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1 ¦¨§
©2ª2«

R
n×n ¬

SR
n×n
+ �®*¯�° n × n ±-²*³T´ ¬ n × n ±-²(µ2¶¸·�¹2º*³T´(»-¼¨½¾*¿

.
«

diag(Y ) ¯-° ³¸´ Y ½Dµ2À*Á(Â-Ã*Ä(¼Å½-Æ�Ç .
«

tr(Y ), Y T ¬ rank(Y ) -®/¯
° ³¸´�½DÈ , É*Ê ¬*Ë . e ¯-°(Ì 1 ÆDÇ .

©*ª-Í(Î*Ï¸Ð¸Ñ *ÒÔÓ ½�³¸´kÈ2Õ2Ö/×ÙØBÚ
min tr(QY ), s.t. diag(Y ) = e, Y ∈ SR

n×n
+ . (1.1)

Û ØDÚ-ÜÞÝ@ß*à2á-âÙÆ Ñ ½kã�Ö Ò Ø�Ú , ä*å2æ�ç¸èêé�º*ë*ì�à2á-âÙÆ Ñ G = (V,E) , ã2Ö
Ò ØBÚ(í2ß-î/ï-ë(ð*ñ¸ò�½Dó  , ô*õ*ö*÷Å½�á*ø-ù ¬ ã-Ö [1], ú

min yTQy, s.t. y2
i = 1, i = 1, · · · , n, (1.2)

û Ó Q = 1
4
(diag(Ae) − A) ü ÛÔÑ ½Hý Laplace ³þ´ , A ÿ*à-á-â¨Æ Ñ ½����-³T´ . �*µ�ß��� ½Dµ*¶-³¸´ M �
	�� ¯-° ÿ Ñ ½ Laplace ³¸´kà�/µ2À�´ D ½���� , ú M = Q + D,� µ2ß ��� ½ y ∈ {−1, 1}n ��� yTDy = tr(D), ���*ØBÚ (1.2) �
�-ß*æ2çTØBÚ .

min yTMy, s.t. y ∈ {−1, 1}n. (1.3)

�
Y = yyT, �¨ØDÚ (1.3) 	
�����(¼ (1.1). �
� , ³þ´kÈ�Õ2Ö(×ÙØDÚ��-Ü
��ß Ñ� ��! [2] "#�$&%('

[3] "*)
+�,�- [4] ��.�/ .0�1 Ü , 24365 ÏþÐ47 ³þ´kÈ�Õ�Ö(× Ø�Ú , 243 #�8 .�9�:�;�< . =�æ , 1992
1

, Henk[5]

�4;>< 7 ë@?þ³¨´*ÈÅÕTÖ�× ½BA49 , C@D4E 7 Procrustes rotation àþá4A49 , �&FÙ½B;&G
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7¸Ñp ¸Ò Ó ½H³Ô´(ÈTÕþÖ2× Ø_Ú ½6v@AwF�x . 1996
1

, Bental[6] �@5T²�y 7wz�{ ÷w|�}
çÔ½B~��Tº��4�2³Ô´(ÈTÕþÖ2× Ø_Úw���@�¸Á4|�} ½@�H³Ô´(ÈTÕþÖ2× Ø_Ú ½HÉ¸× . 2000

1
,

Benson[7] �
;&< 7 ë/ì {��
�>� ò69 , ��� 7���� |B}
���þç/Ä ¿ ³¸´kÈ�Õ-Ö(×ÙØBÚ ¬ ���
³¸´_È2Õ-Ö/×¨ØDÚÔ½_·2¹-º����ÔØDÚ . 2009

1
, Burer[8] �
;&< 7 �
����� , ��� 7 v
A*Ç��

³Å´����4~����Ù½þØ Ú , �@�2ë-ì@���@�;4G 7 �w�*È�� # Õ¸Ö-×Ù½pv�A4F�x . ��� , 20111
Grippo[1] ��5�;�<kë*ì�����	� Ù½(¡���� 8 � # , ¢
£ «�Û � 8 � #�¤ v 7 ä�� Ì4¥4¦§�¨ ½�© Ë ·2¹-º����T½�¡��4ª6A�9 , �
«
�@� 7-Ñ� -Ò¨Ó ½(��������|�}Ô½ ³þ´kÈ�Õ2Ö× Ø�Ú . 2016

