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This note is a research announcement on [18] for the deformation limit of Moishezon
manifolds and most all of the further details can be found there.

1 Main Results

The deformation limit problem is central in deformation theory, with which the following
longstanding conjecture is concerned. Throughout this note, one considers the holomorphic
family 7 : X — A of compact complex manifolds of dimension n over an open disk A in C
with the fiber X; := m~1(¢) for each t € A. By a holomorphic family 7 : Y — B of compact
complex manifolds, we mean that m is a proper holomorphic surjective submersion between
complex manifolds as in [9, Definition 2.8].

Conjecture 1.1 Assume that the fiber X, is projective for each t € A* := A\ {0}.
Then the reference fiber X, := 77(0) is Moishezon.

By definition, a compact connected complex manifold X is called a Moishezon manifold
if it possesses dim¢ X algebraically independent meromorphic functions. Equivalently, X is
Moishezon if and only if there exist a projective algebraic manifold ¥ and a holomorphic
modification Y — X. Any connected projective manifold is Moishezon.

The following is a stronger variant of the above.

Conjecture 1.2 If the fiber X, is Moishezon for each ¢t € A*, then the reference fiber
Xo := 7 1(0) is Moishezon.

The above two conjectures are actually equivalent to

Conjecture 1.3 Let 7 : X — Y be a holomorphic family of compact complex manifolds

over a complex variety Y, V C Y a proper subvariety and write Y’ =Y \ V. Suppose that
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X, are Moishezon (or projective) for all t € Y’'. Then X, are Moishezon for all t € V.

In fact, fix a point £, of V, take D as a one-dimensional disc in Y with tq being the
center of D and set V' := DN V. Then V' is a subvariety of D. Suppose that D is not
contained in V. By the identity theorem, V'’ is a discrete subset of D. Hence by shrinking
D, we may assume that V' is just the point tg.

Popovici proposed proofs of Conjectures 1.1, 1.2 in [12, 13], respectively, and Barlet
presented several related results to Conjecture 1.2 in [2]. Our results, some of which were
involved in [12-14] for which we propose a new proof, can be summed up as follows. Recall
that for a complex n-dimensional manifold X, a smooth positive-definite (1,1)-form o on X
is said to be a strongly Gauduchon metric if the (n,n — 1)-form da™~! is J-exact on X. If
X carries such a metric, X will be said to be a strongly Gauduchon manifold. This notion
was introduced by Popovici in [14].

As the main theorem of [18], we prove the following result.

Theorem 1.4 If the fiber X, is Moishezon for each nonzero t in an uncountable subset
B of A, with 0 not necessarily being a limit point of B, and the reference fiber X, satisfies the
local deformation invariance for Hodge number of type (0, 1) or admits a strongly Gauduchon
metric, then over A, := {z € C: |z] < ¢} with some small constant ¢ > 0,

(i) X is still Moishezon for any ¢t € A..

(ii) For some N € N, there exist a bimeromorphic map ® : Xp, --+ Y from X5, =
77 1(A,) to a subvariety ) of PV x A, with every fiber Y; C PV x {t} being a projective variety
of dimension n, and also a proper analytic set ¥ C A,, such that ® induces a bimeromorphic
map Plx, : X; --» Y, for every t € A\ .

In the terminology of [5, Definition 3.5], we may say that our family 7 : X — A is
Moishezon, meaning that it is bimeromorphically equivalent over A to a proper holomorphic
map p : Y — A from a complex variety, which is p-ample, in particular, every fiber Y; C Y is
a projective variety. It is remarked in [5, p.334] that not every holomorphic map f: X — Y
between complex spaces such that every fiber f~!(y) is Moishezon, is Moishezon. Here the
meromorphic/bimeromorphic maps are understood and defined in the sense of Remmert (see
[21], [23] and [26]).

