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Abstract: A nonlinear Picone identity for anisotropic Laplace operator is established in
this paper. As applications, a Sturmian comparison principle to an anisotropic elliptic equation,
a Liouville’s theorem to an anisotropic elliptic system and a generalized anisotropic Hardy type
inequality are obtained.
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1 Introduction and Main Results

In 1910, Picone [1] considered the homogeneous linear second order differential system

(al(:v)u’)/ + b1(x)u =0,

(az(2)v") + ba(z)v = 0, (1.1)

where a1(z), az(z), u and v are differentiable functions to z, sign’ denotes -, he established
the following identity: for v(z) # 0,

(%(alu’v — asw’)) = (by — by)u? + (a1 — as)(W') + as(u/ — UI%)Q. (1.2)

As applications, a Sturmian comparison principle and the oscilation theory of solutions of
(1.1) were obtained by (1.2). Moreover, the extension of (1.2) to the multidimensional case

(Laplace operator Au ) is the following identity: for differentiable functions v > 0 and u > 0,

5 2
(Vu— —V0)? = |Vl + S| Vol =25V - Vu = [Vul* - V(%) Vo > 0. (1.3)
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Dunninger [2] and Allegretto and Huang [3] independently extended (1.3) to p-Laplace op-
erator Apu = div(|Vul” 72Vu) with p > 1, respectively, namely, for differentiable functions
v>0and u >0,

up
pP—1

upP™!
— |Vu[P2Vv - Vu = |VulP — V(

VP

)| VolP~2Vv > 0.

uP
Val? + (p = 1) [Vol? — p

As well known, There is a lot of literatures on the study of linear Picone identity, which
show Picone identity is an important tool in the analysis of partial differential equations, we
refer to [4-8] and related references. However, there is very little literatures on the study
of nonlinear Picone identity. We first briefly review the research development of nonlinear
Picone identity for Laplace operator and p-Laplace operator, respectively.

Recently, a nonlinear Picone identity for Laplace operator was presented by Tyagi [9]
as follows.

Theorem 1.1 [9] Let v > 0 and u > 0 be two differentiable functions in the domain
Q2 C R*(n > 3). Denote

— alVul? — Vul* | uy/f(v)Vo  Vu
L(u,v) = a|Vul (0] + ( o) \/W) ’

u2

R(u,v) = a|Vul|* — V(f(v))Vv,

where f(y) > 0,0 < y € R, and f'(y) > < for some o > 0. Then R(u,v) = L(u,v).
Moreover, L(u,v) > 0, and L(u,v) = 0 a.e. in  if and only if u = c;v + ¢5 a.e. in Q for

some constants cq, co.

Bal [10] extended the nonlinear Picone identity of Tyagi [9] from Laplace operator to
p-Laplace operator as follows. Moreover, Bal [11] also obtained the nonlinear Picone identity
of [10] to p-sub-Laplace operator in Heisenberg group, which is an extension of the result in
Euclidean space.

Theorem 1.2 [10] Let v > 0 and u > 0 be two differentiable functions in the domain
Q Cc R*(n = 3). Denote
puP Vol Ve - Vu  uPf (v)|Vol?

() [f()])?

uP 9
R(u,v) = |VulP — V(WHVUV) Vu,
where f(y) > 0,0 <y € R, and f'(y) > (p— 1)[f(y)§7j],p > 1. Then R(u,v) = L(u,v).
Moreover, L(u,v) > 0, and L(u,v) = 0 a.e. in € if and only if u = ¢;v + ¢ a.e. in Q for

L(u,v) = |Vul? —

)

some constants cq, co.

Let us recall our previous works in Feng and Cui [12], in the following, we establish a

o
ox;

Pi—2 9y

Ou Bxi)’pi > 1.

ox;

n
linear Picone identity to anisotropic Laplace operator
i=1

Theorem 1.3 [12] Let v > 0 and u > 0 be two differentiable functions in the domain
2 C R"(n > 3). Denote
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n

1 *ov 0
) =I5 z T

=1
81} Pi=2 gy
R(u,v) = Z Z ox; vpﬁl 89(: 7| oz,

where p; > 1 (z = 1 ,n). Then R(u,v) = L(u,v). Moreover, L(u,v) > 0, and L(u,v) =0
a.e. in () if and only if u = c;v + ¢5 a.e. in €2 for some constants ¢y, ¢s.

