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1 ½M¾
¿

{µn} À,Á.ÂPÃ`Ä S ÅWÆ£ÇµÈ`É`Ê,ËTÌ , Í`ÎTÏÑÐ (composition convergence) À,ÒPÓÔ.Õ
k ≥ 0, µk,n := µk+1 ∗ µk+2 ∗ · · · ∗ µn Ö Æ£×µÏqÐ,Ø (n → ∞), ÙRÚjÇ,ÈPÉPÊ µ′ Û µ′′ ÆÜ`Ý`Þ`ß

”∗” àPáµâÑãµä`åPæ , ç�Ó,è`Î B ⊂ S,

µ′ ∗ µ′′(B) :=

∫

S

µ′{y ∈ S : y · x ∈ B}µ′′(dx). (1.1)

Ç,ÈPÉPÊ`Ë.ÌKÆ£Í`ÎTÏqÐµØ`éµêMëjì,í,î,ÀPïµð,Ç,È,ñWÆlò.óÑô`õµö,í [1−8]. Ç,È`ñWÚj÷TøùIúTû õ , üµý Markov þMÆ ùIúlÿ�� û õ.â,â��Më���������	TÃ,ÄµÅ,ÇµÈ,É,Ê,ËKÌIÆoÍ,Î
ÏqÐ,Ø .
�����


, � Markov þRÆ����TÚ , � Ö�� Markov þRÆ ùKú£ÿ��Mû õ������,À`í�	������� � Æ û õ ( !#"�$#% [9] §8.3), Í,ÎKÏPÐ.Ø�&µñ Û ã�'#��( û õ�)�*,+lí�	���*#-�. Æ/�021 ü,ý�3�4Më E = {1, 2, 3} ��5�6#7#8,Æ � Ö��#9 þ {Xk}, Ù�:�;�<�=>� {Tk}

Tk =







p1(k) p2(k) p3(k) + p4(k)

p1(k) p2(k) p3(k) + p4(k)

p3(k) p4(k) p1(k) + p2(k)






, (1.2)

? 9 þ {Xk} @ ÿ�� ÏqÐIç <�=�A Ý

Tk,n := Tk+1Tk+2 · · ·Tn (1.3)

ÆoÏqÐ,Ø (n → ∞) ( B�3�4�C�D ÿ�� )
1

∗ EGF�HJI�K 2019-05-23 L E�HJI : 2019-06-24MGNGO>P
: 132GQGRTSVUTWYXGZ5J\[�] (D20172501; B2018148)^\_\`ba
: ced (1983–), f , 1328BGg , h34 , ibj5JjLlk�m : X3YGn3;8:5�3<>=£ª



No.3 oqpsr : tvuxwxy{z{|{}{~x�v�v�{�x�q�s�v�l���{�v�l�J�v� 355

�

B1 =







1 0 0

1 0 0

0 0 1






, B2 =







0 1 0

0 1 0

0 0 1






, B3 =







0 0 1

0 0 1

1 0 0






, B4 =







0 0 1

0 0 1

0 1 0






,

?
Tk =

4
∑

i=1

pi(k)Bi, �>����� S = {B1, B2, B3, B4} ���µí�	�<�=ÑÃ`Ä 1 � S Åµå`æ`ÇµÈ`É
Ê µk(Bi) = pi(k)(i = 1, 2, 3, 4),

?
(1.3) Ú Tk,n ÆoÏqÐ,ØKç µk,n = µk+1 ∗ µk+2 ∗ · · · ∗ µn Æ

×µÏqÐ,Ø 1J� ���#� (1.2) �����WÆ��,ñ���!�"���  [2]
1

Ó��µÍ,ÎKÏPÐ.ØRÆ¡�2�£¢¥¤�¦µéMÆ�§�¨ , ©�%�ªRÆ>��«µÀµý�¬IÆ Maksimov å�& .
¿

S

��¤ ú Ä , ­�®��.âÑð c > 0, ¯±°V²`ð N , ³
µn({e}) ≥ c, ∀n ≥ N, (1.4)?

{µn} ÍPÎ.ÏqÐ , ÙRÚ e À S Æ ´�µ�¶ , (1.4) ·�¸�� Maksimov ¹�º , ëe»WÆ�¼�½�¾�¿�À.øÁ +�� Maksimov ¹�ºµö`ÅIÆ 1 üµý [10] Â�(µå�&�Ã£+�ý#¬�Ä�Å :
¿

S À��.ø>�Pð�Æ�ÇÉÈËÊÌ Æ�Ç,ÁµÂ�Í Ä , � Maksimov ¹�º (1.4) ¬ , ­�Î�®���¤ ú Ï Ä G ³ ∑

µn(S −G) < ∞,
?

