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Abstract: This paper study the Bers projection and pre-projection of Q) x-Teichmiiller space.
By means of quasiconformal mapping theory, we prove that the Bers projection and pre-projection
of Qk-Teichmiiller space are holomorphic.

Keywords: quasisymmetric homeomorphism; universal Teichmiiller space; Qx-Teichmiiller
space; Bers projection

2010 MR Subject Classification: 30C62, 30H25

Document code: A Article ID: 0255-7797(2020)02-0210-09

1 Introduction

The Bers embedding plays an important role in Teichmiiller theory. In terms of Schwarzian
derivative, Teichmiiller space is embedded onto an open subset of some complex Banach space
of holomorphic functions. We emphasize that the Bers projection in Teichmiiller space is a
holomorphic split submersion (see [1], [2] for more details). The main purpose of this paper
is to investigate the Bers projection and pre-projection of @ x-Teichmiiller space. We begin
with some notations and definitions.

Let A = {z : |z| < 1} be the unit disk in the complex plane C, A* = C\A be the
outside of the unit disk and S*' = {z € C : |z| = 1} be the unit circle. For z,a € A, we set

z—a 1

¢a(z) = == and denote by g(z,a) = log PRel] the Green function of with a pole at a. For

a nonnegative and nondecreasing function K on [0, 00), the space Qx consists of all analytic

functions with the following finite norm

1 = sup [ [ 17K (a(z, 0oy (1)

We say f belongs to Qo space if f € Qx and

lim //A |f'(2)?K (g(z,a))dxdy = 0. (1.2)

la]—1

Wulan and Wu introduced in [3] the space Qx which was investigated in recent years
(see [4-9]). Wulan and Wu [3] proved that QQx spaces are always contained in the Bloch
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space B, which consists of holomorphic functions f on A such that
1fll5 = sup(1 — [2[*)|f'(2)] < o0
zZEA
and Qg0 C By, which consists of all functions f € B such that

lim (1 — |#%)|f'(2)| = 0.

|z]—1

If K(t) =1t? for 0 < p < oo, the space Q gives a (), space (see [10, 11]). In particular, If
K(t) =t, then Qx =BMOA. Qx space is nontrivial if and only if

1
(1—1t)2 < 1>

sup — K |(log— | rdr < oo, 1.3

te(m)/o (1—1tr2)? T (13)

here and in what follows we always assume that K (0) = 0 and condition (1.3) is satisfied.

Furthermore, we require two more conditions on K as follows

/1 ('OK(S(S)ds < o0 (1.4)

and

/ Pr(5) e oo 0<p <2, (1.5)
1

sitep
where @ (s) = sup K(st)/K(t), 0 < s < oc.
0<t<1
Let I be an arc of the unit circle S* with normalized arclength ¢(I) < 1, the Carleson

box is defined by

So(I) = {zeA:1-4() < |z <1,z2/|z| €I}, Q=A,
P fzeA 1< g <14+, 2)|2) €T}, Q=A*

A positive measure A on 2 is called a K-Carleson measure if

1— |z
|>‘|C,K:SUP// K(
Alex=sup [ K\ )

and a compact K-Carleson measure if

: 1— 2| _
\HEIO //SQ(I) " < () ) ) =0

We denote by C Mg (Q) the set of all K-Carleson measures on 2 and C Mk () the set of
all compact K-Carleson measures on 2.

> d\(z) < o0

An orientation preserving homeomorphism f from domain 2 onto f(Q2) is quasiconfor-
mal if f has locally L? integrable distributional derivative on € and satisfies the following
equation

f? = M(Z)fz
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for some measurable functions p with ||u]|s. We say a sense preserving self-homeomorphism
h is quasisymmetric if there exists some quasiconformal homeomorphism of A onto itself
which has boundary value h (see [12]). Let QS(S') be the group of quasisymmetric home-
omorphisms of the unit circle S* and Mob(S!) the group of Mébius transformations map-
ping A onto itself. The universal Teichmiiller space is defined as the right coset space
T = QS(S')/Mob(S1).