In contrast to Popovici’s approach which is analytic in nature, our approach is partly
built on algebraic methods in the sense of Grauert, cf. [1]. In the strongly Gauduchon
case, we resort to Monge-Ampere equations of degenerate type with solutions obtained by
S.-T. Yau [28] and to Popovici’s criterion on big line bundles using mass control [11], via
Fujita’s approximate Zariski decomposition [8]. We use an uncountable subset B (with 0 ¢ B
allowed) for the assumed Moishezon conditions rather than the whole A* as Popovici does,
while the case 0 € B is implicit in [12-14], whose approaches are not applicable to our case
in Theorem 1.4 directly.

To prove Theorem 1.4, we obtain

Proposition 1.5 Let 7 : X — Y be a holomorphic family of compact complex n-

dimensional manifolds. Assume that there exists a holomorphic line bundle L on X such
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that for each ¢ in an uncountable set of Y, L|x, is big. Then for each t € Y, L|x, is also big
and thus X, is Moishezon.

The Hodge number deformation invariance or the existence of strongly Gauduchon
metric in Theorem 1.4 is used to obtain such a holomorphic line bundle over the total space.
Notice that the result [25, Examples 1 and 2] implies that ‘uncountable’ is an indispensable
condition there. Moreover, Campana’s counterexample in [4, Corollary 3.13] shows that the
small deformation of a Moishezon manifold which is not of general type, is not necessarily
Moishezon. Based on these, it is reasonable to propose

Question 1.6 Characterize those Moishezon manifolds which are still Moishezon after
a small deformation.

Conjecture 1.7 If the fiber X, is Moishezon for each ¢ in an uncountable subset of A,
then there exists a global holomorphic line bundle L on X such that the restriction L|y, is
big for every t € A.

Actually, the proof of Theorem 1.4 shows that if Conjecture 1.7 holds true, then the
family 7 : X — A is Moishezon, which in turn induces a bimeromorphic map on X, for every
t € A\ X for some proper analytic set ¥ C A.

Theorem 1.4 can be considered as a new understanding of Popovici’s remarkable result
on deformation limit of projective manifolds from a global and algebraic point of view by a
construction of a global holomorphic line bundle over the total space

Corollary 1.8 (see [14, Theorems 1.2, 1.4]) If for each t € A*, the fiber X, is projective
and the reference fiber X, satisfies the local deformation invariance for Hodge number of
type (0,1) or admits a strongly Gauduchon metric, then Xg is Moishezon.

The work [17, Corollary 1.6] or the ¢ = 1 case of [20, Theorem 1.4 (2)] shows that either
the sGG condition on X, or the surjectivity of the natural mapping L%éﬁ from the (0,1)-
Bott—Chern cohomology group of X, to the Dolbeault one, guarantees that the (0, 1)-type
Hodge numbers of X; are independent for small . Notice that by [20, Remark 3.8] this
surjectivity is equivalent to the sGG condition proposed by Popovici-Ugarte [15, 17]; see
also [17, Theorem 2.1 (iii)]. Recall that the sGG condition for a complex manifold X means
that every Gauduchon metric on X is automatically strongly Gauduchon.

After the completion of the paper [18], it came to our notice that another work [16] of
Popovici just appeared in which he proposed a new approach to Conjecture 1.2.

The plurigenera are fundamental discrete invariants for the classification of complex va-
rieties and deformation invariance of plurigenera is also another central topic in deformation
theory. There is one interesting question proposed by Demailly.

Question 1.9 (Personal communication, 2017) Let 7 : X — A be a holomorphic family
of compact complex manifolds over a unit disk in C such that each fiber X, := 7 1(¢) is
projective for any ¢ € A. Then for each positive integer m, is the m-genus dim H°(X;, mKx,)
independent of t € A?