{µn} Í`ÎTÏÑÐ .
� ��  [11] Ó#��¤�´�µ�¶ e Æ¡�`ð�Æ�ÇµÃ`Ä S ��Ð�+ {µn} Í`ÎTÏÑÐRÆlí

	�Ñ ÿ ¹�ºµÀ ∑

µn(S − {e}) < ∞, Ò�²�(�¹�º#Ó�Ô�Õ Marksiov ¹�º (1.4)
1

Ö ê�¦���×�ØMÆ ��� / Ã#ÀKø Á +�� S �`ÄRÆ Ù�Ú.ö,ÅWÆ , Û#Ü�Ý�ÞRÆ¡ßPÊ�3�4 , ��à
� S �µÃ,ÄMÆ¡á�â 1Gã �µí�äTÃ,Ä�����å#��´�æ , ç �#è�é ¤�ê�ëMÆ>��« , ìîíbïRÆ / Ã#À
øÑÀ��µñ�¼�½ 0�ð�ñ �IÆoÃ,Ä ( üµý�!�"���  [1–3, 12–16] ò )

1 üµý���� (1.2) Ú`Æ S ó,À
í�	�ô�õ�ö�´`ÃPÄ ( !�"���  [2]), ÷,À��#���`Å Û Ä�©���ø�ùMÆlÃPÄ 1 ý£ú¥$�% [12] ï#ûTÚ� Ò£üµÆ , Ü�&µñµÅ�ý ,

� ¤�¤ ú 5�6 9 þ Æ ùWúoÿ�� û õ#þ�� ë¥ÿ��#����	TÃ,Ä.Å,Ç.È,É
Ê,ËTÌIÆlÍ`ÎTÏÑÐµØ û õ 1 Û#��� 0 ¤��.å`Ø��RÆ ÙµÃ`Ä ( ��� (1.2) Ú`Æ S) � Á + Û ö��
ÝWÆ�¾�¿ ? à���¦
	KÆ���
 1� ������3�4�+£Í,ÎTÏPÐ.ØMÚ���	 û õ 1�� í , �£ülí ñ Æ�ÇµÃ`ÄµÅ,Ç.È`É,ÊµËKÌ,Í,Î
ÏqÐWÆ Ñ ÿ Ø�¾�¿ ( å�& 2.6), ÷ ñ ÃPÄ���Õ£+j÷Tø�·�Å����,ñWÆ£Á.Âoïµð���� 1�� ¾�¿RÆ Ã
Þ�����ÂTí�äTÃ,Ä S Å,Ç.È,É,Ê ÆoÍ,ÎKÏPÐ.Ø û õ�:
�#�`ï.ð.Ø��#���MÆ Ï Ã,Ä��,Ä.Å,Ç
ÈPÉPÊRÆ£ÍPÎ.ÏqÐ,Ø û õ 1 Ã���Ä,ñ , ��Ä�Å£+�í���¢ 
 Æ¡��« 1���� , �,ñ +! S ��"�¤
#
òWÆ H Ã`Ä Ö , {µk,n, 0 ≤ k < n} $
%qèRÆ¡��� , ô���+���  [13] Ú'&)(µÆ û õ , Ä�Å�+�*+ Æ-, ÏÑÐ ñ �IÆ ò�êµØ/. È Equivalence of Types of Convergence) å�& , ÷ ñ å�&µâ�·�Þ,ì
Ã��`ÍPÎ.ÏqÐ,Ø�¾�¿RÆ�Ù�ÚµØµå�& [2]

1
� �
021,ý�¬ :

�
2 3RÚ'� ü�4��WÆ�5�6 
87 ¯
9��#��« ;

�
3 3RÚ'� ülå�&IÆ��£Ð 1

2 :<;>=@?-A<BDC
� � Ú S E�ÿF�FG�HF#µÃµÄ , çÑí�	.ïTðTÃµÄ S "µí�	IG�HF#µÁKÂ , ë ³ è A#' Þ.ß

(x, y) 7→ x · y À8J�KIÆ 1 P (S) ÿ�� S Æ Borel L B(S) ÅPÇ,ÈPÉPÊRÆ�è`Î 1
ÓWèIÎ A,B ⊂ S M x ∈ S, x−1A := {y ∈ S, x · y ∈ A}, Ax−1 := {y ∈ S, y · x ∈

