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Abstract: In this paper, we study Lazy 2-cocycle on Radford’s biproduct Hom-Hopf algebra.
By using twisting method, we mainly investigate the relations between the left Hom-2-cocycles o
on (B,3) and & on (Bf[tﬂﬁ ® «) which generalise the corresponding results in the case of usual
Hopf algebras.
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1 Introduction and Preliminaries

A lazy 2-cocycle of a Hopf algebra H is a 2-cocycle o : H ® H — K, which commutes
with multiplication in the Hopf algebra. The second lazy cohomology group generalizes
Sweedler’s second cohomology group of a cocommutative Hopf algebra and the Schur mul-
tiplier of a group. Let BOH be a Radford biproduct, where H is a Hopf algebra and B
is a Hopf algebra in the category of Yetter-Drinfeld modules over H. A group morphism
H?(B) — H?(B{OH) is constructed by Cuadra and Panaite in [1]. In [2], Panaite et al.
introduced the concepts of pure and neat lazy 2-cocycle and extended pure and neat lazy
cocycles to the Radford biproducts.

The origins of the study of Hom-algebras can be found in [3] by Hartwig, Larsson and
Silvestrov, and earlier precursors of Hom-Lie algebras can be found in Hu’s paper (see [4]).
Subsequently, Hom-type algebra has been studied by many researchers. Especially, in 2014,
Li and Ma introduced the notions of Radford biproduct Hom-Hopf algebra (BfH ,0®a) and
Hom-Yetter-Drinfeld category ZYD (see [5]), which generalize the corresponding concepts in
usual Hopf algebras. In 2017, the authors presented a more general version of (BfH , 00 a)
(see [6]).

Radford biproduct Hom-Hopf algebra was given below.
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Theorem 1.1 Let (H, «) be a Hom-bialgebra, (B, 3) a left (H, «)-module Hom-algebra
with module structure > : H ® B — B and a left (H, a)-comodule Hom-coalgebra with
comodule structure p: B — H ® B. Then the following conclusions are equivalent.

(i) (BYH,3 ® «) is a Hom-bialgebra, where (B#H, 3 ® a) is a smash product Hom-
algebra (see [7]) and (B x H, 3 ® «) is a smash coproduct Hom-coalgebra.

(ii) The following conditions hold (V a,b € B and h € H)

(R1) (B, p,«) is an (H, 3)-comodule Hom-algebra,

(R2) (B,>,«) is an (H, f)-module Hom-coalgebra,

(R3) ep is a Hom-algebra map and Ag(lp) =1 ® 1p,

(R4) Ap(ab) = ai(a?(az—1) > 871 (b1)) @ B~ (az0)ba,

(R5) hia(a_1) @ (a®(ha) > ag) = (a?(hy) > a)_1he ® (a®(hy) > a)o.

Definition 1.2 Let (H, ) be a Hom-bialgebra, (M, >, anr) aleft (H, a)-module with
action >y : HQ M — M,h@m — hi>ym and (M, pM o)) aleft (H, a)-comodule with
coaction pM : M — H ® M, m — m_; @ mg. Then we call (M, 1>y, p™, apr) a (left-left)
Hom-Yetter-Drinfeld module over (H, «) if the following condition holds:

(HYD) hla(m,l) ® (Oég(hg) > v mo) = (a2(h1) > m),lhg X (OéQ(hl) > m)o,

where h € H and m € M.
When (H, «) is a Hom-Hopf algebra, then the condition (HYD) is equivalent to

(HYD)/ (a4(h) > m)_1 &® (Oé4(h) >y m)o = Oéiz(h1104<m_1))SH(h2) X (O[B(hlg) > mo).

So it is natural to consider the relations between the 2-cocycles o on (B,) and & on
(BYH,® ).

In this paper, we mainly investigate the relations between the left 2-cocycles o on (B, [3)
and o on (BfH , 0 ® a), and also provide two non-trivial examples.