1
, Liu[9] ��5 ¤ v 7 ë*ì@¬Ù½ Riemannian �®�/2.�92Ü��4� Stiefel ¯���

½�³¸´_È2Õ
°(×¨ØBÚ , ú�±(µ2ß�²
³þ½ Riemannian �®�/*.
9
;&< 7�´�µ .ÔÆ�9��·¶�G�¸ -¹
º�� .
9Å½�» 8
¼�½ , ¾-ë(.
9(í ¦ §
¿�� ¬ ñ�ÀBÁ�Â-Ç-.
����Ã(Ä6Å@Æ . Ç
« , µ2ß�È��
ØBÚ (1.1) ½ #
8 .
9
É
Ê .©2ª £ « Gramian ¯�° ¬�Ë À�Ì�Í�Î�³T´HÈ¸Õ�Ö*× Ø�Ú (1.1) É2×�ÿ-â@|
}�Å�× Ø�Ú .

Ç�� ¤ v 7 Armijo Á�Ï�Ð¸çT½pÑ2Á ¨�Ò�Ó�Ô�� 9�È���â@|
}�Å�× Ø�Ú . ã�� «�#�8�Õ�Ö�×Ø 7 ¬*.
9Å½�	
Ù ¨ .

2 ÚÜÛÞÝàß
© ñ@á�£ « Gramian ¯¸°�âwã Ø Ú (1.1) ½6	�Ù ¾ , Î Û Ø Ú�É�×¸ÿ2â4|�}�Å¸× Ø Ú ,ä ¤ v�Ñ*Á ¨�Ò�Ó
Ô
� 9
È�� . á(é&<�å(ì&æ(ç .è�é

2.1 (Gramian ¯-° ) [10]
¤

Y ÿ n × n ±kµ*¶2·-¹*º/³þ´ , � rank(Y ) ≤ r ê ��ë
ê(Â(í2ë/ì-³¸´ V ∈ R

n×k ì�í Y = V V
T.z æ(ç 2.1 î�	�£ « Y = V V

T, V ∈ R
n×r â�ã ØBÚ (1.1) ½�	
Ù ¾ , ú

Ω =
{

Y |Y ∈ SR
n×n
+ , rank(Y ) 6 r

}

.

ï�ð ØBÚ (1.1) 	��
�*É*×-ÿ2ç6ñ�Å-×¨ØBÚ :

min tr
(

QV V T
)

, s.t. diag
(

V V T
)

= e, V ∈ R
n×r. (2.1)

ÿ 7 â�ã ØBÚ (2.1) ½�	
Ù ¾ , æ�ò2æ2ç�æ(ç .

è�é
2.2

[11]
� ³¸´ V = [V1, V2, · · ·Vr] =













v11 v12 · · · v1r

v21 v22 · · · v2r

...
...

. . .
...

vn1 vn2 · · · vnπ













∈ R
n×r,

¤

V1 =













cosα11

cosα21

...

cosαn1













, V2 =













cosα11 sinα11

cosα21 sinα21

...

cosαn1 sinαn1













, . . . , Vr−1 =























cosα1,r−1

r−2
∏

l=1

sinα1l

cosα2,r−1

r−2
∏

l=1

sinα2l

...

cosαn,r−1

r−2
∏

l=1

sinαnl























,
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Vr =























r−1
∏

l=1

sinα1l

r−1
∏

l=1

sinα2l

...
r−1
∏

l=1

sinαnl























,

û Ó αij ∈ R, i = 1, 2, · · · r − 1, � Y = V V T ∈ SR
n×n
+ ,

�
rank(Y ) 6 r, diag(Y ) = e.�

2.1 æ « ë/ì��
�T½ 3 × 2 ±H³¸´(���&æ(ç 2.2.
�

V = [V1, V2] =







cosα11 sinα11

cosα21 sinα21

cosα31 sinα31






.

