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[5]
Ó��)Ö9ù
� ½ ¾)¿�À©ÁEÍ9Î

, ����� ¿�����
���
 �! Ã�"
#�$
. 2015 ó , %
&�' è � �)� [6] (�) Ö IQVI(T, g,K) * Ï,+ Û Ì�-�.Ø Ì�/�0

, 1�2�3 ñ ü ý ��4 �LÃ Û¡ß�á ÍNÎ65 ÏLñ)ò .798 � é
: Ï<;
=
, >�?)Û Hilbert @ � 5�Ñ=ÒÔù��©½©¾¡¿)À Á . A H B�C Hilbert @�

, T, g : H → H B
D�EGF�H , K : H → 2H B
I�JKF�H , L
M�NGO Ï u ∈ H, K(u) BQP
R
I . S Ø�T u ∈ H, U  g(u) ∈ K(u), L�V
W

〈T (u), v − g(u)〉 ≥ 0, ∀v ∈ K(u), (1.1)

ÃQ5
〈·, ·〉 X�Y[Z]\ . (1.1)

Á�^¡Æ�ù��)½)¾©¿ À¡Á
, _ : IQVI(T, g,K). ` K(u) ≡ K, K B

H
Ï P�R�a�I , b IQVI(T, g,K) c¡ä Æ)ù ½¡¾ ¿©ÀÉÁ¼Í�Î IVI(T, g,K). ` g

Æ
d À F�H ,

b IQVI(T, g,K) c ä Æ Ü�e � ½ ¾)¿�À©ÁEÍ9Î QVI(T,K).fhg�ikj
IQVI(T, g,K)

è ¿�l6T³Í[Î ÏÔÀhmÉÌ
, �
nGo ÑÐÒ IQVI(T, g,K)

Ï<+ Û Ìè .)Ø¡Ì
, 4 ��p * IQVI(T, g,K)

Ï�ú©û ü¡ý èKq�r Ì©¾hs
. t�
©Û g u ù Ï�v�wKx
y�z

IQVI(T, g,K)
è

Wiener-Hopf { ê Ï[À�m�|�} , 1
2 ü©ý ��4 � q�r Ì)¾�s .
Ãh~

, � ò���������
� 4 �,���
��� – ������� ú û©ý � iQj ü)ýÐÏ q�r Ì . ?
� , 1 y IQVI(T, g,K)
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Ï �������
, É�o�M IQVI(T, g,K)

Ï *�Ê�Ë "�#
$+¾
s . >�? Ï�Ì�Í M
Î î ?�Ï 5 Ï[Ø
��ÌÍ Ê�Ë ÖNÄ Å è�Ð Ê .Æ�Ñ Ò[ù
� ½ ¾)¿�À©Á
,
g�ÑªÒQ8 x<Ó�Ô èKÕ �

.Ö�×
1.1

[7,8] F�H T : H → H Ø ^©Æ
(i) β-Lipschitz D
E Ï , Ù Í�+ Û�Ú � β > 0, U  ‖T (u)−T (v)‖ ≤ β‖u− v‖, ∀u, v ∈ H.

(ii) α - Û�Ü�Ý Ï , Ù Í�+ Û�Ú � α > 0, U  〈T (u)−T (v), u−v〉 ≥ α‖u−v‖2, ∀u, v ∈ H.

(iii)
| �

g B η - Û�Ü�Ý Ï , Ù Í�+ Û�Ú � η > 0, U  

〈T (u) − T (v), g(u) − g(v)〉 ≥ η‖u− v‖2,∀u, v ∈ H.

(iv) (ψ, ϕ) - Þ�ß�Û�� Ï , Ù Í�+ Û�Ú � ψ, ϕ > 0, U  

〈T (u) − T (v), u− v〉 ≥ −ψ‖T (u) − T (v)‖2 + ϕ‖u− v‖2,∀u, v ∈ H.

àªá
1.2

[8] A K(u) B H
Ï P�R�a�I . M � 4�â z ∈ H,u ∈ K(u),

¿�À©Á
〈u−z, v−u〉 ≥

0, ∀v ∈ K(u) ã zGä L�å ä u = PK(u)z,
Ã65

PK(u) B H
! P�R�a�I K(u)

Ï ��� .æKç
1.3

[8] M � NQOh46â u, v, w ∈ H, �G� ü a PK(u) V�W ‖PK(u)w − PK(v)w‖ ≤
γ‖u− v‖,

Ã65
γ B Ø�è ��Ú � .

2 éëêíìïîkð9ñíòôó�õïöø÷Qù[úïûôüQýïþ
>�ÿ�Û Hilbert @ � 5 � ò ��� ��� y�z IQVI(T, g,K)

-�¿�lhTÉÍ9ÎEÏLÀ�m
|
}
, � òÀ�m
|�} i� Û Ø â /�0Gx IQVI(T, g,K)

Ï * Ï�+ Û Ì , 4 ��p * ü ý , �<M Ã q<r Ì Ê�Ë¾
s
.Ö á

2.1 u ∈ H, g(u) ∈ K(u) B IQVI(T, g,K)
Ï * ä L�å ä u ∈ H, g(u) ∈ K(u) B�F

H F (u) = u− g(u) + PK(u)[g(u) − ρT (u)]
Ï�¿�lhT

,
Ã65

ρ B
��Ú � .� A u ∈ H, g(u) ∈ K(u) B IQVI(T, g,K)
Ï * , b

〈g(u) − (g(u) − ρT (u)), v − g(u)〉 ≥ 0,∀v ∈ K(u).

� Õ �
1.2 � , � À�m � u ∈ H, g(u) ∈ K(u) U  

g(u) = PK(u)[g(u) − ρT (u)].