A}, B−1A :=
⋃

x∈B
x−1A, AB−1 :=

⋃

x∈B
Ax−1. �`ÀÑÓ µ, ν ∈ P (S),

µ ∗ ν(B) =

∫

S

µ(By−1)ν(dy) =

∫

S

ν(y−1B)µ(dy).
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� �RÚjÉPÊRÆoÏqÐ8RµÒ`×µÏqÐ , δx ÿ�� x SKÆ!%oÉPÊ , E(A) �Pè A Ú'T�ò�¶`è`Î 1U�V
2.1 e ∈ E(S) ¸#� ��W T�ò�¶ , ­`Ó ÔTÕ Æ f ∈ E(S), ef = fe = f ⇒ e = f , Õ

¤ �
W T�ò�¶WÆ ö�´`ÃPÄ ( X�Õ�Y�&�Z ) ¸���ô�õ�ö�´`ÃPÄ 1
Ó µ ∈ P (S), Þ supp(µ) � Sµ ÿ�� µ Æ\[�].è , [�].è�¤.ý�¬�ö�´µØ�� : (i) Sµ À_^

è ; (ii) Ó µ1, µ2 ∈ P (S), Sµ∗µ2
= Sµ1

· Sµ2
; (iii)

¿
λ ∈ P (S), λ2 = λ ( T�ò,É`Ê ),

?
Sλ À

ô�õ�ö�´`ÃPÄ 1U`V
2.2 µ ∈ P (S) ¸2�FX�aTÉ.Ê , ­ ∀x ∈ Sµ, δx ∗ µ = µ ∗ δx = µ. �Ib�c , ­�Î

¤ Sµ = G ÀTí�	KÄ ,
? ¸ µ À G Å Æ Haar É.Ê , ��Â µ

� � WG. Ó µ ∈ P (S), å.æ
H(µ) = {x ∈ S : µ = µ ∗ δx},K(µ) = {x ∈ S : µ = δx ∗ µ}. ¤,ý�¬!d�Þ`ÉPÊRÆ�[�]µè�e�fµÉ
Ê
X8a,ØIÆ�Ù � ��« 1g'h

2.3
¿

S À�G�H�#ÑÄ�� Abelian ÃPÄ , Ó µ, ν ∈ P (S) ë ¬���«��`+
µ ∗ ν = µ ⇔ Sν ⊂ H(µ), (2.1)

ν ∗ µ = µ ⇔ Sν ⊂ K(µ). (2.2)

ÄWÆ'i,Î�"���  [6, å�& 1.2.7], Abelian ÃPÄWÆ'i,Î�"���  [10, å�& 2.1]
1

j
(2.1), (2.2) äKÓ í2ä ÃWÄ_X �R+ , kRü£!�" �£  [12, P.71]. Û�¤Mí2	 ×)lMä :

µ = µ ∗ ν ⇔ Sν ⊂ H(µ ∗ δx), ∀x ∈ Sµ ( !�"���  [4, m,õ 3.14])
1

U
V
2.4

¿
{µn} ⊂ P (S), ­ ∀k ≥ 0, µk,n = µk+1∗µk+2∗· · ·∗µn → νk ∈ P (S) (n → ∞),? ¸ {µn} ÍPÎ.ÏqÐ , ­�Î�¤ νk → λ (k → ∞),

? ¸ {µn} nPÍPÎ.ÏqÐ�� λ. �PÓ��`ÍPÎ.ÏqÐ ,

nPÍPÎ.ÏqÐPË.Ì�¤��8�WÆ ùKú Ø8� , ü,ý�!�"���  [2, 17–19].� �MÚ\E8o ¿ {µk,n, 0 ≤ k < n} p�# (tight), ÷µÀ,Í`ÎTÏÑÐRÆ\4���¹�º , Ó`À��µñ Ü,Ý
Ë.Ì ùKú Ø8�WÆ�Ù � o ¿ [13,18,20,21]

1
ý�¬ Csiszar å�&µÀ��.ñµÍ,ÎKÏPÐ.ØRÆ¡Ù � /�0 , � ë¥�.÷Iø���  Ú¡" é , ý���  [2, 3,

12, 22] ò 1g'h
2.5 (Csiszar å�& )

¿
S À�G�H�#PÃPÄ , ­ {µk,n : 0 ≤ k < n} p
# ,

? Ó Ô.Õ�Ï Ë
Ì {ni} ⊂ {n}, ®�� Ï Ì {pi} ⊂ {ni} ³ ∀k > 0,

µk,pi
→ νk(pi → ∞), νpi

→ λ = λ2 (pi → ∞), νk = νk ∗ λ. (2.3)

� ��9�����«`ý�¬ .U h
2.6

¿
S À��Pð�Æ�Ç,ÃPÄ , {µn} ⊂ P (S), G À S Æ£í�	 Ï Ä , ­Më ¬>¹�º��`+

(c1) GG−1 = G−1G.

