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1 Introduction and Main Results

For n ≥ 2, we consider the following Dirichlet eigenvalue problem

{ −4µu = λu, x ∈ Ω;

u = 0, x ∈ ∂Ω
(1.1)

on a bounded open domain Ω ⊂ Rn, with smooth boundary ∂Ω, where 4µ is a degenerate
elliptic operator generated by a system of real vector fields X = (X1, X2, · · · , Xn), namely,

4µ :=
n∑

j=1

X2
j . (1.2)

We assume that the system of real vector fields X = (X1, X2, · · · , Xn) is defined in
Rn by Xj = µj(x)∂xj

, where µ1, · · · , µn are real continuous nonnegative functions in Rn

satisfying following assumptions:
(H1) µ1 = 1, and µj(x) = µj(x1, · · · , xj−1) for j = 2, · · · , n.

(H2) For each j = 1, · · · , n, µj ∈ C1(Rn\Π), where Π =
{

(x1, · · · , xn) ∈ Rn

∣∣∣∣
∏n

i=1 xi = 0
}

.

(H3) µj(x) > 0 and xk(∂xk
µj)(x) ≥ 0 for all x ∈ Rn \ Π, 1 ≤ k ≤ j − 1, j = 2, . . . , n.

Furthermore, µj(x1, · · · ,−xk, · · · , xj−1) = µj(x1, · · · , xk, · · · , xj−1) for all 1 ≤ k ≤ j −
1, j = 2, · · · , n.

(H4) There exists a constant σj,k ≥ 0 such that sup
x∈Rn\Π

xk(∂xk
µj)(x)

µj(x)
= σj,k holds for all

1 ≤ k ≤ j − 1, j = 2, · · · , n.
(H5) If A := {2 ≤ k ≤ n|µk(x) 6≡ µk(0)} 6= ∅, then there exists a constant c0 ∈ (0, 1)

such that for all j ∈ A, 〈∇µj(x), x〉Rn ≥ c0µj(x) for all x ∈ Rn \Π, where 〈·, ·〉Rn is the inner
product in Rn.

∗ Received date: 2019-11-09 Accepted date: 2019-12-23

Foundation item: This work is supported by National Natural Science Foundation of China

(11631011; 11626251).

Biography: Chen Hua (1956–), male, born at Wuhan, Hubei, professor, major in micro-local

analysis and partial differential equations. E-mail: chenhua@whu.edu.cn.



128 Journal of Mathematics Vol. 40

Then, we define some positive constants ε1, . . . , εn as

ε1 = 1,
1
εk

= 1 +
k−1∑
l=1

σk,l

εl

for all k ≥ 2, (1.3)

and an index Q as

Q =
n∑

j=1

1
εj

. (1.4)

We remark that assumption (H1) allows us to write the operator 4µ in the form 4µ =
n∑

j=1

µ2
j(x) ∂2

∂x2
j
. Recently, Kogoj and Lanconelli in [3] studied such degenerate elliptic operators

under the following additional assumption:
(H6) There exists a group of dilations (δt)t>0,

δt : Rn → Rn, δt(x) = δt(x1, · · · , xn) = (tα1x1, · · · , tαnxn)

with 1 = α1 ≤ α2 ≤ · · · ≤ αn such that µi is δt homogeneous of degree αi − 1, i.e.,

µi(δt(x)) = tαi−1µi(x), ∀x ∈ Rn, ∀t > 0, i = 1, · · · , n. (1.5)

We denote by Q̃ the homogeneous dimension of Rn with respect to the group of dilations
(δt)t>0, i.e., Q̃ := α1 + · · · + αn. The index Q̃ plays a crucial role in the geometry and the
functional settings associated to the vector fields X.

We next introduce the following weighted Sobolev spacesH1
X(Rn) = {f ∈ L2(Rn) |Xju ∈

L2(Rn); j = 1, 2, · · · , n} associated with the real vector fields X = (X1, X2, · · · , Xn), then
H1

X(Rn) is a Hilbert space endowed with norm ‖u‖2
H1

X(Rn)
= ‖u‖2

L2(Rn) + ‖Xu‖2
L2(Rn) =

‖u‖2
L2(Rn) +

n∑
j=1

‖Xju‖2
L2(Rn). Now let Ω be a bounded open domain in Rn with smooth

boundary such that Ω
⋂

Π 6= ∅, we denote by H1
X,0(Ω) the closure of C1

0 (Ω) with respect to
the norm ‖u‖2

H1
X(Ω)

= ‖Xu‖2
L2(Ω) + ‖u‖2

L2(Ω). We know that H1
X,0(Ω) is a Hilbert space as

well.
In this paper, the Dirichlet eigenvalue problem (1.1) of degenerate elliptic operator −4µ

will be considered in the weak sense in H1
X,0(Ω), namely,

(Xu, Xϕ)L2(Ω) = λ(u, ϕ)L2(Ω) for all ϕ ∈ H1
X,0(Ω). (1.6)

Based on assumptions (H1)–(H5) above, we can show that the Dirichlet eigenvalue
problem (1.6) has a sequence of discrete eigenvalues {λj}∞j=1, which satisfy 0 < λ1 ≤ λ2 ≤
· · · ≤ λk ≤ · · · and λk → +∞ as k → +∞.