â�� F (u) = u− g(u) + PK(u)[g(u) − ρT (u)],
Ì )	� j .Ö á

2.2 A T : H → H
| �

g B η - Û�Ü�Ý�L β-Lipschitz DhE Ï , g : H → H B
(ψ, ϕ) - Þ�ß�Û���L δ-Lipschitz D
E Ï . `�

A 1.3 ã z L + Û�Ú � ρ > 0, U  

k +
√

δ2 + ρ2β2 − 2ρη < 1, η2 > β2(δ2 − (k − 1)2), (2.1)

Ã65
k =

√

1 + δ2 + 2ψδ2 − 2ϕ+ γ, b + Û u ∈ H, g(u) ∈ K(u) B IQVI(T, g,K)
Ï�.+Ø * .
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� %
F (u) = u− g(u) + PK(u)[g(u)− ρT (u)],

� 

A 1.3
è ��� ü a Ï�Ê�& � Ì  , M

N�O Ï u1, u2 ∈ H,

‖F (u1) − F (u2)‖ ≤ ‖u1 − u2 − (g(u1) − g(u2))‖
+ ‖PK(u1)[g(u1) − ρT (u1)] − PK(u2)[g(u2) − ρT (u2)]‖

≤ ‖u1 − u2 − (g(u1) − g(u2))‖
+ ‖PK(u1)[g(u1) − ρT (u1)] − PK(u2)[g(u1) − ρT (u1)]‖
+ ‖PK(u2)[g(u1) − ρT (u1)] − PK(u2)[g(u2) − ρT (u2)]‖

≤ ‖u1 − u2 − (g(u1) − g(u2))‖ + γ‖u1 − u2‖
+ ‖g(u1) − g(u2) − ρ(T (u1) − T (u2))‖.

'
T
| �

g B η - Û�Ü�Ý�L β-Lipschitz D
E Ï , g B δ-Lipschitz D
E Ï , ( î

‖g(u1) − g(u2) − ρ(T (u1) − T (u2))‖2 = ‖g(u1) − g(u2)‖2 + ρ2‖T (u1) − T (u2)‖2

− 2ρ〈T (u1) − T (u2), g(u1) − g(u2)〉
≤ δ2‖u1 − u2‖2 + ρ2β2‖u1 − u2‖2 − 2ρη‖u1 − u2‖2

= (δ2 + ρ2β2 − 2ρη)‖u1 − u2‖2.

)
g B (ψ, ϕ) - Þ�ß�Û���L δ-Lipschitz D
E Ï ,

î

‖u1 − u2 − (g(u1) − g(u2))‖2 =‖u1 − u2‖2 + ‖g(u1) − g(u2)‖2 − 2〈g(u1) − g(u2), u1 − u2〉
≤‖u1 − u2‖2 + δ2‖u1 − u2‖2

− 2[−ψ‖g(u1) − g(u2)‖2 + ϕ‖u1 − u2‖2]

≤‖u1 − u2‖2 + δ2‖u1 − u2‖2 + 2ψδ2‖u1 − u2‖2 − 2ϕ‖u1 − u2‖2

≤(1 + δ2 + 2ψδ2 − 2ϕ)‖u1 − u2‖2.

��X j

‖F (u1) − F (u2)‖ ≤ [γ +
√

1 + δ2 + 2ψδ2 − 2ϕ+
√

δ2 + ρ2β2 − 2ρη]‖u1 − u2‖
= θ‖u1 − u2‖.

�
(2.1)

Á � θ < 1, F (u) B Ø�è+*�, F<H ,
��- + Û .�Ø)¿�lGT u ∈ H, g(u) ∈ K(u).

� â�
2.1 ��. T B IQVI(T, g,K)

Ï * ./ 0 �
ρ
Ï�+ Û Ì , 1 + Û ρ > 0, U  β2ρ2 − 2ηρ+ δ2 − (1 − k)2 < 0. 2�O !

∆ = 4η2 − 4β2(δ2 − (k − 1)2) = 4[η2 − β2(δ2 − (k − 1)2)] > 0,

��L�M ^+3©Æ η

β2
> 0, (���4 Ï ρ

Ø â + Û . Û�?
Ï [8, 9]
5

, Noor M � �)½)¾©¿ À¡ÁÐÍNÎ� î 3 |³ÍNÎÐÏ (�) , ��5 j Ö Û ��6
/�0Gx U  θ = k +
√

f(ρ) ã zÐÏ ρ
+ Û . 7+8 ��6/�0 : Æ�p * ù
� ½ ¾)¿�À©ÁÐÍ9ÎÐÏLü)ýEÏ q<r /�0 .

2�O ! T B
Û�Ü�Ý Ï , b Ø â�B (ψ, ϕ) - Þ�ß�Û�� Ï ,
� B î Ù xÔÄ ) .
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9+:
2.3 A T : H → H

| �
g B η - Û�Ü
Ý�L β-Lipschitz D�E Ï , g : H → H B σ-

Û�Ü�Ý�L δ-Lipschitz D
E Ï . `�

A 1.3 ã z ��L + Û�Ú � ρ > 0, U  

k +
√

δ2 + ρ2β2 − 2ρη < 1, η2 > β2 (δ2 − (k − 1)2),

Ã65
k =

√
1 − 2σ + δ2 + γ, b + Û u ∈ H, g(u) ∈ K(u) B IQVI(T, g,K)

Ï�.+Ø * .Ð ½
T
Ï�/�0 U  T : H → H B ξ - Û�Ü�Ý Ï , u 8] �! Ù x â � .Ö á

2.4 A T : H → H B ξ- Û�Ü
Ý�L β-Lipschitz D�E Ï , g : H → H B α - Û�Ü
Ý
L δ-Lipschitz D
E Ï . `�

A 1.3 ã z L + Û�Ú � ρ > 0, U  

k +
√

1 + ρ2β2 − 2ρξ < 1, ξ2 > β2(δ2 − (1 − k)2), (2.2)

Ã65
k = γ + 2

√
1 + δ2 − 2α, b + Û u ∈ H, g(u) ∈ K(u) B IQVI(T, g,K)

Ï�.+Ø * .�;%
F (u) = u−g(u)+PK(u)[g(u)−ρT (u)].

