	è . X�� Adagrad Ó Ô £�Ó�� â ¹
�ª«�Y ,

Ý�Z�[ Í�Ó Ô Ä�z3¤7�
Ò
¢
£��7��
Newton-Raphon Ó Ô ¢�£ ��7 ¼�& , ]�\.©/�&����Ô ÿ Ó Ô j þ Newton-Raphon ÓÔ ¤7��1�§ . ²�³Ê´T��Ñ�» , ý Newton-Raphon Ó Ô �0G�! Ô ·
"�¤0I�J á , « r [ Í]���

��Ô ÿ Ó Ô ¾	j þ Newton-Raphon Ó Ô ¤0�
1 Æ�^�Ö ¼ .

$Ê¼'ô , %�6�� 	 å n = 50, 100, 150, 200, 250, 300, %�é �/� b
Å�P'Ã ρ = 0.2, 0.5,

0.7. ²'£
Ó'��æ r , �_����Ô ÿ Ó Ô ýÊ» , MAdam Ó Ô ¤�£
Ó�Ì�b�i Ç È Ý�Z�[ Í`�_���
Ô ÿ Ó Ô , ]�\�©`è Adam Ó Ô ¤�ñ�$�¾	�	1±¤ ,

l Ì�Ì�a	<�Î���£
Ó'��æ . « r�b Í`�_�
��Ô ÿ Ó Ô ²�|F}
q�û r � Newton-Raphon Ó Ô ¥�ì´L�c . ~
¾ , �&����Ô ÿ Ó Ô ��d.$
Òe Ç�f Ò���£�Ó��'¤�gsY , ò�Ì Ý £�Ó�Ô�h�õ���Ñ�i�À .
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j
1 k3lBmBnBo�p (λ0 = 1, ρ = 0.2)

j
2 k3lBmBnBo�p (λ0 = 1, ρ = 0.5)

j
3 k3lBmBnBo�p j (λ0 = 1, ρ = 0.7)

j
4 k3lBmBnBo�p (λ0 = 2t, ρ = 0.2)

j
5 k3lBmBnBo�p (λ0 = 2t, ρ = 0.5)

j
6 k3lBmBnBo�p (λ0 = 2t, ρ = 0.7)
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q
1 : rts λ(t|Z1, Z2) = λ0(t)exp(β1Z1 + β2Z2) uwv_xty_z , {T| λ0(t) = 1