The universal Teichmiiller space T can also be described as T = M(A*)/ ~, where
M (A*) denotes the unit ball of the Banach space L>(A*) of bounded measurable functions
on A*. Let f, be the unique quasiconformal mapping whose complex dilatation is p in A*

and is zero in A, normalized by

fu(0) = £,,(0) = 1 = f,/(0) = 0.

We say that two Beltrami coefficients p; and po in M (A*) are Teichmiiller equivalent and

denote by iy ~ iz if f () = f(A).
Let Boo(A) denote the Banach space of holomorphic functions on A with norm

lplls.. = sup | (2)[(1 — |2[*)* < co.
zEA

For a conformal mapping f on A , its Schwarzian derivative Sy of is defined as

Ny N
- (7) 3 (7)

The Bers projection ® : M(A*) — By (A) is defined by p +— Sy, , which is a holomorphic

split submersion onto its image and descends down to the Bers embedding B : T' — B (A).

Thus T carries a natural complex Banach manifold structure so that B is a holomorphic

split submersion.

A quasisymmetric homeomorphism h is strongly quasisymmetric if h has a quasiconfor-

mal extension to A such that its complex dilatation p(z) satisfies the condition

u(2)?

—————dzdy
(1 =1z

is a Carleson measure (see [13]). Strongly quasisymmetric homeomorphisms and its Te-
ichmiiller theory were studied in recent years (see [14, 15]).

Recently, the author, Feng and Huo [16] introduced the F(p,q,s)-Teichmiiller space
and showed that its pre-logarithmic derivative model is disconnected subset of the F(p,q, s)
space. It was also shown that the Bers projection of this space is holomorphic.

Let & = A or Q = A*. We denote by Mg, (€2) the Banach space of all essentially

bounded measurable functions p with

2

Au(2) = |||5|(i)1||2dxdy € CMg(Q).
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The norm of Mg, () is defined as

I lle=1 12 oo +lIAGlI 5 (1.6)
where ||\, || ¢,k is the K Carleson norm of A, on Q. Let Mg, ,(2) be the subspace of Mg, (£2)
consists of all elements p such that A, (z) € CMg o(Q). Set M} _(A*) = Mg, (A*) N M(A*)
and Méx,o(A*) = Mg, ,(A*)NM(A*). The Qg-Teichmiiller space Tg, is defined as T, =
M, (A*)/ ~ and Qg o-Teichmiiller space T, , = Mp,  (A*)/ ~.

Let Ty be the set of all functions log f’, where f is conformal in A with the normalized
condition f(0) = f/(0) — 1 = 0 and admits a quasiconformal extension to the whole plane
such that its complex dilatation p satisfies A, (z) € CMg(A*). Then Tk gives another model
of T,.. Wulan and Ye [6] proved the following.

Theorem 1.1 [6] Let K satisfy (1.4) and (1.5). Then Tk is a disconnected subset
of Qk. Furthermore, Tk, = {log f' € Tx : f(A)is bounded} and Tk = {log f' € Tk :
f(e?) = oo, 6 € [0,27], are the connected components of Tk .

The authors also obtained some more characterizations of @ x-Teichmiiller space by
using Grunsky kernel functions (see [17]).

The main purpose of this paper is to deal with the holomorphy of the Bers projection
and the pre-Bers projection in Qg-Teichmiiller space. In what follows, C' will denote a
positive universal constant which may vary from line to line and C(-) will denote constant
that depends only on the elements put in the brackets.

2 Holomorphy of Bers Projection

In this section, we prove the Bers projection is holomorphic in @Q g-Teichmiiller space.
Noting that K satisfies condition (1.5), we conclude that there exists ¢ > 0 such that
K (t)/tP~¢ is non-increasing and K (2t) ~ K(t) for 0 < t < oo. Wulan and Zhou proved the
following.