Next we recall some definitions and results in [8] which will be used later.

Definition 1.3 A left 2-cocycle on a Hom-bialgebra (H, «) is a linear map o : HQH —
K satisfying

ogo(a®a)=o, (1.1)
o (b1, c1)a(a?(a), bacy) = o (a1, by)o(azbs, a?(c)) (1.2)

for all a,b,c € H.
Furthermore, o is normal if o(1,h) = o(h,1) =¢(h) for all h € H.
Remarks (1) Similarly if eq. (1.2) is replaced by

U(CM2(G), blcl)U(bQ, CQ) = U(albl, QQ(C))U(CLQ, bg),

then o is a right 2-cocycle.

(2) If o : H® H — K is a normal and convolution invertible, then o is a left 2-cocycle

1

if and only if o~ is a right 2-cocycle.
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Proposition 1.4 Let (H,«) be a Hom-Hopf algebra.
(1) If o is a normal left 2-cocyle on (H, ), for all h,g € H, define a new multiplication
on H as follows

h-gg=0c(hi,g1)a " (hags). (1.3)

Then (H,-,,«) is a Hom-algebra, we denote the algebra by (,H, ).

(2) If o is a normal right 2-cocyle on (H,«) for all h,g € H, define multiplication on
H as follows h, - g = a~*(hyg1)o(ha, g2). Then (H,, -, «) is also a Hom-algebra, we denote
the algebra by (H,, ).

Definition 1.5 A left 2-cocyle o on (H, ) is called lazy if for all h,g € H,

o(h1,91)hags = h1gio(ha, g2). (1.4)

Remark A lazy left 2-cocyle on (H, ) is also a right 2-cocyle on (H, «).
Lemma 1.6 Let v: H — K be a normal (i.e. ¥(1) = 1) and convolution invertible
linear map such that v o a =+, define D'(y) : H ® H — K by

D'(y)(h,g) = v(h1)v(g1)7 " (hag2) (1.5)

for all h,g € H. Then D'(v) is a normal and convolution invertible left 2-cocycle on (H, «).

Remarks (1) The set Reg'(H, ) (respectively Reg?(H, )) consisting of normal and
convolution invertible linear maps v : H — K such that v o @ = v (respectively o :
H®H — K such that oo (a®«) = 0), is a group with respect to the convolution product.

(2) ~vislazy if for all h € H, vy(h1)ha = h1y(ha). The set of all normal and convolution
invertible linear maps v : H — K satisfying v o a = ~ is denoted by Regi (H), which is a
group under convolution.

Lemma 1.7 The set of convolution invertible lazy 2-cocycle on (H,«a) denoted by
Z%(H,«) is a group.

Proposition 1.8 D' : Regl(H,a) — Z?(H,«) is a group homomorphism, whose
image denoted by B%(H,«) (its elements are called lazy 2-coboundary), is contained in the
center of Z2(H,«). Thus we call quotient group HZ(H,«) := Z%(H,a)/B?(H, «) the second
lazy cohomology group of H.

2 Main Results and Examples

In this section, we investigate the relations between the left 2-cocycles o on (B, 3) and &
on (BfH ,B®a), and also provide two non-trivial examples. In what follows, let (H, «) be a
Hom-Hopf algebra with bijective antipode S and (BfH , B®a) Radford biproduct Hom-Hopf
algebra such that o? = id.

First we give some useful formulas. The Hom-coalgebra structure on (B® B, ® () in

HYD is given by

AB®B(b & b/) = (’Ld & CB,B & 'Ld) o (AB (9 AB)(b & b/)
= (b1 ®@by1y - B7H(BY)) @ (B (baoy) @ bh). (2.1)
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So by (2.1), if 0,7 : B® B — K are morphisms in £YD, their convolution in YD is given
by

(05 7) (b, ) = (b1, ba—1) - B (B)) (B (ba(o) ), b5)- (2.2)