(c2)

∞
∑

n=1

[1 − µn(GG−1)] < ∞.

(c3) {σn} n.Í.ÎWÏ,Ð é GG−1 Å ÆqÇKÈ.É.Ê λ, Ù Ú σn(B) :=
µn(B ∩ GG−1)

µn(GG−1)
, B ∈

B(S).
?

{µn} nPÍPÎ.ÏqÐ é λ
1

j
1  S �PÄ)q Abelian ÃPÄ)q L − X ÃPÄ)qJô�õ�ö�´IÆ H ÃPÄ���Õ�¤�´�µ�¶RÆlÃ`Ä

Ö ¹�º (c1) þ��`+ 1j
2 ��  [12] å�& 2.25 ��Ð :  S �
#PÄ
�
# Abelian Ã`Ä Ö , ý�« {µn} n`Í`ÎTÏ

Ð é WG,
?

∀ r,è U ⊃ G, ¤
∞

∑

n=1

[1 − µn(UU−1)] < ∞. ��  [23] å�& 3, ��  [24] å�& 4
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ÿ b�Â�÷µí���«�Ä�Å é S �
# L − X Ã`Ä�M
G�H
# H Ã`Ä 1�s Õ é �#Æ�Ç.ÁTÂ�¬PÄ G
�

t ÓPÀ8r`è , ÷�u Ðe�,÷Tø\i,Î�¹�º (c2) Ó���nPÍPÎ.ÏqÐ,À`í�	
4���¹�º 1j
3 ¹�º (c3) ÿ,Ð , ��¹�º (c2) ¬ {µn} ÆlÍ`ÎTÏÑÐµØ,À ã µn � GG−1 ÅWÆlØ�� �v åIÆ 1xw � å�& 2.6 )�*�+£í�½,ã�' : y {µn} ⊂ P (S) ÆlÍ`ÎTÏÑÐ û õ�:
�#� {σn} ÆlÍ

ÎTÏÑÐµØ ,
ã � σn À GG−1 ÅWÆ£ÇµÈ`É`Ê ,

�
G À Ï Ä , GG−1

0 ¤���z-{|�RÆlØ�� ,
û õ

â���ö8� 1 ¬!}WÆ�Ä,ñ 2.7 ó`À`í�	,ü Ï 1~��
2.7

¿
S ÀRë e ��´�µ�¶WÆ �Pð�Æ�Ç,ÃPÄ , {µn} ⊂ P (S), ­

(i) ®���¤ ú Ï Ä G, ³ ∑

µn(S − G) < ∞.

(ii) e ∈ G, µn({e}) ≥ c, n ≥ N , Ù Ú c ����	I�µâ`ð , N ����	î°G²µð ( ç Maksimov

¹�º��`+ ).
?

{µn} nPÍPÎ.ÏqÐ�� WH (G Æ���	 Ï Ä H ÅIÆ Haar ÉPÊ )
1

� �_� �îÐ�( Ö ¤ GG−1 = G.
w

e ∈ G, Ò ² G ⊂ GG−1, k ö ã GG−1 =
⋃

x∈G
Gx−1, �¡��� ∀x ∈ G, Gx−1 ⊂ G. �
�PÅ ∀y ∈ Gx−1 = {y : y · x ∈ G},

w � G ÀPÄ e

À S ÚPÆ ´�µ�¶ ,  y · x ∈ G °V²�¤ y ∈ x−1 · G ⊂ G,
w ( GG−1 = G.

� å & 2.6 Ú , ( Ö σn(B) =
µn(B ∩ G)

µn(G)
,
w

Sσn
⊂ G, ì {σn} ⊂ P (G) �� n ≥

N Ö , σn({e}) =
µn({e} ∩ G)

µn(G)
=

µn({e})

µn(G)
≥ c

1�ã
Maksimov å£& {σn} ÍRÎ ÏIÐ ,

¿

σk,n → πk (n → ∞),
w

G # ,
ã ��  [7] å�& 2 ®�� G Æ Ï Ä H ÅRÆ Haar É,Ê WH , ³

πk → WH (k → ∞), �`À ã å�& 2.6 ç è � à��WÆ¡�Pñ 1j Äµñ 2.7 � Û ��  [10] ��ú`Æ ¹�º�¬ , Â Maksimov å�&�Ä�Å é "�¤�´�µ�¶RÆ¡�,ð
Æ�ÇµÃ`Ä , Û���  [10] Ú���� S À`Ä . ��  [11] Ó�3�4�+ S �
"�¤�´�µ�¶RÆ¡�`ð�Æ�Ç.Ã`Ä ,è�é