β1 = 0.693 β2 = −0.5

n ρ Method Time Mean SD SE CP Mean SD SE CP

100 0.2 β̂NR 0.014 0.712 0.135 0.137 0.954 −0.514 0.282 0.263 0.944

β̂Adam 0.558 0.712 0.134 0.137 0.953 −0.509 0.271 0.262 0.952

β̂RMSprop 0.646 0.712 0.135 0.137 0.954 −0.514 0.282 0.263 0.944

β̂Adagrad 0.645 0.803 0.053 0.140 0.979 −0.211 0.070 0.240 0.972

β̂MAdam 0.529 0.712 0.135 0.137 0.954 −0.514 0.282 0.263 0.944

0.5 β̂NR 0.014 0.719 0.169 0.166 0.950 −0.513 0.364 0.344 0.942

β̂Adam 0.566 0.718 0.169 0.166 0.950 −0.500 0.335 0.340 0.952

β̂RMSprop 0.655 0.719 0.169 0.166 0.950 −0.513 0.364 0.344 0.942

β̂Adagrad 0.653 0.816 0.078 0.171 0.980 −0.194 0.102 0.304 0.964

β̂MAdam 0.536 0.719 0.169 0.166 0.950 −0.513 0.364 0.344 0.942

0.7 β̂NR 0.014 0.727 0.218 0.208 0.942 −0.543 0.492 0.462 0.949

β̂Adam 0.545 0.725 0.217 0.208 0.942 −0.513 0.424 0.448 0.948

β̂RMSprop 0.623 0.727 0.218 0.208 0.942 −0.543 0.492 0.462 0.949

β̂Adagrad 0.622 0.832 0.105 0.215 0.977 −0.176 0.133 0.392 0.989

β̂MAdam 0.514 0.727 0.219 0.209 0.942 −0.552 0.521 0.461 0.946

200 0.2 β̂NR 0.023 0.704 0.091 0.094 0.959 −0.506 0.179 0.183 0.948

β̂Adam 0.967 0.703 0.091 0.094 0.959 −0.505 0.177 0.182 0.955

β̂RMSprop 1.123 0.704 0.091 0.094 0.959 −0.506 0.179 0.183 0.948

β̂Adagrad 1.124 0.793 0.028 0.095 0.982 −0.228 0.024 0.166 0.977

β̂MAdam 0.912 0.704 0.091 0.094 0.959 −0.506 0.179 0.183 0.948

0.5 β̂NR 0.024 0.707 0.116 0.114 0.949 −0.518 0.238 0.239 0.956

β̂Adam 0.990 0.707 0.116 0.114 0.948 −0.514 0.230 0.238 0.959

β̂RMSprop 1.150 0.707 0.116 0.114 0.949 −0.518 0.238 0.239 0.956

β̂Adagrad 1.150 0.800 0.044 0.116 0.978 −0.223 0.042 0.212 0.985

β̂MAdam 0.942 0.707 0.116 0.114 0.949 −0.518 0.238 0.239 0.956

0.7 β̂NR 0.023 0.708 0.144 0.142 0.946 −0.525 0.325 0.316 0.950

β̂Adam 0.944 0.708 0.144 0.142 0.946 −0.514 0.302 0.313 0.969

β̂RMSprop 1.097 0.708 0.144 0.142 0.946 −0.525 0.325 0.316 0.950

β̂Adagrad 1.100 0.808 0.061 0.145 0.974 −0.209 0.075 0.273 0.980

β̂MAdam 0.897 0.708 0.144 0.142 0.947 −0.525 0.325 0.316 0.950
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q
2 : rts λ(t|Z1, Z2) = λ0(t)exp(β1Z1 + β2Z2) uwv_xty_z , {T| λ0(t) = 1