Let 0 : B® B — K be a morphism in gYD, that is, it satisfies the conditions

o(hy b, hy - V) = e(h)o(b,b), (2.3)
U(b(O)vbl(o))b(—l)b/(q) =o(b,0')1y, (2.4)
oo(fwf)=o0 (2.5)

for all h € H and b,V € B.
Lemma 2.1 For a morphism ¢ : B® B — K in ZYD, we can get the following useful

formula
o(aa(h) - b) = o(S7 () - H2(a), b) (2.6)

for all a,b € B and h € H.
Proof We can check that as follows

o(a,a(h)-b) = o((h2S™ " (h11))- 67" (a), ha - b)
= o(a(h) - (S~ (k1) - B %(a)), hy - b)
= o(alha) - (@(S™ () - B7(a)), @ (hao) - b)
(S () - B2 (a), b)e(ha)
= o(57(h)- B(a),b).

Definition 2.2 Let 0 : B® B — K be a morphism in #YD. Then o is lazy in 7YD

if it satisfies the categorical laziness condition (for all b,b" € B)

(b1, ba—1) - B7H(67)) B (bao) )by = (B (bagoy ), by) b1 (ba(—1) - B (bY)). (2.7)

Definition 2.3 Let 0 : B® B — K be a morphism in #YD. Then o is a normal left
2-cocycle on (B, 3) in £YD if it is a normal morphism in YD and satisfies the categorical
left 2-cocycle condition

o(ay,az—1y - 871 (b1))o (B~ (az0))b2, B%(c))
= o(b1,ba—1y - B (1)) (B (a), B (ba0))c2) (2.8)

for all a,b,c € B.
Proposition 2.4 If we define a Hom-multiplication -, on (B, 3) by

boo b =0 (bi,ba—1y - B7(61))B7 (B (ba0))b3) (2.9)

for any b,b’ € B, then
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(1) (,B, () is a Hom-algebra if and only if o is a normal left 2-cocycle in #YD.
(2) (,B,p) is a left (H, ) Hom-module algebra with the same action as (B, 3).

Proof (1) For any b € B, it is easy to check that b-, 1g = 3(b) if and only if
o(b,1g) =¢(b) and 15 -, b = B(b) if and only if o(15,b) = &(b). For any a,b,c € B, we have

(2.9)

B(a) o (b-sc) ﬁfl(az(O))571((572(1?2(0))571(02))) o(B(ar), aaz(-1))

BHB 2 (ba0)) B (e2))1))a(br, ba—1) - B (cr))

and

(2.9)

(@-50) o B(c) BHBH(B™(az(0)B " (b2))2(0)) B(c2))o (B~ (az(0)) B (b2))1,

(572((12(0))571(52))2(—1)'01) o(ay, ag—1) - B~ Y(by)).

Hence, if -, is Hom-associative, we get

B az0)) B (B2 (b2(0)) B (€2))2) 0 (B(ar), alaz—1)) - B~ ((B72(b2()) B~ (c2))1))
(b, ba—1y - B er)) = B7HBTH(B*(az(0) 87 (b2))2(0)) B(c2)) o (B~ (az(0)) B~ (b2))1,
(B72(a2(0)) B (b2))2(<1) - c1)o(ar, a1y - B (br)).

Applying € to both sides of the above equation, we get (2.8).
Conversely, if o is a left 2-cocycle in £YD, we have

(2.9)

Bla) o (b-gc) "= Haz(0) 87 (872 (b2(0) B~ (e2))2) 0 (B(ar), alaz(- 1))

B~
BB (ba0)) B (€2))1))a (b, ba—1y - B (e1))
B
B

(R4)