{µn} ÍPÎ.ÏqÐWÆ£í�	�Ñ ÿ ¹�ºµÀ ∑

µn(S−{e}) < ∞ ( (�¹�º#Ò�²�Ó�Ô�Õ£+ Maksimov

¹�º ii), Äµñ 2.7 Æ ¹�º��.×���(�¹�º 1 ��  [13] Ú��£ülÍ`ÎTÏÑÐRÆ¡Ñ ÿ ¹�º Û Äµñ 2.7 Æ
�£ú , Û���� S À�"�¤�´�µ�¶WÆ �Pð�Æ�Ç H ÃPÄ 1

¬!}�3�4 {µk,n, 0 ≤ k < n} Æ ùKú %oèWÆ �8� 1 � Ak = {νk : νk À {µk,n}n>k Æ ùKú % },

A∞ = {ν : ®�� {νk} ⊂ Ak, ν À {νk} Æ ùKú % }.
ã � � � Ú {µk,n : 0 ≤ k < n} pF# , ( Ö

Ak Ó`À�p�#IÆ , ì Ak,A∞ þ��#7 . �.Í`ÎTÏÑÐµØWÆ ���KÚ , Ak,A∞ À��������oÓI� ( "��
  [2, 19, 25]).

 {µn} ÍPÎ.ÏqÐ Ö Ak À�´�%oè , nPÍPÎ.ÏqÐ Ö A∞ ÓPÀ�´�%oè 1 Ó��`í�ä�á�l�X8��Ã� �,ñ + Ak,A∞ Æ �8� , Maksimov
��� ��#ÑÄ G Å��£Ð : ∀νk, ν

′
k ∈ Ak, ®�� x, x′ ∈ G ³

ν ′
k = νk ∗ δx, νk = ν ′

k ∗ δx′ (2.4)

Ó�� A∞({νk}) ({νk} Æ ùKú %oè ),
? �£Ð ∀ν ∈ A∞({νk}) ®�� x ∈ G ³

ν = WH ∗ δx, (2.5)

Ù Ú WH À G Æ���	 Ï Ä H ÅMÆ Haar ÉµÊ 1 Csiszar, Tortrat
� »���� ÿ Ä�¯��.í�ä Æ

ÁTÂPÄ.Å��,Ð�+ (2.4), (2.5) ä ( "���  [6]). ��  Ú�y�÷ ñ ���Tå�&���¸���, ÏPÐ ñ �WÆ�ò
ê.Ø/. (Equivalence of Type of Convergence) å�& , �.â�·�Þµì�Ã#��¾Tå,Í,ÎKÏPÐ.ØRÆ¡Ù�Ú
ØKå#& [2]

1 ��  [13] Â (2.4) ä��TïKð2�#�TÅ#Ä�Å é "#¤/�Tò K �2GFHI� H ��� S � :

∀νk, ν
′
k ∈ Ak, �8� x, x′ ∈ K, �

ν ′
k ∗ δe = νk ∗ δx, νk ∗ δe = ν ′

k ∗ ∗δx′ . (2.6)
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�)�
e � S ��� K �� 8¡�¢/£¤�¥�¦2§
¨�©8¥�ª

[13] «8¬ 1.3 ��­8® ,
§

(2.5) ¯2°�±
²2³)´8���8���`£µ
¶
2.8 · S � H �8� , ¸ S

� ��¹�º�¢�»
¼2½�¾ , ¿�À e, f ∈ E(S) » ef = fe. Á¥�ª
[13] Â\¬ 2.2, H �8�/��Ã8Ä
Å� 8Æ��8��� S ��Æ��/£µ/Ç

2.9 È S �/É`»_�`� K � H �`� , Ê)Ë<Â
¬ 2.5
� ��Ì_Í , È νk = νk(pi)

( ¿ µk,pi
→ νk, pi → ∞), k ≥ 0, {pi} ⊂ {n} £xÌ A∞({νk}) Î {νk} �8ÏDÐ�Ñ�Ò ,

¦
∀ν ∈

A∞({νk}), �8� x ∈ K �
ν ∗ δe = WG ∗ δx, (2.7)