β1 = 0.693 β2 = −0.5

n ρ Method Time Mean SD SE CP Mean SD SE CP

250 0.2 β̂NR 0.028 0.702 0.084 0.083 0.953 −0.501 0.159 0.163 0.955

β̂Adam 1.165 0.702 0.084 0.083 0.953 −0.500 0.158 0.162 0.959

β̂RMSprop 1.370 0.702 0.084 0.083 0.953 −0.501 0.159 0.163 0.955

β̂Adagrad 1.365 0.791 0.026 0.084 0.974 −0.229 0.020 0.148 0.946

β̂MAdam 1.107 0.702 0.084 0.083 0.953 −0.501 0.159 0.163 0.956

0.5 β̂NR 0.028 0.706 0.102 0.101 0.948 −0.510 0.214 0.212 0.947

β̂Adam 1.183 0.706 0.102 0.101 0.949 −0.508 0.210 0.211 0.951

β̂RMSprop 1.376 0.706 0.102 0.101 0.948 −0.510 0.214 0.212 0.947

β̂Adagrad 1.375 0.797 0.036 0.102 0.971 −0.224 0.039 0.189 0.975

β̂MAdam 1.113 0.706 0.102 0.101 0.948 −0.510 0.214 0.212 0.947

0.7 β̂NR 0.029 0.705 0.126 0.126 0.949 −0.530 0.296 0.281 0.950

β̂Adam 1.179 0.705 0.126 0.126 0.950 −0.523 0.280 0.279 0.963

β̂RMSprop 1.381 0.705 0.126 0.126 0.949 −0.530 0.296 0.281 0.950

β̂Adagrad 1.379 0.803 0.052 0.128 0.976 −0.213 0.067 0.243 0.973

β̂MAdam 1.128 0.705 0.126 0.126 0.949 −0.530 0.296 0.281 0.950

300 0.2 β̂NR 0.032 0.701 0.075 0.076 0.956 −0.494 0.145 0.148 0.957

β̂Adam 1.339 0.701 0.075 0.076 0.956 −0.494 0.144 0.148 0.959

β̂RMSprop 1.577 0.701 0.075 0.076 0.956 −0.494 0.145 0.148 0.957

β̂Adagrad 1.577 0.790 0.022 0.077 0.974 −0.230 0.019 0.135 0.319

β̂MAdam 1.277 0.701 0.075 0.076 0.956 −0.494 0.145 0.148 0.957

0.5 β̂NR 0.032 0.703 0.092 0.092 0.950 −0.500 0.193 0.193 0.958

β̂Adam 1.335 0.703 0.092 0.092 0.950 −0.499 0.190 0.193 0.961

β̂RMSprop 1.567 0.703 0.092 0.092 0.950 −0.500 0.193 0.193 0.958

β̂Adagrad 1.571 0.794 0.030 0.093 0.979 −0.225 0.035 0.172 0.973

β̂MAdam 1.282 0.703 0.092 0.092 0.950 −0.500 0.193 0.193 0.958

0.7 β̂NR 0.033 0.707 0.116 0.115 0.948 −0.506 0.262 0.255 0.958

β̂Adam 1.355 0.707 0.116 0.115 0.948 −0.502 0.253 0.254 0.964

β̂RMSprop 1.585 0.707 0.116 0.115 0.948 −0.506 0.262 0.255 0.958

β̂Adagrad 1.581 0.801 0.047 0.117 0.969 −0.215 0.058 0.223 0.975

β̂MAdam 1.293 0.707 0.116 0.115 0.948 −0.506 0.262 0.255 0.958
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q
3 : rts λ(t|Z1, Z2) = λ0(t)exp(β1Z1 + β2Z2) uwv_xty_z , {T| λ0(t) = 2t