“Hag) B~ (BTH(B (ba(0))2(0)) B (c2)2)a(B(ar), aag(-1))
BT (b2(0))1 (B2 (b2(0))2(-1) - BH(BTH(e2)1))))
o(br,ba—1y - B (1))
B~ (as(o) )(5*4(62(0)2(0))ﬂfz(cm))a(ﬂ(al), a(ag(-1))
(872 (baoy) (@ (ba(oy2(—1)) - B7%(c21))))o (b1, ba(—1y - B~ (1))
B~ 1((12(0 )(B~ (522(0 0))»372(022))
a(B(a1), alas-1)) - (B~ (baroy) (@™ (baaoy(—1)) - B (c21))))
o (by, (bar(— 1)b22 —1) B er))
= 87 (a200) (87 (baz(0)) 8% (c22))
a(B(ar), alag-1)) - (B2 (b21(0)) (@ (baa(-1)2) - B> (€21))))
o(by, (521(71)04_1(522(71)1)) B cr))
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(HYD)’

B (a2(0) (872 (baz(0)) 8% (c22))

o(S™ (az—1)) - 71 (a1), B3 (baroy) (@ (baz—1y2) - B7°(€21)))
(br, a(bar(—1)) - (@ (bag—1y1) - B7%(c1)))

B a0)) (872 (ba0)) B (c2))

o (8™ ag-1)) - 87 (ar), 872 (brz(o)) (ba(-1)2 - B3 (c12)))

o (871 (bur), albrz-1)) - (ba—ny1 - B7%(enn)))

B Haz(0)) (87 (ba0)) B~ (c2))

a(B2(S™ (az(-1)) - 87 (a1)), 87 (bra)) (ba(-1)2 - 67 (c12)))
a(bi1, brg(—1y - (@(ba—1)1) - B7%(en)))

B az(0)) (872 (ba0)) B (c2))

a(B%(S™ (az—1) - B7H(a1)), 87 (baz(0)) (ba(-1y - B~ (c1))2)
a(bi1, bia-ry - B (Do) - 7 (en)h))

B a(0)) (B72(bao)) B~ (c2))a ((S™Hag(—1)) - 87 (a1))1,
(S7H(az—1) - B7H(@1)2(-1) - 87 (b))

a(B7H(S™ as(-1)) - B71(a1))20))br2s ba(-1) - Blen))
B Has(0)) (872 (ba0)) B~ (c2)) (ST (ag(—1))1 - B~ (@)1,
(S™Has(—1))2 - B (a1)2) -1y - B (b11))

U(ﬁ_l((s Hag(—1))2 - B7H(a1)2)(0)) b1z, ba(—1) - Bler))

B (a2(0)(572(52<0))ﬁ71(02))0(571(02( n2) - B (an),

(S™ ( 1)1) B~ (%2)) (bu))

0(571((5 Hag-1y1) - B~ 1(@12)) ))b12, by - B(cr))

BN a20)) (872 (ba0)) B~ (e2))o (ST as(-1)2) - 67 (a11),
((S™H(aa(-1)1)11012(-1))S(S ™ (aa-1)1)2)) - B~ (b11))
a(BHa(S™ (aa-11)12) - B Ha12(0)))brz, ba(-1) - B(cr))

B az(0)) (B (ba0)) B~ (c2)) o (S (ag(-1)2) - B (an),

( ( 1)122)(112( 1))a2( ) (bll))

o((S™ 1(a2( 1121) - 873 (a12(0)))b12, ba(—1) - Bler))

B Haz(0)) (B2 (ba0)) B~ (c2)) o (S™Ha™ (az(-1)2)) - B (an1),
(S (@™ (az-1122))a (ara(-1)))a ™" (az(-1)11)) - B7% (b))
U((S (aQ(, )121) : 672(012(0)))512,52(71) '/3(01))

B (a2(0)) (B2 (b2(0)) B (e2))o (a1, as(-1y2

(((S™Ha™ ag-122))a™ ara-n)))a ™ (ag-1yn)) - B72(b11)))
o (8™ (az(-1y121) - B (a12(0))) b1z, ba-1y - Bler))
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B as(0)) (B2 (b2(0)) B (€2))o (a1, (™ (ag—1)2)