Pi

VPbi

Based on our previous works in [12], in this paper, our aim is to obtain a nonlinear
Picone identity to anisotropic Laplace operator and give its applications. Including that
a Sturmian comparison principle to an anisotropic elliptic equation, a Liouville’s theorem
to an anisotropic elliptic system and a generalized anisotropic Hardy type inequality are
obtained. Our main result is the following.

Theorem 1.4 Let v > 0 and v > 0 be two differentiable functions in the domain
Q2 C R*(n > 3). Denote

88 Plf’
= S0 2 -Sopti e O S

[f ()]
ov P72 v
R(U’U)ZZ| Zax v) axZ’ ox;’

where f(v) > 0 and f'(v) > (p; — 1)[f(v)]§:%1,pi > 1. Then R(u,v) = L(u,v). Moreover,
L(u,v) >0, and L(u,v) =0 a.e. in Q if and only if u = cv a.e. in Q for a constant c.

Remark 1.5 We mention that if p; = 2, then Theorem 1.4 is the result in Tyagi [9]
with @ = 1; if p; = 2 and f(v) = v, then Theorem 1.4 is the result in Picone [1]; if p; > 2
and f(v) = vP"~!, then Theorem 1.4 is the result in Feng and Cui [12]; if p; = p > 2, then
Theorem 1.4 is the result in Feng and Yu [13]; if p; = p > 2 and f(v) = vP~!, then Theorem
1.4 is the result in Jaro$ [8] with p = r.

This paper is organized as follows. The proof of Theorem 1.4 is given in Section 2;
Section 3 is devoted to applications of Theorem 1.4.

2 Proof of Theorem 1.4

Proof of Theorem 1.4 We first prove R(u,v) = L(u,v). Expanding R(u,v) by a
direct calculation,

"L u A Pim% v
“):Z|a Zax 8m2| o

_ piuP T B f () —uP f (0) FE Qv PR oo
Z'ax, _; [f(v)] o, oa,

uPi—' Qv P Qv Ou "L wPif'(v), Qv P
Zlaxl sz | 8x13x1+;mv)}2|8x1|
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We next prove L(u,v) > 0. We can rewrite L(u,v) as

n

1, 0u p—1uri=t Ov pim1 71 -1 Ov. ., Ou
L(%“)IZ(P[*\ |+ p,( P T N e )

= b O ) 'ox; f() oz, ox,
u1 -1 gy Pl m uPi f'(v), Qv
—+ + Pi
Z )|axi| ) )
Ov Ou
+sz S g - 2
=I14+11+111,
where
- 1 ou P p—1,ur~t ov Pt 7T wPi~l Qv . Ou
=D oill5 | Gorla! ) VP lan e
=1 v v g ? 1
- wpi=l gy Pl B um f'(v), o
II = — pz_l —_— : ,
;( ( )(f(v)|3mi| ) [f( % 75 1")
pi—l 61} Pim2 v Ou v Ou
I = sz - “@"a@"a@axﬁ
Let us recall Young’s inequality
ab < a
Y2 q;

(2.1)

(2.2)

for a > 0,b > 0, where p; > 1,q; > 1 and 1 qi = 1, and the equality holds if and only if

a=bwT. Taking a = |2 “| and b = “;(LU) 86: [Pi=1in (2.2), it yields
L 9v . Ou 1 du Pt p—1,upi~t 9o Pt micl
A A L Pl S z[ | |+ — ( == ) b

f( ) Ox; Ox; i Ox; pi  f(v) Ox;

and thus I > 0 by (2.3). Since f(v) > 0 and f'(v) > (p; — 1)[f(v)}£b7:?, we obtain

Wl gu PN e () 9

R R e
> —(pi - 1)(1}1);@) 3852 Uy Ifl(l[;]cﬁ ol |§;’l| o,

then 17 > 0 by (2.4). Let us recall Hélder’s inequality

apgby < (GOQ)%(bOQ)%

(2.3)

(2.4)

(2.5)

for ag > 0,by = 0, and the equality holds if and only if ag = c¢by, ¢ is a constant. Taking