β1 = 0.693 β2 = −0.5

n ρ Method Time Mean SD SE CP Mean SD SE CP

100 0.2 β̂NR 0.014 0.713 0.144 0.139 0.946 −0.509 0.265 0.262 0.948

β̂Adam 0.572 0.712 0.144 0.139 0.946 −0.505 0.258 0.262 0.962

β̂RMSprop 0.665 0.713 0.144 0.139 0.946 −0.509 0.265 0.262 0.948

β̂Adagrad 0.664 0.805 0.058 0.142 0.978 −0.215 0.061 0.242 0.976

β̂MAdam 0.540 0.713 0.144 0.139 0.946 −0.509 0.265 0.262 0.948

0.5 β̂NR 0.013 0.721 0.177 0.169 0.934 −0.521 0.346 0.337 0.952

β̂Adam 0.549 0.720 0.177 0.168 0.935 −0.510 0.323 0.335 0.968

β̂RMSprop 0.631 0.721 0.177 0.169 0.934 −0.521 0.346 0.337 0.952

β̂Adagrad 0.630 0.817 0.081 0.173 0.973 −0.202 0.090 0.303 0.980

β̂MAdam 0.514 0.721 0.177 0.169 0.934 −0.521 0.346 0.337 0.952

0.7 β̂NR 0.015 0.729 0.224 0.213 0.941 −0.537 0.469 0.455 0.963

β̂Adam 0.584 0.727 0.222 0.213 0.941 −0.510 0.416 0.446 0.970

β̂RMSprop 0.675 0.729 0.224 0.213 0.941 −0.537 0.469 0.455 0.963

β̂Adagrad 0.668 0.833 0.107 0.220 0.974 −0.181 0.123 0.395 0.996

β̂MAdam 0.552 0.729 0.224 0.213 0.941 −0.541 0.480 0.455 0.962

200 0.2 β̂NR 0.025 0.703 0.097 0.095 0.942 −0.497 0.189 0.182 0.945

β̂Adam 1.049 0.703 0.097 0.095 0.943 −0.496 0.186 0.181 0.947

β̂RMSprop 1.234 0.703 0.097 0.095 0.942 −0.497 0.189 0.182 0.945

β̂Adagrad 1.230 0.793 0.030 0.096 0.980 −0.226 0.032 0.167 0.976

β̂MAdam 1.001 0.703 0.097 0.095 0.943 −0.497 0.189 0.182 0.945

0.5 β̂NR 0.023 0.706 0.116 0.115 0.947 −0.514 0.239 0.233 0.938

β̂Adam 0.984 0.705 0.116 0.115 0.948 −0.511 0.231 0.232 0.942

β̂RMSprop 1.139 0.706 0.116 0.115 0.947 −0.514 0.239 0.233 0.938

β̂Adagrad 1.136 0.798 0.042 0.117 0.977 −0.220 0.048 0.209 0.970

β̂MAdam 0.927 0.706 0.116 0.115 0.947 −0.514 0.239 0.233 0.938

0.7 β̂NR 0.025 0.705 0.147 0.145 0.948 −0.534 0.328 0.314 0.946

β̂Adam 1.052 0.705 0.147 0.145 0.948 −0.524 0.307 0.312 0.956

β̂RMSprop 1.214 0.705 0.147 0.145 0.948 −0.534 0.328 0.314 0.946

β̂Adagrad 1.207 0.807 0.062 0.148 0.973 −0.207 0.081 0.273 0.973

β̂MAdam 0.985 0.705 0.147 0.145 0.948 −0.534 0.328 0.314 0.946
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q
4 : rts λ(t|Z1, Z2) = λ0(t)exp(β1Z1 + β2Z2) uwv_xty_z , {T| λ0(t) = 2t

β1 = 0.693 β2 = −0.5

n ρ Method Time Mean SD SE CP Mean SD SE CP

250 0.2 β̂NR 0.029 0.699 0.085 0.084 0.951 −0.500 0.164 0.162 0.952

β̂Adam 1.223 0.699 0.085 0.084 0.951 −0.499 0.163 0.162 0.953

β̂RMSprop 1.429 0.699 0.085 0.084 0.951 −0.500 0.164 0.162 0.952

β̂Adagrad 1.422 0.791 0.026 0.085 0.978 −0.228 0.026 0.148 0.924

β̂MAdam 1.157 0.699 0.085 0.084 0.951 −0.500 0.164 0.162 0.952

0.5 β̂NR 0.030 0.698 0.105 0.102 0.934 −0.500 0.213 0.207 0.944

β̂Adam 1.236 0.698 0.105 0.102 0.934 −0.499 0.209 0.207 0.950

β̂RMSprop 1.455 0.698 0.105 0.102 0.934 −0.500 0.213 0.207 0.944

β̂Adagrad 1.443 0.795 0.037 0.103 0.972 −0.222 0.046 0.186 0.972

β̂MAdam 1.180 0.698 0.105 0.102 0.934 −0.500 0.213 0.207 0.944

0.7 β̂NR 0.030 0.703 0.133 0.128 0.936 −0.506 0.299 0.278 0.944

β̂Adam 1.230 0.703 0.133 0.128 0.936 −0.499 0.285 0.277 0.950

β̂RMSprop 1.432 0.703 0.133 0.128 0.936 −0.506 0.299 0.278 0.944

β̂Adagrad 1.425 0.804 0.054 0.131 0.969 −0.208 0.078 0.244 0.966

β̂MAdam 1.162 0.703 0.133 0.128 0.936 −0.506 0.299 0.278 0.944

300 0.2 β̂NR 0.033 0.698 0.075 0.076 0.954 −0.494 0.155 0.147 0.943

β̂Adam 1.386 0.697 0.075 0.076 0.954 −0.493 0.154 0.147 0.944

β̂RMSprop 1.632 0.698 0.075 0.076 0.954 −0.494 0.155 0.147 0.943

β̂Adagrad 1.631 0.789 0.020 0.077 0.974 −0.229 0.021 0.135 0.347

β̂MAdam 1.315 0.698 0.075 0.076 0.954 −0.494 0.155 0.147 0.943

0.5 β̂NR 0.035 0.700 0.091 0.092 0.955 −0.493 0.193 0.188 0.945

β̂Adam 1.453 0.700 0.091 0.092 0.955 −0.492 0.191 0.188 0.947

β̂RMSprop 1.698 0.700 0.091 0.092 0.955 −0.493 0.193 0.188 0.945

β̂Adagrad 1.699 0.793 0.029 0.094 0.981 −0.224 0.037 0.170 0.966

β̂MAdam 1.379 0.700 0.091 0.092 0.955 −0.493 0.193 0.188 0.945

0.7 β̂NR 0.034 0.701 0.117 0.116 0.952 −0.501 0.256 0.252 0.949

β̂Adam 1.391 0.701 0.117 0.116 0.952 −0.497 0.247 0.251 0.952

β̂RMSprop 1.623 0.701 0.117 0.116 0.952 −0.501 0.256 0.252 0.949

β̂Adagrad 1.620 0.799 0.043 0.118 0.978 −0.216 0.056 0.223 0.973

β̂MAdam 1.322 0.701 0.117 0.116 0.952 −0.501 0.256 0.252 0.949
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2.5 }�~����
~ 1 ( �������ª³3�.Ò/� ^ í )