� â � 2.2
Ï i6j � , M�N�O Ï u1, u2 ∈ H,

‖F (u1) − F (u2)‖ ≤ ‖u1 − u2 − (g(u1) − g(u2))‖ + γ‖u1 − u2‖
+ ‖g(u1) − g(u2) − ρ(T (u1) − T (u2))‖.

2�O !

‖g(u1)−g(u2)−ρ(T (u1)−T (u2))‖ ≤ ‖u1−u2−ρ(T (u1)−T (u2))‖+‖u1−u2−(g(u1)−g(u2))‖.
'
T : H → H B ξ - Û�Ü�Ý�L β-Lipschitz D
E Ï , ( î

‖u1 − u2 − ρ(T (u1) − T (u2))‖2

=‖u1 − u2‖2 + ρ2‖T (u1) − T (u2)‖2 − 2ρ〈T (u1) − T (u2), u1 − u2〉
≤‖u1 − u2‖2 + ρ2β2‖u1 − u2‖2 − 2ρξ‖u1 − u2‖2

≤(1 + ρ2β2 − 2ρξ)‖u1 − u2‖2.

)
g B α - Û�Ü�Ý�L δ-Lipschitz D
E Ï ,

î

‖u1 − u2 − (g(u1) − g(u2))‖2 = ‖u1 − u2‖2 + ‖g(u1) − g(u2)‖2 − 2〈g(u1) − g(u2), u1 − u2〉
≤ ‖u1 − u2‖2 + δ2‖u1 − u2‖2 − 2α‖u1 − u2‖2

≤ (1 + δ2 − 2α)‖u1 − u2‖2.

��X j

‖F (u1) − F (u2)‖ ≤ (γ + 2
√

1 + δ2 − 2α+
√

1 + ρ2β2 − 2ρξ)‖u1 − u2‖ = θ‖u1 − u2‖.
�

(2.2)
Á � θ < 1, F (u) B Ø�è+*�, F<H ,

��- + Û .�Ø)¿�lGT u ∈ H, g(u) ∈ K(u).
� â�

2.1 ��. T B IQVI(T, g,K)
Ï * ./ 0 �

ρ
Ï�+ Û Ì , 1 + Û ρ > 0, U  β2ρ2 − 2ξρ+ δ2 − (1 − k)2 < 0. 2�O !

∆ = 4ξ2 − 4β2(δ2 − (1 − k)2) = 4[ξ2 − β2(δ2 − (1 − k)2)] > 0,



No.3 ��
���� : ������������������� ��!�"$# 345

��L�M ^�3)Æ ξ

β2 > 0. (���4 Ï ρ
Ø â + Û .

Û IQVI(T, g,K)
5

, `�M�N�O u ∈ H,K(u) ≡ K, K B H
Ï P�R�a�I , b�u 8] �! ù)½¾)¿�À©ÁEÍ9Î

IVI(T, g,K)
Ï * Ï�+ Û Ì â � .Ö á

2.5 A K B H
Ï P�R�a�I , T : H → H

| �
g B η - Û�Ü�Ý�L β-Lipschitz D
EÏ

, g : H → H B (ψ, ϕ) - Þ�ß�Û���L δ-Lipschitz D
E Ï . ` + Û�Ú � ρ > 0, U  

k +
√

δ2 + ρ2β2 − 2ρη < 1, η2 > β2(δ2 − (k − 1)2),

Ã65
k =

√

1 + δ2 + 2ψδ2 − 2ϕ, b + Û u ∈ H, g(u) ∈ K B IVI(T, g,K)
Ï�.+Ø * .� ò â � 2.2

Ï i6j { ý u i .8 x 4 � IQVI(T, g,K)
ÏLú�û)ü ý

, �<M Ã q<r Ì Ê�Ë ¾
s .<�=
2.6 M � 4�â Ï u0 ∈ H,

� Ù xÔú�û¡Á?> ü un+1

un+1 = (1 − αn)un + αn[un − g(un) + PK(un)[g(un) − ρT (un)]], n = 0, 1, 2, · · · . (2.3)

/ ` g = I,
ü ý

2.6 c ä Æ Ü�e � ½ ¾)¿�À©Á * Ï ��� ú û)ü)ý .

un+1 = (1 − αn)un + αnPK(un)[un − ρT (un)], n = 0, 1, 2, · · · .

` K(u) ≡ K,
ü ý

2.6 c ä Æ+ù)½ ¾)¿�À©Á * Ï ��� ú û)ü)ý .

un+1 = (1 − αn)un + αn[un − g(un) + PK [g(un) − ρT (un)]], n = 0, 1, 2, · · · .
xA@ 4 �Lü ý 2.6 Û Ø â /�0hx Ï q<r Ì i6j .Ö á

2.7 A T : H → H
| �

g B η - Û�Ü�Ý�L β-Lipschitz D
E Ï , g : H → H B (ψ, ϕ)

- Þhß�Û���L δ-Lipschitz D�E Ï . `+
�A 1.3
è

(2.1)
Á ã z , L
MCB î n ≥ 0, 0 ≤ αn ≤ 1,

VKW ∞
∑

n=0

αn = ∞, b �
(2.3)

Á öhã ÏADFE
{un}

q�rK�
u,
Ãë5

u ∈ H, g(u) ∈ K(u)
Æ

IQVI(T, g,K)
Ï * .� � â � 2.2 � , IQVI(T, g,K)

+ Û .+Ø * .
%
u ∈ H B IQVI(T, g,K)

Ï * , b
u = (1 − αn)u+ αn[u− g(u) + PK(u)[g(u) − ρT (u)]], n = 0, 1, · · · .