’L)

a/O = 71 and bO - 7711 ln (25)7 lt ylelds

Oov Ou
| H 2 - >
Ox;' O0x; ox; Ox; ~
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it follows from f(v) > 0,u > 0 and (2.6) that II1 > 0. Hence L(u,v) > 0 by (2.1).
The proof process above also shows that L(u,v) =0 a.e. in £ if and only if

ou wPi=l gy Pty
|871:i‘:(m|87xi| )7, f(v) >0, (2.7)
£'(0) = (i = DIF )P, f(0) > 0, (2.8)
ov Ou
9z, 0z, | ”8:1:1' (2.9)

a.e. in Q. It follows from (2.7), (2.8) and (2.9) that u = cv a.e. in Q for a constant c¢. Hence
L(u,v) =0 a.e. in Q if and only if u = cv a.e. in Q . The proof of Theorem 1.4 is ended.

3 Applications

Throughout this section, we always assume that v > 0, f(v) > 0 in Q, and f'(v) >
(pi — 1)[f(v)57j} forp;>1,i=1,---,n

Let us state anisotropic Sobolev space VVO1 (P )(Q) needed in this paper, see Adams [14],
Lu [15] and Troisi [16] et al. Let Q@ C R™(n > 3) be a bounded domain, p; > 1,i=1,2,--- ,n
We define anisotropic Sobolev space WO1 (p )(Q) by

ou
ox;

W t(Q) = {uw e W (@) : o € P ()i = 1, ,n}

with the norm [[ull,;1.e fQ 8“ ”"dz) ™. Tt is well known that Wy () is a sepa-
0

@ =
rable reflexive Banach space.
We give three examples of applications of Theorem 1.4. The first is a Liouville’s theorem
to an anisotropic elliptic system.
Example 3.1 Let g(u,v) be an integrable function in . Assume that (u,v) €
Wy (P ’)(Q) x W, (P ’)(Q) is a pair of solution to an anisotropic elliptic system

> 1Ee" = glu,v), T € Q,
=1
n upi Pi—2 5y
z ox; (f(1)))|arZ {;97"7 = g(u,v), T < Q’ (31)
u>0,v>0, x € Q,
L u=0,v=0, x € 0N).

Then u = cv a.e. in § for some constants c.
Proof It follows from (3.1) that

& . upl ov P Qv
/| dx—/g(u,v)d:c Z axl | a—xd
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which implies

- ou P upL ov P v
/QL(u,v)dx = /QR(u,v)da: = 2 ax,»| Z/ axz 8xz| axidx =0,

hence the conclusion is true by Theorem 1.4.

The next is a Sturmian comparison principle to an anisotropic elliptic equation.
Example 3.2 Let fi(z) and fa(x) be two continuous functions with fi(x) < fo(z).
Assume that u € W, % (Q) satisfies the following Dirichlet problem

n
~Xanlal”

=1

—2
8u Z fl Upiil, T € Q,

u >0, zeq, (3.2)
u =0, x € 0f.

Then any nontrivial solution v of the equation

upl _
Z 8x| 895 ng JuPi x € Q (3.3)

=1

must change sign.

Proof Assume that the solution v in (3.3) does not change sign and without loss of
generality, let v > 0 in . We have by (3.2) and Theorem 1.4 that

Oé/L(u,v)dx—/R(u,v)dx
Q Q

8u u u”z v P72 Jv
= Z | m~ dz +Z | 9.0
ou P pi v P72 Qv
8xi| Z/ fl (9:1;z (9xi| axi)dx

-3 / (f1() - fala)yurdz <0,

which is a contradiction. This accomplishes the proof.

n

The end is a generalized anisotropic Hardy type inequality.

Example 3.3 Assume that there exists a constant & > 0 and a function h(x) such
that
0 ( ov |p7‘_2 v
021,‘1‘ 8.7}% 81‘1‘

for every ¢ = 1,--- ,n. Then,

) = kh(z)f(v),z € Q (3.4)

n

ou P n o
Z |37 dx > Z k | h(x)uPidx (3.5)
i=1 72 i=1 79
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for any 0 < u € C3(Q).

Proof By (3.4) and Theorem 1.4, we have

0< / L(u, v)dz = / R(u,v)dz

0 8 Pi=2 gy
- ou - v P72 du
_;/ﬂ‘axz Z/ f(v) axz f)xz| 855i)dx
- ou
< - _ Di
< ;A'@azl dx zz;k/ﬂh(x)u dx,

which implies (3.5).
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