Recently, based on (the proof of) Theorem 1.4 and Takayama’s work [24] on deformation

invariance of plurigenera for algebraic family, we can answer Demailly’s Question 1.9 in a
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more generality
Theorem 1.10 (see [19]) Let 7 : X — A be a family such that either of the following
holds
(i) the family 7 is holomorphic and each fiber X, at t € A is a Moishezon manifold;
(ii) the family 7 is flat and each fiber X, at t € A is a projective variety of general type
with only canonical singularities.
Then for each positive integer m, the m-genus P,,(X;) is independent of ¢ € A.

2 Examples for Theorem 1.4

The goal of this section is to establish examples for Theorem 1.4. We first give a
brief review of Siu—Demailly’s solution of Grauert—Riemenschneider conjecture: if a compact
complex manifold possesses a Hermitian holomorphic line bundle whose curvature is semi-
positive everywhere and strictly positive at one point of the manifold, then this manifold is
Moishezon.

Definition 2.1 A compact complex manifold is called semi-positive Moishezon if
there exists a Hermitian holomorphic line bundle on this manifold, whose curvature is semi-
positive everywhere and strictly positive at one point. By Siu’s criterion [22], this manifold
is Moishezon.

Let E be a holomorphic vector bundle of rank r and L a holomorphic line bundle on
a compact complex manifold X of dimension n. If L is equipped with a smooth Hermitian

metric h of Chern curvature form Oy, we define the ¢-index set of L to be the open subset
X(L,h,q) = {x € X :v—10p ), has ¢ negative eigenvalues and n — ¢ positive eigenvalues}
for 0 < g < n. We also introduce

X(Lh<q) = |J X(Lhj).

0<j5<gq

Theorem 2.2 (see [7]) With the above setting, the cohomology groups H4(X, E® L®*)
satisfy the asymptotic inequalities as k — +oc:
(1) (Weak Morse inequality)

n v/ —1 "
(X, E ® L®") < r]i' / (—1)¢ (eLﬁ) + o(k™).
nl S x ) 2w

(2) (Strong Morse inequality)

- k™ V=1 "
ST )X E® L) < rn'/ (—1) <2W6L,h> + o(k™).
! X(L7h7§‘I)

0<j<q

Using the strong Morse inequality with ¢ = 1, Demailly obtained
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Theorem 2.3 (see [7]) Let X be a compact complex manifold with a Hermitian holo-

morphic line bundle (L, h) over X satisfying

=1 "
/ <@L,h> > 0.
X(L,h,<1) 27

Then L is a big line bundle and thus X is a Moishezon manifold.

Obviously, a semi-positive Moishezon manifold (X, L, h) in the sense of Definition 2.1

/7_1 n
/ <@L,h> >0
X (L,h,<1) 2m
since X(L,h,1) = 0 and

/7_1 n /7_1 n
Jrann Cr02) = [ (0a) >0
X (L,h,0) Q X 2m

Under this type of integration conditions and assumptions on fibers X; for all t € A*,

satisfies

the proof for the deformation limit problem can be somewhat simplified.
Theorem 2.4 Let the fiber X; := 7=1(¢) be Moishezon for each t € A* and admit a

Hermitian holomorphic line bundle (L, hy) satisfying Demailly’s integration condition

=1 "
/ <@tht> > 0.
X(Lihe,<1) \ 2T

Suppose that the reference fiber X, satisfies the local deformation invariance for Hodge
number of type (0, 1) or admits a strongly Gauduchon metric. Then X is still Moishezon.