� î

Y = V V T =







cosα11 sinα11

cosα21 sinα21

cosα31 sinα31

∣

∣

∣

∣

∣

∣

∣







cosα11 sinα11

cosα21 sinα21

cosα31 sinα31







T

=





1 cos α11 cos α21 + sin α11 sin α21 cos α11 cos α31 + sin α11 sin α31

cos α11 cos α21 + sin α11 sin α21 1 cos α21 cos α31 + sin α21 sin α31

cos α11 cos α31 + sin α11 sin α31 cos α21 cos α31 + sin α21 sin α31 1



 .

ÄBÇ , ³¸´ Y ~ ë µ*¶2·-¹*º ,
� ì�í rank(Y ) 6 2, � ¶ diag(Y ) = e.z æ(ç 2.2 î/³¸´ Y ½��(ì �*Ê�T½�Â-Ã
	�� ¯ ñ2ÿ

yij =







r−1
∑

p=1

cosαip cosαjp

p−1
∏

l=1

sinαil sinαjl +
r−1
∏

l=1

sinαil sinαjl, i 6= j,

0, i = j.

z æ(ç 2.2 	BÎÙØBÚ (2.1) �
�*É*×-ÿ*æ2çHâ�|B}�Å-×¨ØDÚ
min

α∈Rn×(r−1)
F (α), (2.2)

û Ó
F (α) = tr(QY ) =

n
∑

i=1

n
∑

j=1

qjiyij

=

n
∑

i=1

n
∑

j=1

qij(

r−1
∑

p=1

cosαip cosαjp

p−1
∏

l=1

sinαil sinαjl +

r−1
∏

l=1

sinαil sinαjl).

ç6��Î�£ « Ñ*Á ¨�Ò�Ó
Ô
� 9�È�� ØBÚ (2.2). á(é&<"!#4� # ½ Ô
� æ2ç .
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$ é
2.1 F (α) ½ Ô
� ÿ

∇F (α) = (
∂F (α)

∂α11

,
∂F (α)

∂α21

, · · · ,
∂F (α)

∂αn1

, · · · ,
∂F (α)

∂α1,r−1

,
∂F (α)

∂α2,r−1

, · · ·
∂F (α)

∂αn,r−1

)T,

û Ó
∂F (α)

∂αµν

=

n
∑

i=1,i6=µ

[(qµi + qjµ) (− sinαµν cosαiν

v−1
∏

l=1

sinαµl sinαil + cosαµν sinαiν

r−1
∏

l=1,l6=ν

sinαµl sinαjl

+

r−1
∑

p=ν+1

cosαµp cosαip cosαµν cosαiν

p−1
∏

l=1,l6=µ

sinαµl sinil)]

+ qµµ(−2 cosαµν sinαµν

ν−1
∏

l=1

sin2 αµl + 2 sinαµν cosαµl

r−1
∏

l=1,l6=ν

sin2 αµl

+

r−1
∑

p=ν+1

2 cosαµp sinαµν cosαµν

p−1
∏

l=1,l6=µ

sin2 αµl).

%

∂F (α)

∂αµν

=
∂

∂αµν

[

n
∑

j=1,j 6=µ

qjµ(

r−1
∑

p=1

cosαµp cosαjp

p−1
∏

l=1

sinαµl sinαjl +

r−1
∏

l=1

sinαµl sinαjl)]

+
∂

∂αµν

[

n
∑

i=1,i6=µ

qµi(

r−1
∑

p=1

cosαµp cosαip

p−1
∏

l=1

sinαµl sinαil +

r−1
∏

l=1

sinαµl sinαil)]

+
∂

∂αµν

[qµµ(

r−1
∑

P=1

cos2 αµp

r−1
∏

l=1

sin2 αµl +

r−1
∏

l=1

sin2 αµl)]

=
∂

∂αµν

[

µ−1
∑

j=1

qjµ(

r−1
∑

p=1

cosαµp cosαjp

p−1
∏

l=1

sinαµl sinαjl +

r−1
∏

l=1

sinαµl sinαjl)

+

n
∑

j=µ+1

qjµ(

r−1
∏

p=1

cosαµp
cosαjp

p−1
∏

l=1

sinαµl sinαjl +

r−1
∏

l=1

sinαµl sinαjl)]

+
∂

∂αµν

[

µ−1
∑

i=1

qµi(

r−1
∏

p=1

cosαµp cosαip

p−1
∏

l=1

sinαµl sinαil +

r−1
∏

l=1

sinαµl sinαil)