�)� � G :=
⋂

k≥0

H(νk ∗ δe) � S ��Æ�� , e � S ��� K �� 8¡�¢/£
ÁÔÓ��8�8��Õ8»
�8�IÖ�×�»Ø�Ù

2.10 ¸ S ��� H �8� ,
¦ «8¬ 2.9 �\Ú8Û8Ü�Ý/£

3 Þ>ß 2.6, Þ>ß 2.9 à)áãâ
µ�Ç

2.6 äæå`ç è 1 é ê_ë GG−1 :=
⋃

x∈G

Gx−1 � S ��Æ
���/£�ì�í�� , ∀y1, y2 ∈

GG−1 = G−1G, ��� x1, x2 ∈ G � y1 ∈ x−1
1 G, y2 ∈ Gx−1

2 , ¿ x1y1 ∈ G, y2x2 ∈ G. Ö G

�
Æ�� , x1y1 · y2x2 ∈ G, î y1 · y2x2 ∈ x−1
1 G ⊂ G−1G = GG−1 ⇒ �
� x3 ∈ G, y1y2x2 ∈

Gx−1
3 ⇒ y1 · y2 ∈ (Gx−1

3 )x−1
2 , ¿ y1 · y2 ∈ G(x2x3)

−1 ⊂ GG−1, î GG−1 � S ��ï2ð�Æ��8�/£
Á�ñ�òFó�ôFõ�ö
÷�ø/ù!ú
û ,

∞
∑

n=1

[1 − µn(GG−1)] ü8ý
º
þ�Ó ∞
∏

n=1

µn(GG−1) ü8ý , î<Á
ÿ��

(c2) ��� εk ↓ 0(k → ∞), �
∞
∏

j=k+1

µj(GG−1) ≥ 1 − εk. (3.1)

è 2 é ê)ëÔ��Ä������2ò
	��
�!»
‖µk,n − σk,n‖ ≤ 2εk, k ≥ 0, n > k, (3.2)

�)�
σk,n := σk+1 ∗ σk+2 ∗ · · · ∗ σn,

‖µk,n − σk,n‖ ≤ ‖µk,n − µk+1(GG−1)σk+1 ∗ µk+2(GG−1)σk+2 ∗ · · · ∗ µn(GG−1)σn‖

+‖µk+1(GG−1)σk+1 ∗ µk+2(GG−1)σk+2 ∗ · · · ∗ µn(GG−1)σn − σk,n‖

:= I1 + I2. (3.3)

À A ∈ B(S), Á (3.1) ¯ , 0 ≤ σk,n(A)−µk+1(GG−1)σk+1∗µk+2(GG−1)σk+2∗· · ·∗µn(GG−1)σn(A)

= σk,n(A)[1 −
∏n

j=k+1 µj(GG−1)] < εk, î
I2 < εk. (3.4)


����
I1, È µ′

k � µk � GG−1 � �IÐ�� , ¿8À A ∈ B(S), µ′
k(A) := µk(A ∩ GG−1) =

µk(GG−1)σk(A), k = 1, 2, · · · , n. Ì µ′
k,n = µ′

k+1 ∗ · · · ∗µ′
n, ����	�² µ′

k(A) = µ′
k(A∩GG−1),
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Ó��
0 ≤ µk,n(A) − µk+1(GG−1)σk+1 ∗ µk+2(GG−1)σk+2 ∗ · · · ∗ µn(GG−1)σn(A)

= µk,n(A) − µ′
k,n(A) = µk,n(A ∩ GG−1) + µk,n(A ∩ (GG−1)c) − µ′

k,n(A ∩ GG−1).

À n 9�:�;�<�=�ê)ë : ∀B ⊂ GG−1, »
0 ≤ µk,n(B) − µ′

k,n(B) < εk. (3.5)

��	�²!� GG−1 � µ′
j = µj (j > 0), î_Á>;�<�?�È

µ′
k,n(B) =

∫

GG−1

µ′
k,n−1(Bx−1)µ′

n(dx) ≥

∫

GG−1

[µk,n−1(Bx−1) − εk]µ
′
n(dx)

=

∫

GG−1

µk,n−1(Bx−1)µn(dx) − εkµn(GG−1)

= µk,n(B) −

∫

(GG−1)c

µk,n−1(Bx−1)µn(dx) − εkµn(GG−1)

≥ µk,n(B) − µk,n−1((GG−1)c)µn((GG−1)c) − εkµn(GG−1). (3.6)

��	�² GG−1 ���8� , @�:�A8º
¯

µ∗ν(A·B) ≥ µ(A)ν(B), µk,n−1(GG−1) ≥ µk,n−1((GG−1)n−k−1) ≥

n−1
∏

j=k+1

µj(GG−1) > 1−εk,

î
µk,n−1((GG−1)c) = 1 − µk,n−1(GG−1) < εk. (3.7)