��-

‖un+1 − u‖ ≤ (1 − αn)‖un − u‖ + αn‖un − u− (g(un) − g(u))‖
+ αn‖PK(un)[g(un) − ρT (un)] − PK(u)[g(u) − ρT (u)]‖

≤ (1 − αn)‖un − u‖ + αn‖un − u− (g(un) − g(u))‖
+ αn‖PK(un)[g(un) − ρT (un)] − PK(un)[g(u) − ρT (u)]‖
+ αn‖PK(un)[g(u) − ρT (u)] − PK(u)[g(u) − ρT (u)]‖

≤ (1 − αn)‖un − u‖ + αn‖un − u− (g(un) − g(u))‖
+ αn‖g(un) − g(u) − ρ(T (un) − T (u))‖ + αnγ‖un − u‖.
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'
T Û H

��| �
g B η - Û�Ü�Ý�L β-Lipschitz D
E Ï , g B δ-Lipschitz D
E Ï , ( î

‖g(un) − g(u) − ρ(T (un) − T (u))‖2 = ‖g(un) − g(u)‖2 + ρ2‖T (un) − T (u)‖2

− 2ρ〈T (un) − T (u), g(un) − g(u)〉
≤ δ2‖un − u‖2 + ρ2β2‖un − u‖2 − 2ρη‖un − u‖2

= (δ2 + ρ2β2 − 2ρη)‖un − u‖2.

) F�H g : H → H B (ψ, ϕ) - Þ�ß�Û���L δ-Lipschitz D
E Ï ,
î

‖un − u− (g(un) − g(u))‖2 = ‖un − u‖2 + ‖g(un) − g(u)‖2 − 2〈g(un) − g(u), un − u〉
≤ ‖un − u‖2 + δ2‖un − u‖2 − 2[−ψ‖g(un) − g(u)‖2 + ϕ‖un − u‖2]

≤ ‖un − u‖2 + δ2‖un − u‖2 + 2ψδ2‖un − u‖2 − 2ϕ‖un − u‖2

≤ (1 + δ2 + 2ψδ2 − 2ϕ)‖un − u‖2.

��X j

‖un+1 − u‖ ≤ (1 − αn)‖un − u‖ + αn[γ +
√

1 + δ2 + 2ψδ2 − 2ϕ+
√

δ2 + ρ2β2 − 2ρη]‖un − u‖
= (1 − αn)‖un − u‖ + αnθ‖un − u‖ = [1 − (1 − θ)αn]‖un − u‖

≤
n

∏

i=0

[1 − (1 − θ)αi]‖u0 − u‖.

� � ∞
∑

n=0

αn

=�G L 1 − θ > 0, ( lim
n→∞

∏n

i=0[1 − (1 − θ)αi] = 0,
' o {un}

q<r
�
u,
i+H

.
/ 8 � â � M
?�Ï [6] * Ï�+ Û Ì â � è�q<r â � Ê�Ë Ö @ � �EÏLÄ)Å ,

�
R

n
Ä Å !

Ö
Hilbert @ � , ��I�J Ö g

Ï u ù©Ì�/�0 .

3 éëêíìïîkð9ñíò ü Wiener-Hopf KMLø÷�ñONëû ´ëýïþ
2012 ó , Noor[8]

y�z³Ö�Ø�PRQ+Á
Wiener-Hopf { ê - Ø�P��)½©¾¡¿)À Á�S � Ï[À�m�|}

, 1�2 Ö 3 |³ÍNÎ * Ï�ú û©ü©ý . u 8UT � Wiener-Hopf { ý+V�W - îCX .
� o 7�! ;�= ,

>�ÿ�Û Hilbert @ � 5NÑ Ò IQVI(T, g,K)
-

Wiener-Hopf { ê ÏLÀ�m
|�} , � ò À�m
|�} 1y�p * ù
� ½ ¾)¿�À©ÁÉÏ * Ï�ú�û©ü ý , �<M ü ýEÏ q<r Ì Ê�Ë ¾
s .Ö�×
3.1

[8]
%
QK(u) = I − PK(u),

Ã65
I
Æ�d)À F�H , PK(u)

Æ
H
!
K(u)

Ï ��� . ÙÍ
g−1
+ Û ,

p
z ∈ H U  

Tg−1PK(u)z + ρ−1QK(u)z = 0. (3.1)

^+Y Ù (3.1)
ÁÉÏ � ø { ê Æ Wiener-Hopf { ê .Ö á

3.2 A g u ù ,
Ã ù F<H
_ Æ g−1, b u ∈ H, g(u) ∈ K(u) B IQVI(T, g,K)

Ï *ä L�å ä Wiener-Hopf { ê + Û�* z ∈ H,
Ã65

z = g(u) − ρT (u), g(u) = PK(u)z. (3.2)
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� A u ∈ H, U  g(u) ∈ K(u)
Æ

IQVI(T, g,K)
Ï * .