+

n
∑

j=µ+1

qµi(

r−1
∏

p=1

cosαµp
cosαip

p−1
∏

l=1

sinαµl sinαil +

r−1
∏

l=1

sinαµl sinαil)]

+
∂

∂αµν

[qµµ(

r−1
∏

p=1

cos2 αµp

p−1
∏

l=1

sin2 αµl +

r−1
∏

l=1

sin2 αµl)]

={

µ−1
∑

j=1

[qjµ(− sinαµν cosαjν

ν−1
∏

l=1

sinαµl sinαjl + cosαµν sinαjv

r−1
∏

l=1,l6=ν

sinαµl sinαjl
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+

r−1
∑

p=ν+1

cosαµp cosαjp cosαµν cosαjν

p−1
∏

l=1,l6=µ

sinαµl sinjl)]

+

n
∑

j=µ+1

qjµ[(− sinαµν cosαjν

ν−1
∏

l=1

sin αµl sinαjl + cosαµν sinαjv

r−1
∏

l=1,l6=µ

sinαµl sinαjl

+

r−1
∑

p=v+1

cosαµp cosαjp cosαµν cosαjv

p−1
∏

l=1,l6=µ

sinαµl sinjl)]}

+ {

µ−1
∑

i=1

[qiµ(− sinαµν cosαiv

ν−1
∏

l=1

sinαµl sinαil + cosαµν sinαiv

r−1
∏

l=1,l6=ν

sinαµl sinαil

+

r−1
∑

p=ν+1

cosαµp cosαip cosαµν cosαiv

p−1
∏

l=1,l6=µ

sinαµl sinil)]

+

n
∑

i=µ+1

[qiµ(− sinαµν cosαiν

ν−1
∏

l=1

sinαµl sinαil + cosαµν sinαiv

r−1
∏

l=1,l6=ν

sinαµl sinαil

+

r−1
∑

p=ν+1

cosαµp cosαip cosαµν cosαiv

p−1
∏

l=1,l6=µ

sinαµl sinil)]}

+ [qµµ(−2 cosαµl sinαµν

ν−1
∏

l=1

sin2 αµl + 2 sinαµν cosαµν

r−1
∏

l=1,l6=ν

sin2 αµl

+

r−1
∑

p=ν+1

2 cos2 αµp sinαµν cosαµν

p−1
∏

l=1,l6=µ

sin2 αµl)]

=

n
∑

i=1,i6=µ

[(qµi + qjµ) (− sinαµν cosαiu

ν−1
∏

l=1

sinαµl sinαil + cosαµν sinαiv

r−1
∏

l=1,l6=ν

sinαµl sinαjl

+

r−1
∑

p=ν+1

cosαµp cosαip cosαµν cosαiν

p−1
∏

l=1,l6=µ

sinαµl sinil)]

+ qµµ(−2 cosαµν sinαµν

ν−1
∏

l=1

sin2 αµl + 2 sinαµν cosαµl

r−1
∏

l=1,16=ν

sin2 αµl

+

r−1
∑

p=ν+1

2 cosαµp sinαµν cosαµν

p−1
∏

l=1,l=µ

sin2 αµl),

��«
£ « Armijo Á�Ï�Ð2ç¸½�Ñ*Á ¨�Ò�Ó
Ô
� .
9�È�� ØBÚ (2.2) ½�A
9-æ2ç .&�'
2.1 (Armijo Á�Ï�Ð2ç¸½�Ñ*Á ¨�Ò�Ó
Ô
� .�9
È
�ÙØDÚ (2.2))(

0 é�º*) # ρ ∈ (0, 1), δ ∈ (0, 0.5), σ ∈ (δ, 0.5), +�,�¡ � 0 6 ε < 1 ¬ ».-þò α0. v
A g0 = ∇F (α0) .

�
k := 0.(

1 / ‖gk‖ 6 ε, 0 ) , 1�< α∗ ≈ αk.(
2 v
A
Ï�Ð(.ÔÆ
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dk =











−gk, k = 0,

−gk +
gT

k gk

gT
k−1gk−1

dk−1, k > 0.