,#- Å±Í.¼�TB�������ª³3�A¤
³0´ ^ í , Ò/��ë/� :

CluBear ¤ ÿ Ä
Ò�� ( �.���1�1����� ( ��� ) Ì�� ÿ�� ). ��Ò����
¦�|��ª� 120 T�� ���
��������¤������
í ,

C ¤M¾
Ã��7Z�G/��ó , K'��æ'¤�¥����/� ë N ,
l èDìR�
¢ � Í �1���Æ�^ ¤ � Ì (

� -
� � ��Æ�^ èªì ).

��Ò����1)T*���K � �T�����±¤ 120 T���� ,
ë ��å�¾����.¤ , K��
æ ( D�E : � ).

� �
Ò��� �Û�¡�������²���� �
� �Ê¤ , K 4 ° . ¢�£�¤�¡ , K±¤�����¤ ì ³ , K'��æ+¥�t ,

ë
É Z�¦ ¤T§	Ï�¨�¤ , K'��æ�¾ �3� ¤ , Ñ�W �3� ã'§��
å δ = 0 â'ã�K�© , δ = 1 â'ã�ª�« .

¸�¬���å�Ì : � � � ��Æ�^ ����å Z1 = 0 â�ã�-
� � ��Æ�^ , Z1 = 1 â�ã ��� ��Æ�^ ; ��­®�¯ ñ����
å Z2 = 1, 2, 3, 4 Å�P�â'ã A
8

B
8

C
8

D 
0Í ¯ ñ.¤���­ ® ; H �1°�± ���1²�Å
Z3 â�ã ° , è����.¤�³�¦�²�Å , ´�µ�ñ.��å ; ���B¶R·�¸ Z4( D�E : ¹ ).

º
5 : »1¼¾½.¿BÀ�Á3Â�Ã/Ä�Å3Æ3Ç�k3È1É ºÊ1Ë3Ì�Í mBn δ = 1 δ = 0

Z1=1( Î3Ï�Ð ) 139 139.8 128

Z1=0( ÑTÏ�Ð ) 117.4 143.4 55.3

Ò ? Ò ? à
á ìSí�î�ï�ð'ñ.��Ó ��� �
Æ�^ ��, K��'æ Ö æ�¶T�
m
λ(t|Z1, Z2, Z3, Z4) = λ0(t)exp(β1Z1 + β2Z2 + β3Z3 + β4Z4).

ð�ñ���Ò�Ó�Ô�¶�Õ�Ö�ò�Ñ Newton-Raphon Ó Ô�8 Adam Ó ÔØ×ÚÙ MAdam Ó Ô Ä�Û0��Ò�Ó
Ô ��7 ,

O	� â 6. � ×ÚÜ Û Adam Ó Ô¾×LÙ MAdam Ó Ô � Newton-Raphon Ó Ô ¶S��Ò�Ó
Ô ��7 ¾�Ý�&B¶ . Ë�Ò�À�Ó�Ô ��7 ë Ü , �¾Þ Æ�^ Ë�Ì�ßTà/¶ â P , ����å Z1 ¶Rá�� p â�ã
0.389. ³ r�ä 7�å ß , æ1����� ^�ç�è�é�ê/ë ¶+ì�í�î�ï�ð1ñ�ò�ó�ô1õ�ö3÷�ø1ù�ú , û é�ü
úBýRþ�ÿ�� ×������ í��
	 ç ýTô���
��
	���� é�� ý��������
���/ý���� .�

2 (  �!#"�$�%�&�'�ÿ(	 ç ) )�*
+ , ú(,�-�.�"�$�%�&�'�ÿ , '�ÿ(/�0 : CluBear ý1�2 '�ÿ ( 3�4�4(5(6�7�8 ( 9�: )
é<;�1�=

). >�?�/ , @(A�B(C� �$
D(EGF�H�IKJML , "�$
%�&�N�O
PGQKRTS�U�S/ýMV�W�ò�X�Y , ZM[�\K]Tñ�@(A�"�$�%�&_^a`cb�d<eMf
g�h
i�j�k�Nl

. D(-
m�n�o 2�p
q�r ò�s�t�\�u�v�w p
x ý�y�ã{z}|G~a�(�������Bý��
/_]�t�P_Q����
F�F��
����ú�,#� ( �
��� [11]) ���<]��<J , �(�
EKFa���(-��
���
�����
��� r ������ô� \�$��(���(� , ��EGF���ì� �¡�¢�"�$��(��£�¤�¥_F��(¦�- . D�EGF�"�$��(��£�¤�¥¾ýM@
A�§�y<] ,  �!�¨�©�ª�« .

)��#¬�­¯® 1809 °�'1ÿ , ±�²�³<´ : Z�µ�&#¶<"�$�%�&#��' (AQI); ·�µ�& Z1

å#¸
PM2.5 ��' ; Z2

å�¸ "�$
%
&Bý 7 ¹�º�» : ¼�k����<½¾]�k����<½¿¥
k����K½À¤�¥����<½�Á�½Â ½ÄÃ ; Z3

å�¸
PM10 �
' ; Z4

å�¸ "�$G] SO2 Å & ; Z5

å�¸ "�$G] Co Å & ; Z6

å�¸ "
$K] NO2 Å & ; Z7

å�¸ "�$K] O3 8h Å & . Æ�Ç�³�´#È ç ���MÉ�ñ�/�Ê�Ë AQI
ê1ë ZMÌ

λ(t|Z) = λ0(t)exp(β1Z1 + β2Z2 + β3Z3 + β4Z4 + β5Z5 + β6Z6 + β7Z7).

� Newton-Raphon Í(ÎK½ Adam Í(Î¯Ï�Ð MAdam Í(Î�Ñ r�Ò '(Ó(Ô . Õ Ò '(Ó(ÔØý
±�Ö�/
× , Ø(®a·
µ
& Z4 ( "�$K] SO2 Å & ) ÏaÙ , Ú
Û
µ
&
Ü�æ AQI

è�é�Ý�Þ�ê1ë
.
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ã
6 : ä�åGæ�ç<è�é�ê(ë#ì�í�î(ï

Newton ð(ñ ò�ó�ô õ�ö�÷ 95% ø�ùcú�û p - ô(
ó�ð<ü<û
0.136s

)
Z1 0.172 0.200 (-0.22,0.56) 0.389

Z2 0.162 0.074 (0.02,0.31) 0.028∗

Z3 −0.038 0.005 (-0.05,-0.03) < 0.001∗

Z4 −0.004 0.009 (-0.02,0.01) 0.651

Adam ð(ñ ò�ó�ô õ�ö�÷ 95% ø�ùcú�û p - ô(
ó�ð<ü<û
1.677s

)
Z1 0.174 0.200 (-0.22,0.57) 0.385

Z2 0.162 0.074 (0.02,0.31) 0.028∗

Z3 −0.038 0.005 (-0.05,-0.03) < 0.001∗

Z4 −0.004 0.009 (-0.02,0.01) 0.650

MAdam ð(ñ ò�ó�ô õ�ö�÷ 95% ø�ùcú�û p - ô(
ó�ð<ü<û
1.346s

)
Z1 0.172 0.200 (-0.22,0.56) 0.388

Z2 0.162 0.074 (0.02,0.31) 0.028∗

Z3 −0.038 0.005 (-0.05,-0.03) < 0.001∗

Z4 −0.004 0.009 (-0.02,0.01) 0.651

ý(þ Æ�Ç¯È ç �<��ÉBñ , ú�,_®�ÏM¢�ÿ(·(µ(&�æK"�$(%�& AQI ý êBë , É/ñ Ò 'Øý�'� Ô�Í(±
Ö��(��� 7.
p L , ����Í�Î�ý Ò '�Ó�Ô�±
Ö�-�� , ò Adam Í�Î��_È , MAdam Í