� â � 2.1 u  g(u) =

PK(u)[g(u) − ρT (u)].
)
QK(u) = I − PK(u),

û�Z
(3.1)

Á u  

QK(u)[g(u) − ρT (u)] = g(u) − ρT (u) − PK(u)[g(u) − ρT (u)] = −ρT (u)

= −ρTg−1PK(u)[g(u) − ρT (u)].

` z = g(u) − ρT (u), b Tg−1PK(u)z + ρ−1QK(u)z = 0.

3�[�\ , A z ∈ H
Æ

Wiener-Hopf { ê (3.1)
Ï * , b

ρTg−1PK(u)z = −QK(u)z = −(I − PK(u))z = PK(u)z − z. (3.3)

�
(3.3)

Á èKÕ �
1.2 u  

0 ≤ 〈PK(u)z − z, v − PK(u)z〉 = 〈ρTg−1PK(u)z, v − PK(u)z〉,∀v ∈ K(u).

��X j u = g−1PK(u)z, g(u) ∈ K(u)
Æ

IQVI(T, g,K)
Ï * .] Ü+�?^ p * IQVI(T, g,K)

-�p * Wiener-Hopf { ê B À�mEÏ .
� o , á�_�M Wiener-

Hopf { ê Ê�Ë ½�Y , u 8] �!�` è
p * IQVI(T, g,K)
ÏLú�û)ü ý

.

(1) Wiener-Hopf { ê (3.1) u 8badc ½dYÉÆ
QK(u)z = −ρTg−1PK(u)z. 7 (3.2)

Á©Â
QK(u) = I − PK(u)

û�Z��)Á
, u 8] �!

z = PK(u) − ρTg−1PK(u)z = g(u) − ρT (u).

� �)Á u 8] �! Ù xÔú�û)ü ý .<�=
3.3 M
4�â Ï z0 ∈ H,

� Ù xÔú�û¡Á?> ü zn+1,

{

g(un) = PK(un)zn,

zn+1 = (1 − αn)zn + αn[g(un) − ρT (un)],
(3.4)

∀n ≥ 0, 0 ≤ αn ≤ 1, V
W ∞
∑

n=0

αn = ∞.

(2) Wiener-Hopf { ê (3.1) u 8ea�c ½�Y Æ Tg−1PK(u)z = −ρ−1QK(u)z. f�g �bhbi
�
QK(u)z

 
QK(u)z+Tg−1PK(u)z = −ρ−1QK(u)z+QK(u)z. j �

QK(u) = I −PK(u)

û�Z��)Á
 

z − PK(u)z + ρTg−1PK(u)z = (1 − ρ−1)QK(u)z.

k � u  z = g(u) − ρT (u) + (1 − ρ−1)QK(u)z.
Ì?l

(3.2)
Á

,
 �! Ù xÔü ý .<�=

3.4 M
4�â Ï z0 ∈ H,
� Ù xÔú�û¡Á?> ü zn+1,

{

g(un) = PK(un)zn,

zn+1 = g(un) − ρT (un) + (1 − ρ−1)QK(un)zn, n = 0, 1, 2, · · · .
/ ` K(u) ≡ K, b ü©ý 3.3,

ü©ý
3.4 c©ä Æ ù¡½©¾¡¿)À Á �
� ú©û¡ü¡ý . ` g = I,

b ü ý 3.3,
ü ý

3.4 c ä Æ Ü�e � ½ ¾)¿�À©ÁÉÏ ��� ú�û©ü ý .
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8 x i6j ü ý
3.3
Ï q<r Ì

,
ò 3 ��Ï { ý u 8]i� Û Ø â /�0GxÔü)ý 3.4

Ï q<r Ì
.Ö á

3.5 A T : H → H
| �

g B η - Û�Ü
Ý�L β-Lipschitz D�E Ï , g : H → H u ù
L
B σ - Û�Ü�Ý è δ-Lipschitz D
E Ï , `�

A 1.3 ã z ��L + Û�Ú � ρ > 0 U  

k +
√

δ2 + ρ2β2 − 2ρη < 1, η2 > β2 (δ2 − (k − 1)2), (3.5)

Ã[5
k =

√
1 − 2σ + δ2 + γ. ` {zn} B � ü¡ý

3.3
 G! Ï

, b {zn} Û q�rh� z, z ∈ H
Æ

Wiener-Hopf { ê (3.1)
Ï * .� A u ∈ H, g(u) ∈ K(u) B IQVI(T, g,K)

Ï * ,
� â � 3.2 �

{

g(u) = PK(u)z,

z = (1 − αn)z + αn[g(u) − ρT (u)].
(3.6)

� B ‖zn+1 − z‖ ≤ (1− αn)‖zn − z‖+ αn‖g(un)− g(u)− ρ(T (un)− T (u))‖.
'
T Û H

��|
�
g B η - Û�Ü�Ý�L β-Lipschitz B�D
E Ï , g B δ-Lipschitz D
E Ï , ( î

‖g(un) − g(u) − ρ(T (un) − T (u))‖2

≤‖g(un) − g(u)‖2 + ρ2‖T (un) − T (u)‖2 − 2ρ〈T (un) − T (u), g(un) − g(u)〉
≤δ2‖un − u‖2 + ρ2β2‖un − u‖2 − 2ρη‖un − u‖2

=(δ2 + ρ2β2 − 2ρη)‖un − u‖2.

� Á
(3.4), (3.6)

Â 

A 1.3,
�bh

g B σ - Û�Ü�Ý è δ-Lipschitz D
E Ï ,
î

‖un − u‖ ≤ ‖un − u− (g(un) − g(u))‖ + ‖PK(un)zn − PK(u)z‖
≤ ‖un − u− (g(un) − g(u))‖ + ‖PK(un)zn − PK(un)z‖+ ‖PK(un)z − PK(u)z‖
≤ (γ +

√
1 − 2σ + δ2)‖un − u‖ + ‖zn − z‖

= k‖un − u‖ + ‖zn − z‖.