Proof We deal with the Hodge number case first. Recall that any Moishezon manifold
satisfies the d0-lemma by [10] or [6, Theorem 5.22] and thus follows the degeneracy of
Frolicher spectral sequence at Ej. So it satisfies the deformation invariance of all-type
Hodge numbers by [27, Proposition 9.20] or also [20, Theorem 1.3]. By assumption, Grauert’s
continuity theorem [1, Theorem 4.12 (ii) of Chapter III] implies that R*m.Ox over A* is
locally free. Then by using the fact that each of the Moishezon fiber X; admits a big line
bundle L;, the Lebesgue negligibility argument in Subsection 3.2 of [18] leads to a section
s € I'(A, R*7.Oy) which arises from ¢;(L;) and proves to be satisfying s

A~ = 0, and thus
s = 0 by the torsion freeness of R*mr,Ox. So by Lefschetz Theorem on (1, 1)-classes, there

exists a holomorphic line bundle L on X such that for some t5 € A*, the Hermitian metric

(Llx,, » hy,) satisfies
_1 n
Q@ 3 >0, 2.1)
7 2 L|x,, shto
X(Llxyy hey,<1) ™ 0

where the Hermitian metric Ay, is obtained by the dd-lemma on X, such that © Lix, iy =
-

OL,,.h,- Under the deformation invariance of h%', we can also construct a holomorphic line

bundle L' on X with L'|x, = Ly, for this ¢, € A*. However, for our purpose the equality

c1(Llx,,) = c1(Lls,) is sufficient as far as (2.1) is concerned.
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As for the second case, the argument of Theorem 1.4 with the assumption of strongly
Gauduchon metric gives the desired holomorphic line bundle L on X with the same curvature
integration property as (2.1).

Thus, one obtains a holomorphic Hermitian line bundle (L,h) on X and a hermitian

metric on Ly, := L[y, for some ty € A* such that (Ly,, hy, = hlx, ) satisfies

=1 "
/ <2®Lt0»hto > 0.
X (Luy heg,<1) ™

By Demailly’s strong Morse inequality in Theorem 2.2, one has

k" V-1 "
(X, ) 2 10X L) = 1 (X, 25 2 2 (Y O, ) o)
X (Lig g <) \ 27
and thus L;, is big.
The difficulty here is that we have only one big line bundle L;, with t, € A* for the
moment. Fortunately, for |t — ty] < e with some small constant ¢ > 0, one still has, by

continuity of smooth extension of the smooth Hermitian metric on L, , that

1 n
[ (o) e
X(Lehe,<1) \ 2T

By Demailly’s strong Morse inequality again, one obtains that L, is big for [t — to| < e. So
Proposition 1.5 completes the proof.

As a direct corollary of Theorem 2.4, one obtains the following result.

Corollary 2.5 If the fiber X; := 7~ !(¢) for each ¢t € A* is semi-positive Moishezon
and the (0, 1)-Hodge number of X, satisfies the deformation invariance or admits a strongly
Gauduchon metric, then X is Moishezon.

Proof Here we give a second proof of Corollary 2.5, which seems of independent interest.

By the proof of Theorem 2.4, there exist a holomorphic line bundle L on X and some
T € B such that L, := L|x, is semi-positive on the whole X, and strictly positive at one
point of X,.. The difficulty here is that the line bundle L, is big only at one 7 for the
moment. By Berndtsson’s solution of Grauert—Riemenschneider conjecture [3], there exist

co, €1, -+ > 0 and some positive integer N such that for all £ > N, there hold
RI(X,, L2%) < c k1

forall 1 < ¢ <n and
RO(X,, LE*) > cok™.

For any m > N and 1 < ¢ < n, let
Vg ={t € A h9(Xy, LY™) > ¢;m™ 9}

and

Vi = U Vi
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Then V,, is an analytic subset of A but not equal to A since for m > N, t = 7 is excluded
from V,,. So for m > N, V,, is a discrete subset of A. Now set V = U,,,~~nV,., which is a
countable subset of A, and

Vi=A\V

which is non-empty and uncountable. So for 7 € f/, one has
hY( Xz, L2™) < cym™ 1

for each 1 < ¢ < n and m > N. Thus by asymptotic Riemann—Roch Theorem applied to
LE™ one obtains
hO(X;-, L?m) Z com”

for all m > N, giving that Lz is also big on X: for each 7 € V. We now apply Proposition
1.5 to complete the proof.
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