Lemma 2.1 [8] Let K satisfy conditions (1.4) and (1.5). Set b+a > 1+ p, b > p,
b—p+pB+c>1,and a > 0. Then there exists a constant C' (independent of the length
¢(I) of T ') such that

‘w|2)b—1+ﬂ

// 1— |q )i a+ﬁ|1_wg|b+ad () <CK <1€_(I|;U|> (2.1)

for all w € A and arc I C S*.
Lemma 2.2 Let K satisfy conditions (1.4) and (1.5). Let b+a > 1+ p, b > p,
b—p+a+c>2and a>0. Set

|’U)| b+a 2
// 1 wipe AMw)dA(w). (2.2)

Then A € CMy(A) if A\ € CMy(A) and |[M|c.x < Cl|Mlex, while A € CMgo(A) if
A€ CMgo(A).
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Proof For any arc I C S*, let 21 is the arc with the same center as I but with double
length. We divide the following integral into two part as follows

//SU) // g _'wlczz  \w)dA(w) K <1z?1|f|> dA(C) = Ly + L,
5 S M 1|I—'wlcﬁz g it () aso
e o ()

It follows from lemma that

(A240) (1 o2yt
o= [ e [ S o
Csup//s(l) < o |> dA(w). (2.3)

Now we estimate Lo. Set

where

and

IN

Sn:S(2"I):{r<€A172n€(I)<T<17 C€2nl}> 7’L:1,2,"' .

Let n; be the minimum such that 2”1 > 1. Then S,, = A when n > n;. Denote by w; the
center of I and wy = (1 —4(I)/2)w;. If ( € S(I) and w € S,\S,_1, 1 < n < ny, then

2n—1

() < I - wil < 220,

This implies that

IC—wi| < [¢—wr+ |wr —z| < 3-27¢(1),
4—m
¢ —wi] > |¢—wi|—|wr —2"U(I),
Consequently
8 8
1_‘C|<4 27" ¢ = wl, 1—|w|<2"€(])§m|§—w1|
and

1 C
— < .
11— we| — 20 ()

Since K (t) is a nondecreasing function, we have

. // S(1) //A\S(ﬂ) 11 —|wu|;§)|l;++i QA(w)dA(w)K <1£z1’)<|> dA(C)
- // Sy //s Ao ﬂI_'”LQﬁii 2A(w)dA(w>K(1 gzl'f') 4A(C)
//S(I) //S”\Sn 1 1{1?,2;11 L <|§r;(1;)1|> dA(w)dA(C).

IN
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Noting that K satisfies (1.4) and (1.5), we conclude that K (t)/t*P~¢ is non-increasing for

some small ¢ > 0. Consequently,

b s //SUZ//S\SM ()
~ fuP)

b+a 24c—p
A(w)dA(w)dA(Q)

C w1|c P|1 — w(t+e

< //w ], ()
A O O a0
p—c (1 _ |w|2)b+a—2+e—p
L e e
CAw) K ( 2,;2}‘;') AA(w)dA(C)
<

St [ e () e
< s [ | K ( (')w')dAm). (2.0

Combing (2.3) and (2.4), we deduce that |A|c.x < ClAlc.kx, while A € CMgo(A) if
A € CMg o(A). The proof follows.
Let Ng(A) denote the space which consists of all analytic functions f in A with the

following finite norm
10, = sup [ [ PR = 17K (1~ oo () dady, (2:5)
a A

We say a analytic function f belongs to Nk o(A) if f € Ni and

i, [ [ 1FGIP = 17K (1= o (2) oy = 0. (2.6

la]—

The following is our main result.

Theorem 2.3 The Bers projection ® : M}, (A*) — Ng(A) is holomorphic.

Proof We first show that the Bers projection ® : M§, (A*) — Nk (A) is continuous.
For any two elements y and v in M}, (A*), set Sy, = ®(u) and Sy, = ®(v). By an integral
representation of the Schwarzian derivative by means of the representation theorem of qua-
siconformal mappings, Astala and Zinsmeister [13] proved that there exists some constant
C(|lpt]]so) such that

C oo 2 _ 2
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Let fi(z) = u(1/2)2%/2* and v(z) = v(1/2)2%/Z*. Then a change of variable gives

Au—vllox = INisllcx and [[Aullex = [Mallox (2.8)
where d\,(z) = IZ" da;dy Consequently, we have
2 o Cllpllss) [ 17 = (O + [l = VIR
1S5, = SpI” < (o2 = 1)2 / e dedn. (2.9)