By using the regularity results of Franchi and Lanconelli [2] we can prove that the
problem (1.6) has discrete Dirichlet eigenvalues. Then, by using the process of refinement in
Li-Yau [4], we obtain an explicit lower bound estimates of Dirichlet eigenvalues λk as follows.
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Theorem 1.1 Let X = (X1, · · · , Xn) be real continuous vector fields defined in Rn

and satisfy assumptions (H1)–(H5). Assume that Ω is a bounded open domain in Rn with
smooth boundary such that Ω

⋂
Π 6= ∅. If we denote by λk the kth Dirichlet eigenvalue of

operator −4µ on Ω, then for any k ≥ 1, we have

k∑
j=1

λj ≥ C1 · k1+ 2
Q , (1.7)

where Q is defined by (1.4) and C1 = 1
C
· Q
Q+2

·
(∏n

j=1 εj

) 2
Q (

Γ
(

Q
2

+ 1
)) 2

Q

(∏n

j=1 Γ
(

1
2εj

))− 2
Q ·

(
(2π)n

|Ω|

) 2
Q

, and Γ(x) is the Gamma function, |Ω| is the n-dimensional Lebesgue measure of
Ω and C = C(X, Ω) is a positive constant.

Remark 1 Since kλk ≥
k∑

j=1

λj , then Theorem 1.1 implies that the kth Dirichlet

eigenvalue λk satisfies λk ≥ C1k
2
Q , for all k ≥ 1.

Remark 2 In general, for degenerate case we have Q =
n∑

j=1

1
εj

> n ≥ 2. If Q =

n, the operator will be non-degenerate and the positive constant C can be replaced by(
min

1≤j≤n
µ2

j(0)
)−1

, thus estimate (1.7) will be the generalization as the Li-Yau’s lower bound

estimate in [4].

Moreover, if the vector fields satisfy assumption (H6), then we have the following sharper
lower bounds.

Theorem 1.2 Let X = (X1, · · · , Xn) be real continuous vector fields defined in Rn

and satisfy assumptions (H1)–(H3) and (H6). Assume that Ω is a bounded open domain in
Rn with smooth boundary such that Ω

⋂
Π 6= ∅. Denote by λk the kth Dirichlet eigenvalue

of operator −4µ on Ω, and Q̃ =
n∑

j=1

αj is the homogeneous dimension of Rn with respect to

(δt)t>0. Then for any k ≥ 1, we have

k∑
j=1

λj ≥ C2 · k1+ 2
Q̃ , (1.8)

where C2 = 1
C̃
· Q̃

Q̃+2
·
(∏n

j=1 αj

)− 2
Q̃

(
Γ

(
Q̃
2

+ 1
)) 2

Q̃
(∏n

j=1 Γ
(

αj

2

))− 2
Q̃ ·

(
(2π)n

|Ω|

) 2
Q̃

, and C̃ =

C̃(X, Ω) is a positive constant.

Remark 3 If the vector fields admit the homogeneous structure assumptions (H1)–
(H3) and (H6), then assumptions (H4) and (H5) will be also satisfied. But we cannot deduce
assumption (H6) from assumptions (H1)–(H5), for example, X = (∂x1 , ∂x2 , (|x1|α+|x2|β)∂x3)
with α > β > 0.

Remark 4 If the vector fields admit the homogeneous structure assumptions (H1)–
(H3) and (H6), then the lower bounds in (1.8) is sharper than (1.7) in the sense of growth
order.
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Furthermore, by the same condition in Kröger [5], we obtain an upper bound for the
Dirichlet eigenvalues of operator −4µ.

Theorem 1.3 Let X = (X1, . . . , Xn) be real continuous vector fields defined in
Rn and satisfy assumptions (H1)–(H5). Suppose that Ω is a bounded open domain in
Rn with smooth boundary ∂Ω such that Ω

⋂
Π 6= ∅. Moreover, we assume that there

exists a constant C0 > 0 such that the measure of inner neighbourhood of the boundary
Ωr = {x ∈ Ω|dist(x, ∂Ω) < 1

r
} satisfies that |Ωr| ≤ C0

r
|Ω|n−1

n for any r > |Ω|− 1
n , where

dist(x, ∂Ω) := inf
y∈∂Ω

|x − y| is the distance function and |Ω| is the n-dimensional Lebesgue

measure of Ω. Denote by λk the kth Dirichlet eigenvalue of operator −4µ on Ω. Then for
any k ≥ Cn

0 , we have

k∑
j=1

λj ≤
(2π)2 ·M · (1 + n

n+2

)

|B1| 2n · |Ω| 2n
(

1− C0

(Cn
0 +1)

1
n

)n+2
n

· (k + 1)
n+2

n (1.9)

and

λk+1 ≤ 21+ 2
n · (2π)2 ·M

|B1| 2n · |Ω| 2n
(

1− C0

(Cn
0 +1)

1
n

)1+ 2
n

·
(
1 +

n

n + 2

)
· k 2

n , (1.10)

where M = max
x∈Ω,1≤j≤n

µ2
j(x) is a positive constant depending on X and Ω.

Remark 5 For a bounded domain Ω, if the (n − 1)-dimensional Lebesgue measure
of ∂Ω is bounded, then |{x ∈ Ω|dist(x, ∂Ω) < 1

r
}| ≈ 1

r
· |∂Ω|. Thus the condition in Theorem

1.3 holds for some positive constant C0.

The details of proofs for Theorem 1.1, Theorem 1.2 and Theorem 1.3 have been given
by [1].
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