(
3 £ « Armijo 9����2ºBÏ�Ð�2*3 bk ú ï-ë/ì2ã-Öþ½�Ñ2ý54 # mk, ô*õ F (αk+1) 6

F (αk) + σρmkgT
k dk.

�
bk = ρmk , αk+1 = αk + bkdk.(

4
�

k := k + 1, É 2 1.z?ª
[12] ½_º�ç 2.6 õ��BA
9 2.1 ½ Ì�¥�¦ §�¨ º�ç .$ é
2.2

¤ ØBÚ (2.2) !#4� # F (α) ���
	�  , æ�6ÔØBÚ (2.2) ½ Ô
� ü Lipschitz ���
½ , úpÂ-í87 # L > 0, ô2õ ‖∇F (α1) −∇F (α2)‖F 6 L ‖α1 − α2‖F , ∀α1, α2 ∈ R

m×(r−1),9 : z A
9 2.1 ; <T½>=@? {αk}
ì�í lim inf

k→∞
‖∇F (αk)‖F = 0.

3 ACBEDGF
© ñ
£ «
#
8
Õ
Ö
× Ø A
9 2.1 È��ÙØBÚ (2.2) ü
	
ÙT½ . �
��H*=�� « Matlab R2014aI � .
� Ô
�@JB# ÿ ‖∇Fk‖F = ‖∇F (αk)‖F , 0 ) #�K-ÿ ‖∇Fk‖F < 1× 10−3,

û Ó αk ¯-°
A
9 2.1 ½�L k 2*+*, 8 .M

3.1 N�O¨ØBÚ (2.2), � ) P Q à*á*âÔÆ Ñ ( R Ñ 1),
û ���*³¸´Hÿ

A =





















0 1 0 0 1 0

1 0 1 0 1 0

0 1 0 1 0 0

0 0 1 0 1 1

1 1 0 1 0 0

0 0 0 1 0 0





















,

��« Ñ 1 ½ký Laplace ³¸´Hÿ

Q =
1

4
(diag(Ae) − A) =





















0.50 −0.25 0 0 −0.25 0

−0.25 0.75 −0.25 0 −0.25 0

0 −0.25 0.50 −0.25 0 0

0 0 −0.25 0.75 −0.25 −0.25

−0.25 −0.25 0 −0.25 0.75 0

0 0 0 0.25 0 0.25





















,

P Q » 8

α0 =





















0.059 4 0.092 4 0.108 8

0.315 8 0.007 8 0.631 8

0.772 7 0.423 1 0.126 5

0.696 4 0.655 6 0.134 3

0.125 3 0.722 9 0.098 6

0.130 2 0.531 2 0.142 0





















.
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S
1: TVU5WYX S ( Z*[>U5\^]@_ )

S
2: `�a bdc^e^fVg^h*ijc ‖∇Fk‖F k*lnm

£ « A
9 2.1 È��ÙØBÚ (2.2).
û !#4� #
8 ¬ Ô
�@JB# ‖∇Fk‖F ½@oBÁ*æ Ñ 2.M

3.2 NpOÞØHÚ (2.2), � )qPqQ ësr�àTáÅâÞÆ Ñ ¢8t Õ&Ö 3.1 �wñT.w9wÈTõ û ý
Laplace ³¸´Hÿ Q,

ä £ « A
9 2.1 È�� ,
û Ó

Q =

































0.380 0 0.0110 0.007 1 0.0010 0.0020 0.0060 0.0011 0.008 7 0.0067 0.098 0

0.011 0 0.0830 0.008 5 0.0100 0.0012 0.0100 0.1000 0.059 0 0.0018 0.006 4

0.046 0 0.0033 0.032 0 0.0100 0.0068 0.0080 0.0115 0.029 0 0.0044 0.024 0

0.090 0 0.008 3 0.087 0 0.048 0 0.006 0 0.066 0 0.007 7 0.086 0 0.006 5 0.074 0

0.052 0 0.009 0 0.009 4 0.034 0 0.056 0 0.004 6 0.007 1 0.060 0 0.091 0 0.009 9

0.049 0 0.025 0 0.012 0 0.005 6 0.023 0 0.096 0 0.009 5 0.039 0 0.007 7 0.002 4

0.036 0 0.009 4 0.033 0 0.010 0 0.006 8 0.020 0 0.069 0 0.078 0 0.004 7 0.006 0

0.093 0 0.002 4 0.009 3 0.005 9 0.007 6 0.002 2 0.130 0 0.054 0 0.006 2 0.008 4

0.045 0 0.030 0 0.059 0 0.007 8 0.000 9 0.003 4 0.000 6 0.027 0 0.081 0 0.005 1

0.070 0 0.006 1 0.003 2 0.001 1 0.042 0 0.004 0 0.074 0 0.021 0 0.004 2 −0.077 0

































.