§
(3.7) ¯�B�C (3.6) ¯ , µ′

k,n(B) ≥ µk,n(B)− εkµn((GG−1)c)− εkµn(GG−1) = µk,n(B)− εk,

î (3.5) ¯2Ü�Ý/£ § (3.4), (3.5) ¯�B�C (3.3) ¯ , D
² (3.2) ¯I£
è 3 é @�: (3.2) ¯2ê)ë A∞ = {λ}(  �ÑæÒ ) £ ì
í8� , Á {σn} �FE�G�H�ü!ý�¾ , ��È

σk,n → πk (n → ∞), k ≥ 0, πk → λ (k → ∞). (3.8)

∀λ′ ∈ A∞, ∃{ki} ⊂ {k} �
λki

∈ Aki
, λki

→ λ′ (ki → ∞). (3.9)

À�I8ð λki
∈ Aki

, È {ni} ⊂ {n} �
µki,ni

→ λki
(ni → ∞). (3.10)

Ì ρ(·, ·) Î P (S)
� �KJ
ü!ý�L
M ,

¦

ρ(πki
, λ′) ≤ ρ(πki

, σki,ni
) + ρ(σki,ni

, µki,ni
) + ρ(µki,ni

, λki
) + ρ(λki

, λ′).

N�O�P
ni → ∞, ki → ∞, Á (3.8), (3.2), (3.10), (3.9) ¯QD ρ (πki

, λ′) → 0 (ki → ∞), Á (3.8)

¯ λ′ = λ, ¿ A∞ = {λ} Î� �ÑæÒ/£



360 � � � � Vol. 40

RSO :UT)êU=)Ã)ÜD«/¬ 2.6 ��ê@ë8£ È {µn} AUGSH<üIý . V ÁFÂ�¬ 2.5 �/�_ÆXW
{pi} ⊂ {n}, �

µk,pi
→ λk (pi → ∞), k ≥ 0, (3.11)

Y�Z
pi → ∞ [ , λpi

→ λ ∈ A∞ £ ÁÔÓ A∞ = {λ} �� �ÑæÒ�î
λk → λ (k → ∞). (3.12)

Á'Ó {µn} A�G�HFü2ý , ��� k0 ≥ 0 � µk0,n 9 λk0
(n → ∞). Á Billingsley[26] «�¬ 2.3, �

��Æ
W {mi} ⊂ {n} �
{µk0,mi

}i≥1 �]\
^8Æ
W�A
ü!ý
² λk0
. (3.13)

À {mi}

�_ ��:`Â\¬ 2.5, �8��Æ
W {qi} ⊂ {mi}, �

µk,qi
→ λ′

k (qi → ∞), k ≥ 0, (3.14)

Y�Z
qi → ∞ [ , λ′

qi
→ λ ∈ A∞ £ ´a`<ÁÔÓ A∞ = {λ} �� �ÑæÒ

λ′
k → λ (k → ∞). (3.15)

Y Á (3.13) ¯ λ′
k0

6= λko
. ∀l > t > k0,

µk0,l = µk0,t ∗ µt,l, (3.16)

� (3.16) ¯ �>N�O � l = pi b l = qi, �
P

pi → ∞, qi → ∞, Á (3.11), (3.14) ¯QD
λk0

= µk0,t, ∗λt , λ′
k0

= µk0,t ∗ λ′
t, (3.17)

� (3.17) ¯ �]P t = pi, �
P

pi → ∞, Á (3.12), (3.15) ¯ λk0
= λk0

∗ λ, λ′
k0

= λk0
∗ λ, Ó��

λk0
= λ′

k0
, D
²Qcedgf/�>h�i , î {µn} G�H�ü!ý/£ Á A∞ = {λ}, Ã�ÜUj�«8¬ 2.6 ��ê)ë8£µ�Ç
2.9 ä\åIç Ák?�È , À k ≥ 0

µk,pi
→ vk(pi) (pi → ∞), vpi

→ λ = λ2 (pi → ∞), vk = vk ∗ λ. (3.18)

∀v ∈ A∞({vk}), È vki
→ v(ki → ∞), À�\�	)� k < ki < pi, µk,pi

= µk,ki
∗ µki,pi

,
P

pi → ∞, D vk = µk,ki
∗ vki

. l�m�n , � k Î {pi} ��Æ
W {p′
i},
¦ » vp′

i
= µp′

i
,ki

∗ vki
. Ö��8�

{ki}, {p
′
i} ��Æ�W n′

i, n
′′
i , � Z n′

i, n
′′
i → ∞ [ , µn′

i
,n′′

i
→ λ0 ∈ A∞(

¥�ª
[6] «�¬ 2.2.2), î�»