Î�ý�Ó�Ô#±(Ö
	���> Newton-Raphon Í�Î , 
���Ô�Í
�(k�	�� . ����Ó Ò '���k��
��� ,

Newton-Raphon Í
Î���Ð(j����
��ý ��!_^a` . Z�[ , ��"�# Newton-Raphon Í
Î , $&%�'Â�( Í
Î�D(j�� Ò 'Bý�Ó
ÔG^a`�¢ è�é - � ý�Ô�Í Â
) .
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ã
7 : Q�RTS�U
V
W�ê(ë�X
Y�ì�í�î(ï

Newton ð(ñ ò�ó�ô õ�ö�÷ 95% ø�ùcú�û p - ô
(
ó�ð<ü<û
11.751s

) Z1 −4.842 0.484 (−5.792,−3.893) < 0.0001∗

Z2 −0.011 0.001 (−0.013,−0.008) < 0.0001∗

Z3 −0.007 0.001 (−0.008,−0.005) < 0.0001∗

Z4 0.002 0.001 (0.000, 0.004) 0.1055

Z5 −0.185 0.071 (−0.324,−0.046) 0.0092∗

Z6 −0.007 0.002 (−0.011,−0.003) 0.0002∗

Z7 −0.009 0.001 (−0.01,−0.007) < 0.0001∗

Adam ð(ñ ò�ó�ô õ�ö�÷ 95% ø�ùcú�û p - ô
(
ó�ð<ü<û
23.229s

) Z1 −4.645 0.421 (−0.529,−0.344) < 0.0001∗

Z2 −0.011 0.001 (−0.013,−0.008) < 0.0001∗

Z3 −0.007 0.001 (−0.007,−0.005) < 0.0001∗

Z4 0.002 0.001 (0.000, 0.005) 0.1137

Z5 −0.182 0.071 (−0.482,−0.165) 0.0106∗

Z6 −0.007 0.002 (−0.015,−0.007) 0.0002∗

Z7 −0.009 0.001 (−0.011,−0.009) < 0.0001∗

MAdam ð(ñ ò�ó�ô õ�ö�÷ 95% ø�ùcú�û p - ô
(
ó�ð<ü<û
20.031s

) Z1 −4.804 0.473 (−2.798,−2.329) < 0.0001∗

Z2 −0.011 0.001 (−0.013,−0.008) < 0.0001∗

Z3 −0.007 0.001 (−0.008,−0.005) < 0.0001∗

Z4 0.002 0.001 (−0.001, 0.004) 0.0995

Z5 −0.184 0.071 (−0.35,−0.044) 0.0094∗

Z6 −0.007 0.002 (−0.012,−0.005) 0.0001∗

Z7 −0.009 0.001 (−0.01,−0.008) < 0.0001∗
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AUTO-ADAPTED OPTIMIZATION ALGORITHMS AND ITS

IMPROVED ALGORITHM FOR PARAMETER MAXIMUM

LIKELIHOOD ESTIMATION UNDER THE PROPORTIONAL

HAZARDS MODEL

LIN Wen-qiang

(School of Mathematics and Statistics Wuhan University, Wuhan, 430072, China)

Abstract: The adaptive optimization algorithm can avoid the difficulties encountered by

many commonly used numerical algorithms, such as high-dimensional matrix inversion problem,

initial value selection problem and algorithm convergence problem. Therefore, the adaptive

optimization algorithm was rapidly developed and widely applied. This paper studies the adaptive

optimization algorithm under the proportional risk model. First, three adaptive optimization

algorithms, Adam algorithm, RMSprop algorithm and Adagrad algorithm, are used to solve

the numerical solution of parameter estimation under the proportional risk model, and the

computational superiority of the adaptive algorithm is obtained. Then, the research on the Adam

algorithm under the proportional risk model is extended and an improvement is developed. The

Adam algorithm further improves the computational speed of the algorithm and demonstrates its

computational advantages.

Keywords: Adam algorithms; Rmsprop algorithms; Adagrad algorithms; proportional

hazards model
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