1 ‖un − u‖ ≤ 1
1−k

‖zn − z‖.
%
θ1 =

√
δ2

−2ηρ+β2ρ2

1−k
,
� Á

(3.5) � θ1 < 1,
' o

‖zn+1 − z‖ ≤ (1 − αn)‖zn − z‖+ αnθ1‖zn − z‖ = [1 − (1 − θ1)αn]‖zn − z‖

≤
n

∏

i=0

[1 − (1 − θ1)αi]‖z0 − z‖.

� � ∞
∑

n=0

αn

=�G L 1 − θ1 > 0, ( lim
n→∞

n
∏

i=0

[1 − (1 − θ1)αi] = 0,
' o {zn} Û q<r
� z.

i+H
.

4 mköëéëêíìïîkð9ñíòô÷onOp µMq – rtsouOv	w	xëýïþ
Wiener-Hopf { ê Ï �
� M � Ø
�)Ê)Ë)Ì è Ê u�y Ï�½)¾©¿ À¡Á³ÍNÎ B ¿�z)òÐÏ .

ÆÐÖ
{?| ��}�~�g , u 8e��� Ø } � ��������� . . ��� f�gC�b�������������+���C� , ��� ����������C���������+���C�����F�U�F�����+���

, ��� �+�������+���C�F�U�F���C �¡+�F�
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�³���
, ´�µ�¶ �+�C���·�R�¹¸��º���+»+¼C½+���+�+�C���·�R�¹¸��º���

. ¾+¿�¶C�+� �������À�Á�ÂRÃ�¸���Ä�Å��������+�F�e�F��Æ+Ç�È�É
– Ê+Ë�Ì�Í�Î�Ï�Ð�Ñ .Ò�Ó�Ô�Õ����+����ÂRÃ������������+�

.Ö+× Â+Ø
u ∈ H, Ù � g(u) ∈ K(u), Ú�Û � w ∈ H, g(w) ∈ K(u), Ù �

〈T (u) + g(w) − g(u), v − g(u)〉 ≥ 0, ∀v ∈ K(u),

Ü³Ý
T, g : H → H

¡�Þ+ß·àAá
, K : H → 2H

¡�â�ãäàAá
, å Ö�æ·ç �

u ∈ H, K(u)
¡Fè�é

â
. ê�ë ���+���?ìoíUî

IQVI(T, g,K)
�������������+��ïFíe�+�

IQVI(T, g,K)
��ð+ñAÆ

Ç�È�É
– Ê+Ë?Î�Ï�Ð�Ñ .ò�ó

4.1
Ö+× Â+Ø

u0 ∈ H, ô ð+ñ Î�Ï·õ �?ö Ð un+1,















〈µT (un) + g(yn) − g(un), v − g(yn)〉 ≥ 0, ∀v ∈ K(un),

〈βT (yn) + g(wn) − g(yn), v − g(wn)〉 ≥ 0,∀v ∈ K(yn),

〈ρT (wn) + g(un) − g(wn), v − g(un+1)〉 ≥ 0, ∀v ∈ K(wn),

ÜFÝ
µ, β, ρ > 0, n = 0, 1, 2, · · · .÷ ëRø � 1.2, Ð�Ñ 4.1

ïFí�ù?ú
ò�ó

4.2
Ö+× Â+Ø

u0 ∈ H, ô ð+ñ Î�Ï·õ �?ö Ð un+1,















g(yn) = PK(un)[g(un) − µT (un)],

g(wn) = PK(yn)[g(yn) − βT (yn)],

g(un+1) = PK(wn)[g(wn) − ρT (wn)],

ÜFÝ
µ, β, ρ > 0, n = 0, 1, 2, · · · .ò�ó

4.3
Ö+× Â+Ø

u0 ∈ H, ô ð+ñ Î�Ï·õ �?ö Ð un+1,















yn = (1 − γn)un + γn{un − g(un) + PK(un)[g(un) − ρT (un)]},
wn = (1 − βn)un + βn{yn − g(yn) + PK(yn)[g(yn) − ρT (yn)]},
un+1 = (1 − αn)un + αn{wn − g(wn) + PK(wn)[g(wn) − ρT (wn)]},

(4.1)

ÜFÝ
0 ≤ αn, βn, γn ≤ 1, n = 0, 1, 2, · · · , å ∞

∑

n=0

αn = ∞.
û
γn = 0, ü�Ð�Ñ 4.3 ý ¼�½ò�ó

4.4
Ö+× Â+Ø

u0 ∈ H, ô ð+ñ Î�Ï·õ �?ö Ð un+1,

{

wn = (1 − βn)un + βn{un − g(un) + PK(un)[g(un) − ρT (un)]},
un+1 = (1 − αn)un + αn{wn − g(wn) + PK(wn)[g(wn) − ρT (wn)]}.