λ = λ0 ∗v. À�½ pi ó ki ��D , v = λ′
0 ∗λ, λ′

0 ∗A∞, Ó�� λ∗δe = λ0 ∗v ∗δe, v ∗δe = λ′
0 ∗λ∗δe.§ ×So/¯`ó ¥`ª [13]

�
(24), (25) ¯�Àqp , :)ó ¥`ª [13] «I¬ 1.3

� ê>ë vk ∗ δe =

v′
k ∗ δe ∗ δx Ã8Ä�³)´8�>r�=��UsaD
² , �8� x ∈ K, �

v ∗ δe = λ ∗ δe ∗ δx. (3.19)

ÁÔÓ λ2 = λ, � Y λ ∗ δe ∈ P (K), Ó�� (λ ∗ δe) ∗ (λ ∗ δe) = λ ∗ λ ∗ δe = λ ∗ δe, ¿ λ ∗ δe �8¹
º�t�u ,

��v�w Ò Sλ∗δe
�8Ã8Ä
Å� ��8� , Á ¥�ª [13] Â\¬ 2.4 Sλ∗δe

� K ��ï2ð�Æ��/£ Î8Ã
Ü
«8¬`��ê)ë , xedæê)ë

Sλ∗δe
= G :=

⋂

k≥0

H(vk ∗ δe). (3.20)
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y�N �U	I² , ¸ y ∈ H(vk+1 ∗ δe), ¿ vk+1 ∗ δe = vk+1 ∗ δe ∗ δy,
¦

µk+1 ∗ vk+1 ∗ δe =

µk+1 ∗ vk+1 ∗ δe ∗ δy. ÁÔÓ µk+1 ∗ vk+1 = νk, D
² vk ∗ δe = vk ∗ δe ∗ δy, ¿ y ∈ H(vk ∗ δe), z{ ë H(vk ∗ δe) ú�Ó k ↓, Ö�× G »
«��`£
Î8ê (3.20) ¯ ,

N ê)ë
Sλ∗δe

⊂ G . (3.21)

Á (3.18) ¯ , À k ≥ 0, vk ∗ δe = vk ∗ λ ∗ δe = vk ∗ δe ∗ (λ ∗ δe), Á�Â
¬ 2.3, Sλ∗δe
⊂

H(vk ∗ δe), k ≥ 0, î (3.21) ¯2Ü�Ý/£|T�ø , È y ∈ G =
⋂

k≥0

H(vk ∗ δe), ¿�À�c�» k ≥ 0,

vk ∗ δe = vk ∗ δe ∗ δy , (3.22)

� k = pi �
P

pi → ∞, D
²
λ ∗ δe = λ ∗ δe ∗ δy . (3.23)

�U	I² Sλ∗δe
� K �2ÆI� , e � K  F¡I¢ , Ö8× e ∈ Sλ∗δe

, ÓI� y = e · y ∈ Sλ∗δe
· y ⊂

Sλ∗δe∗δy
= Sλ∗δe

, î G ⊂ Sλ∗δe
. Ó�� Sλ∗δe

= G, Ú�H (3.23) ¯ , }Dë λ ∗ δe � G �/� Haar

t�u , Ì�Î WG, B�C (3.19) ¯ , v ∗ δe = WG ∗ δx .
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SOME LIMIT THEOREMS OF COMPOSITION CONVERGENCE

OF PROBABILITY MEASURE SEQUENCES ON TOPOLOGICAL

SEMIGROUPS

YAN Hui , XU Li-feng , XU Kan

(School of Mathematics and Statistics, Hubei Normal University, Huangshi 435002, China)

Abstract: This paper investigates the composition convergence of probability measure

sequence {µn} on topological semigroups, that is: the limit properties for convolution sequence

µk,n := µk+1 ∗ µk+2 ∗ · · · ∗ µn. By studying the algebraic construction of probability measure

support, first, a sufficient criterion of composition convergence for probability measures sequences

on a countable discrete semigroup is presented, which expend the classical Maksimov theorem

and some other results in references. Second, we give a constructive theorem of limit point set

of convolution sequences {µk,n : 0 ≤ k < n} on a locally compact H semigroup with a compact

kernel, which is an extension of classical result on groups.

Keywords: topological semigroup; probability measure; composition convergence
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