P Q » 8

α0 =







































0.146 7 0.752 3 0.860 0 0.504 7 0.881 8

0.351 3 0.095 9 0.749 7 0.512 0 0.915 7

0.362 3 0.341 8 0.315 0 0.859 4 0.732 0

0.205 2 0.321 3 0.509 6 0.046 7 0.859 8

0.580 2 0.348 9 0.783 1 0.701 5 0.803 4

0.538 5 0.491 7 0.372 1 0.803 1 0.272 7

0.792 0 0.587 7 0.789 7 0.107 6 0.631 5

0.290 0 0.203 8 0.208 4 0.861 6 0.034 7

0.956 9 0.272 5 0.120 0 0.410 1 0.139 9

0.080 0 0.239 7 0.362 5 0.567 2 0.033 5
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£ « A
9 2.1 È��ÙØBÚ (2.2), 	(õ û !#4� #
8 ¬ Ô
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3.3 N OÙØDÚ (2.2),

û Ó Q ∈ R
n×n, α0 ∈ R

n×(r−1) � ).P.Q ,
�

r 6 n. £ « A�9
2.1 È��ÙØBÚ (2.2), ² ×.u 6*æ ¯ 1,

û Ó IT ¯-° +*,.2 # , CPU ¯-° CPU v�Ù@w.x , VAL



330 r s t u Vol. 40

S
3 yz`�a bdc^e^fVg^h*ijc ‖∇Fk‖F k*lnm

¯-° !#4� #
8 , GN ¯-° Ô
�@JB# .

{
1: n f r |^}._~e*���^� 3.2 kd�^�

n, r 3, 2 5, 4 10, 6 15, 8 20, 11

IT 12 28 36 194 312

CPU(S) 0.004 9 0.039 2 0.259 3 5.440 0 21.840 0

VAL -0.267 3 -0.021 3 -0.041 1 -0.108 1 -0.012 0

GN 0.001 0 0.001 0 0.001 0 0.001 0 0.001 0

#
8
Õ
Ö
3.1 " 3.2 ¬ 3.3 �&Ã�£ « A
9 2.1 È��ÙØBÚ (2.2) ü
	
ÙT½ .

4 ÝE�
©2ª N.O Ñ� Y� ç Ó ½Hã¸Ö Ò Ø Ú , £ « Gramian ¯�° ¬�Ë Àw� # Ì�Í�Î Ñ( 8� ç Ó½kã�Ö Ò Ø�Ú2É2×�ÿ-â@|
}�Å�× Ø�Ú ,

ä £ « Ñ2Á ¨�Ò�Ó�Ô�� 9�È���â@|
}�Å�× Ø�Ú , ã��«
#
8 ² ×
× Ø 7 +*,-.
9-ü�	
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THE NONLINEAR CONJUGATE GRADIENT METHOD FOR

SOLVING A CLASS OF THE MATRIX TRACE MINIMIZATION

PROBLEM

LI Chun-mei1,2 , WANG Cui-fang2 , DUAN Xue-feng2

(1.School of Mathematical Science, Guizhou Normal University, Guiyang 550001, China)

(2.School of Mathematics and Computational Science, Guilin University of Electronic Technology,

Guilin 541004, China)

Abstract: In this paper, we consider the trace minimization problem in graph partitioning.

Using the Gramian representation of the positive semidefinite matrix, the problem can be

formulated as the unconstrained optimization problem, then the nonlinear conjugate method with

the Armijo line search is used to solve it. Numerical experiments illustrate the feasibility of the

new method.

Keywords: matrix trace minimization; Gramian representation; nonlinear conjugate

gradient method
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