þ ÿ Ð�Ñ���� ½�����Ä�Å��������+�d�
Ishikawa Ï�Ð�Ñ ,

û
γn = 0, βn = 0, Ð�Ñ����½

Mann Î�Ï�Ð�Ñ .���	� Ö Ð�Ñ 4.3
��

������� ��� ,

Ü�� Ð�Ñ � ������Ñ���� .
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� �
4.5 ! T : H → H

� ×
g
¡
η - "�# $+å β-Lipschitz

Þ·ß³�
, g : H → H

¡
(ψ, ϕ) - % &�"�'�å δ-Lipschitz

Þ+ßR�
.
û�( ! 1.3 ) (2.1)

��ú�*
, üoô (4.1)

��+�,�úF�
{un} " 

� × u,

ÜFÝ
u ∈ H, g(u) ∈ K(u)

½
IQVI(T, g,K)

�U�
.- ô Ø�� 2.2 . IQVI(T, g,K) /�021�Û � . 3 u ∈ H, g(u) ∈ K(u)

¡
IQVI(T, g,K)�U�

, ô Ø�� 2.1
�

u = (1 − αn)u+ αn{u− g(u) + PK(u)[g(u) − ρT (u)]}, (4.2)

u = (1 − βn)u+ βn{u− g(u) + PK(u)[g(u) − ρT (u)]}, (4.3)

u = (1 − γn)u+ γn{u− g(u) + PK(u)[g(u) − ρT (u)]}. (4.4)

ô (4.1) ) (4.2)
�?�

‖un+1 − u‖ ≤ (1 − αn)‖un − u‖ + αn‖{wn − g(wn) + PK(wn)[g(wn) − ρT (wn)]}‖
− {u− g(u) + PK(u)[g(u) − ρT (u)]}

≤ (1 − αn)‖un − u‖ + αn‖wn − u− (g(wn) − g(u))‖
+ αn‖PK(wn)[g(wn) − ρT (wn)] − PK(u)[g(wn) − ρT (wn)]‖
+ αn‖PK(u)[g(wn) − ρT (wn)] − PK(u)[g(u) − ρT (u)]‖

≤ (1 − αn)‖un − u‖ + αn‖wn − u− (g(wn) − g(u))‖
+ αnγ‖wn − u‖ + αn‖g(wn) − g(u) − ρ(T (wn) − T (u))‖.

4
T 0 H

î�� ×
g
¡
η - "�#�$�å β-Lipschitz

Þ�ßd�
, g

¡
δ-Lipschitz

Þ�ßd�
, 5�6

‖g(wn) − g(u) − ρ(T (wn) − T (u))‖2 ≤ ‖g(wn) − g(u)‖2 + ρ2‖T (wn) − T (u)‖2

− 2ρ〈T (wn) − T (u), g(wn) − g(u)〉
≤ δ2‖wn − u‖2 + ρ2β2‖wn − u‖2 − 2ρη‖wn − u‖2

= (δ2 + ρ2β2 − 2ρη)‖wn − u‖2.

7 àbá
g : H → H

¡
(ψ, ϕ) - %�&�"�'�å δ-Lipschitz

Þ�ßd�
, 6

‖wn − u− (g(wn) − g(u))‖2 ≤ ‖wn − u‖2 + ‖g(wn) − g(u)‖2 − 2〈g(wn) − g(u), wn − u〉
≤ ‖wn − u‖2 + δ2‖wn − u‖2 − 2[−ψ‖g(wn) − g(u)‖2 + ϕ‖wn − u‖2]

≤ ‖wn − u‖2 + δ2‖wn − u‖2 + 2ψδ2‖wn − u‖2 − 2ϕ‖wn − u‖2

≤ (1 + δ2 + 2ψδ2 − 2ϕ)‖wn − u‖2.

��8 �
‖un+1 − u‖ ≤ (1 − αn)‖un − u‖ + αn{γ +

√

1 + δ2 + 2ψδ2 − 2ϕ+
√

δ2 + ρ2β2 − 2ρη}‖wn − u‖
= (1 − αn)‖un − u‖ + αnθ‖wn − u‖. (4.5)

ô (4.1) ) (4.3)
�

, � ��ï �
‖wn − u‖ ≤ (1 − βn)‖un − u‖ + βnθ‖yn − u‖.
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í ì ô (4.1) ) (4.4)
��ï��

‖yn − u‖ ≤ (1 − γn)‖un − u‖ + γnθ‖un − u‖ ≤ ‖un − u‖.
9 �
8 �

‖wn − u‖ ≤ (1 − βn)‖un − u‖ + βnθ‖un − u‖ ≤ ‖un − u‖. (4.6)

ô (4.5) ) (4.6)
��ï .

‖un+1 − u‖ ≤ (1 − αn)‖un − u‖ + αnθ‖un − u‖ = (1 − (1 − θ)αn)‖un − u‖

≤
n

∏

i=0

[1 − (1 − θ)αi]‖u0 − u‖.

ô × ∞
∑

n=0

αn :�; , 1 − θ > 0, 5 lim
n→∞

∏n

i=0[1 − (1 − θ)αi] = 0,
4=<

{un}


� ×

u. ��> .

5 ?A@CBEDGFIHCJLKNMPOAQARCSNTGUEVXWCYCD�Z
2007, Noor[9] ��� ���ä��Ø������\[^] _�Å+���+���C�³�U�³� Û�`Na�b�c
d , ��0CÛ Øe�f ñ�Â³Ã [hg�i j��	k

. 2012 l , Gupta ) Metra[10]
Â³Ã [=]	_�Å+�+�C���ä�R� Ë+ü�a

b�c�d�) D- a�b�c�dC� ÂFÃ�[=g�i�j���k
. m �Fí�î�n�oF��p : , ¾�¿�0	q Hilbert r	a Ý����Ä�Å��������+�R�e�R�^s�t a�b�c�d , ��� ÿ a�b�chd Ö ÿF�e���F�=g�i�j�������k

.���
5.1 ! T, g : H → H

¡�Þ+ß·àAá
, K : H → 2H

¡�â�ãäàAá
, å Ö�æ·ç �

u ∈ H,

K(u)
¡Fè�é�â

.
Ø�u

Rρ(u) = g(u) − PK(u)(g(u) − ρT (u)), ü ‖Rρ(u)‖
¡

IQVI(T, g,K)
�

a�b�chd .
ÜFÝ

ρ
½ Ë�v�d .- w�x Ö+×?æCç �

u ∈ H, ‖Rρ(u)‖ ≥ 0, �?å ‖Rρ(u∗)‖ = 0 y¹å�z2y
g(u∗) = PK(u∗)[g(u

∗) − ρT (u∗)].

w�x
g(u∗) ∈ K(u∗),

÷ ëRø � 1.2
�

〈g(u∗) − (g(u∗) − ρT (u∗)), v − g(u∗)〉 ≥ 0,∀v ∈ K(u∗).