From [5], the measure A\, € CMg(A) if and only if

sup / [ KO-l P

a€A

Furthermore, there exist two positive constant C; and Cy such that

CillAullox < Sug/ K(1 = |pa(2)[*)dNu(2) < Col[Aullc.s-
ac A

Thus, it follows from Lemma 2.2 that

155, = S0l < Cllile)sup [ KO- Jeu()P)
[5Q) ~ QP + [l — v IACQ)
/ T Caff dédndzdy
< cllulsup [[ KO- leu@P) [[ S e sioptsay
A
rCull i vy [ K= leaeP) [[ S avicptsay
< Ul (Pl + I~ A )

< Clllplloo) X+ AN )l = vl

This shows the Bers projection ® : M{, (A*) — N (A) is continuous.

We now prove that the mapping & : MéK(A*) — Ng(A) is holomorphic. For each
z € A, we define a continuous linear functional [, on the Banach space Nk (A) by 1,(p) =
o(z) for ¢ € Ng(A). Then the set A = {I, : z € A} is a total subset of the dual space
of Nk(A). Now for each z € A, each pair (u,v) € M, _(A*) x Mg, (A*) and small ¢ in
the complex plane, it follows from the holomorphic dependence of quasiconformal mappings
on parameters that I,(®(u +tv)) = Sy,,,,(2) is a holomorphic function of ¢ (see [18, 2, 1]).
From the infinite dimensional holomorphy theory (see Proposition 1.6.2 in [1]), we deduce
that the Bers projection @ : M}, (A*) — Nk (A) is holomrphic.

Similarly, we can prove the following

Theorem 2.4 The Bers projection ® : M},  (A*) — Nk o(A) is holomorphic.

3 Holomorphy of Pre-Bers Projection
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Fix zy € A*. For p € MéK (A*), let f7° be the quasiconformal mapping whose complex
dilatation is p in A* and is zero in A, normalized by f,(0) = f/,(0) =1 = 0, fu.(20) =
00. The pre-Bers projection mapping L,, on MéK(A*) is defined by the correspondence
L. () = log f,,. Let Q% be the space consisting of all functions ¢ € Q with »(0) = 0,
then U, e L, (M, (A*)) = Ty N QY-

We prove the following.

Theorem 3.1 For zy € A*, the pre-Bers projection mapping L,, : MéK(A*) — QY% is
holomorphic.

Proof Since we can prove L., : M}, (A*) — QY% is holomorphic by the same reasoning
as the proof of the holomorphy of ® : M} (A*) — Ng(A), we need only to show that
L., : M}, (A*) — Q% is continuous. For pu,v € My, (A*), for simplicity of notation, we let
[ and g stand for f:° and f;°, respectively. It follows from Theorem 3.1 in Chapter II in [2]
that

gt
1! T

< = Vo (3.1)

sup(1— | 2 |?)
zZEA

By theorem , we conclude that

a€EA

S“p//A (12 22 S5(2) = Sy(2) P K1~ [pu(2)P)dady < Cllu— v (32)

It is known that a function of Qx space can be characterized by its higher derivative [19].
Thus, for any a € A, we get

/ / 7 gg K1~ lpa(2)P)dady
f// 7/
‘f’ (0) - g ( (3.3)
vo [[a-1zpy (f ) (j) KL= [ga(2)?)dady.
Combing (3.2) with (3.1) gives
I(a) <Cllp— |2 + C / / A 12 P21 Sy — S, 2 K~ |pu(2)P)dady
e (f ) (gg) (1= | 2 PYE(L — |pu(2)?)drdy
2 (3.4)
<Clp—v|%

g" 2
| K1 = |pa(2)]*)dady

+C/ - g’ 7_

<C(|llog g, [I5, + |l loggyllQK)llu - vl

This implies that L., : M§, (A*) — Q% is continuous. The proof follows.
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Similar arguments apply to (Qk o space gives
Theorem 3.2 For z, € A*, the pre-Bers projection mapping L., : M}, (A*) — Q% ,

is holomorphic, where Q(}(,o consists of all functions ¢ € Qx o with ¢(0) = 0.
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