{
u∗

¡
IQVI(T, g,K)

�U�
.
��8 � ‖Rρ(u)‖

¡
IQVI(T, g,K)

� a�b�chd .� �
5.2 ! T : H → H

� ×
g
¡
η - "�# $+å β-Lipschitz

Þ·ß³�
, g : H → H

¡
δ-Lipschitz

Þ�ßd�
,
( ! 1.3

ú�* å�|�} γ ∈ (0, η

β
), ρ > δγ

η−βγ
.
û
u∗

¡
IQVI(T, g,K)

�U�
,

ü Ö�æCç �
u ∈ H,

‖u− u∗‖ ≤ ρβ + δ

ρη − (ρβ + δ)γ
‖Rρ(u)‖.

- ÷ ë PK(u∗)[g(u) − ρT (u)]
�¹Ø�u

, 6
〈g(u) − ρT (u) − PK(u∗)[g(u) − ρT (u)], PK(u∗)[g(u) − ρT (u)] − v〉 ≥ 0,∀v ∈ K(u∗).

ô × u∗
¡

IQVI(T, g,K)
�U�

, g(u∗) ∈ K(u∗), ~ v = g(u∗), ü
〈g(u) − ρT (u) − PK(u∗)[g(u) − ρT (u)], PK(u∗)[g(u) − ρT (u)] − g(u∗)〉 ≥ 0. (5.1)
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� Û����oô × u∗
¡

IQVI(T, g,K)
�U� å PK(u∗)[g(u) − ρT (u)] ∈ K(u∗),

�

〈ρT (u∗), PK(u∗)[g(u) − ρT (u)] − g(u∗)〉 ≥ 0.

���
(5.1)

�?�

〈ρT (u∗) − ρT (u) − PK(u∗)[g(u) − ρT (u)] + g(u), PK(u∗)[g(u) − ρT (u)] − g(u∗)〉 ≥ 0.

� Û Ç ,

ρ〈T (u∗) − T (u), PK(u∗)[g(u) − ρT (u)] − g(u)〉 − ρ〈T (u∗) − T (u), g(u∗) − g(u)〉
+ 〈g(u) − PK(u∗)[g(u) − ρT (u)], PK(u∗)[g(u) − ρT (u)] − g(u)〉
+ 〈g(u) − PK(u∗)[g(u) − ρT (u)], g(u) − g(u∗)〉 ≥ 0.

4
T : H → H

� ×
g
¡
η - "�#�$ � , 5�6

ρ〈T (u∗) − T (u), PK(u∗)[g(u) − ρT (u)] − g(u)〉 − ‖PK(u∗)[g(u) − ρT (u)] − g(u)‖2

+ 〈g(u) − PK(u∗)[g(u) − ρT (u)], g(u) − g(u∗)〉 ≥ ηρ‖u− u∗‖2.

��� Cauchy-Schwarz
���+� ) Æ������+�?�

ρ‖T (u∗) − T (u)‖‖PK(u∗)[g(u) − ρT (u)] − PK(u)[g(u) − ρT (u)]‖ + ρ‖T (u∗) − T (u)‖
· ‖PK(u)[g(u) − ρT (u)] − g(u)‖ + ‖PK(u)[g(u) − ρT (u)] − g(u)‖‖g(u) − g(u∗)‖
+ ‖PK(u)[g(u) − ρT (u)] − PK(u∗)[g(u) − ρT (u)]‖‖g(u) − g(u∗)‖ ≥ ηρ‖u− u∗‖2.

ô × T : H → H
¡
β-Lipschitz

ÞCßF�
, g : H → H

¡
σ - "�#�$�å δ-Lipschitz

¡�ÞCßF�
,

å ( ! 1.3
ú�*

,
�+�

ργβ‖u− u∗‖2 + ρβ‖u− u∗‖‖Rρ(u)‖ + δ‖u− u∗‖‖Rρ(u)‖ + γδ‖u− u∗‖2 ≥ ηρ‖u− u∗‖2.

4=< Ö+×?æCç �
u ∈ H,

‖u− u∗‖ ≤ ρβ + δ

ρη − (ρβ + δ)γ
‖Rρ(u)‖.

��> .

�������
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RESEARCH ON INVERSE QUASI-VARIATIONAL INEQUALITY

PROBLEMS
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(1.School of Applied Mathematics, Nanjing University of Finance and Economics,

Nanjing 210023, China)

(2.School of Management Science and Engineering, Nanjing University of Finance and Economics,
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Abstract: In this paper, we work on the inverse quasi-variational inequality problem

in Hilbert spaces. By using the fixed point principle, we obtain the existence and uniqueness

results for IQVI. By using projection technique, Wiener-Hopf equation and auxiliary principle

technique, the iterative algorithms for solving IQVI are given, respectively, and the convergences

of the algorithms are proved under certain conditions. Finally, the error bound for IQVI is also

obtained according to the gap function, which improve and extend some related results in the

recent literature.

Keywords: inverse quasi variational inequality; Wiener-Hopf equation; auxiliary principle;

gap function
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