(87 az-1)122))0 " (@aag 1)))0‘71(%(—1)11))) B (b11))
o((S™ (ag(- 121) B2 (a1a(0)) b1z, b1y - B(c1))

B~ (az0)) (872 (ba(0)) B~ (c2))a (a1, (o™ (ag(—1)222)

(S™ (a Hag(=1y221))a (ara(-1)))az(-1)1)) - B~ (b11))

o(($7 (ela (—1)21)) B2(a12(0)))b12, ba(—1y - B(c1))
B_l(CL?(O))w_Q(b?(O)W_l(02))0((1117 ((az(-1)222

ST ag(—1)221)) (ara(-1yaz(-1y1)) - B (b11))

(5 (a(az1y21)) - B2 (a12(0)))brz, bay - Bler))
571(@(0))(5—2@2(0))571(02))0(%1, 04(%2(—1)%(—1)1) : 571(1311))
e(az-1)22) (57 (@aa-121)) - B~ (@12(0)brz, ba - Blen))
B (az0)) (872 (ba(0)) 3 (c2))o (@11, a(ara(—1yas(—1y1) - B (b11))
o(az(—1y221 - (S~ (aaz—1)21)) - B2 (@12(0)))b12)s G2(—1)222
(ba(-1) - B(c1)))

B (az0)) (872 (ba(0)) 3~ (c2))o (@11, a(ara(—1yas(-1y1) - 87" (b11))
o((as(-1y2211 - (S (a(az—1)21)) - B *(a120)))) (a2(-1)2212 - b12),
(@ Haz(—1)222)ba(—1)) - B*(c1))

B a0y (B2 (ba(0y) B (c2))o (@11, a(ara—1yas(-1)1) - B (b11))
o(((a M (ag(-1)2211)S ™ (aas(=1)21))) - B (a12(0))) (@2(-1)2212 - b12),
(™ Hag(—1)222)ba(—1)) - B*(c1))

B as(0)) (B2 (ba(0)) B (c2))o(ar1, a(ara—1yas—1)1) - B (b11))
U(((a_l((12(,1)2112)5_1(a_l(a2(71)2111)>> . 5_1(012(0)))
(a(ag(—1y212) - b12), (@z(—1)22b2(—1)) - B*(c1))

B~ az(0)) (B (b(0)) B (c2))o(ar1, a(ara(-1yaz(-1y1) - 7" (bi))
o (a12(0)(aa(—1y21 - b12), (az(—1)22b2(—1y) - B*(c1))

= BTHBTH(B(a20))B7 " (b2))2(0))B(c2)) o (B~ (az(0) 87" (b2))1,
(67%(a0))B7" (b2))a(-1) - c1)a(ar, ag—1y - 671 (b1))
=" B2((B7HB (az0))20))8 " (b2)2)(0)) 2
(B~ (az(0))1 (87 (az0))2(-1) - B~ (871 (b2)1)),
(67187 *(as(0))2(0)) B (b2)2) (-1 - e1)o (a1, ag(—1y - B (br))
= (B %(a200)2(0)0)) B> (b22(0)) )20 (872 (az(0y1) (az(oy2(—1) - B> (ba1)),
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T lay
= (B Y(as 02(0))8~ 3 (bas 0)))c20(8~ *(az 1) (a” (612(0) 2(—
(@™ (ay

(@™

a2(0)2(0)(=1)) @ (baz(<1))) - €1)a (a1, as—1y - 87 (b))
1) - B2 (ba1)),
az(0)2(-1)2) ' (baa(-1))) - e1)o(ar, ag—1y - B (br))

az)(-1)2)a (baa(—1))) - €1)o (a1, (az1(~1ya22(-1)) - B (b))

= (5 3 a22(0))5 3(522(0)))020(572(%1(0))(04 (a22( 121) (b21))

(@™

(
(
(
= (B *(a22(0)(0)) B (ba2(0))) 20 (B (a21(0)) (@~ (a22(0)(
(
(
(

= (B~ 2( 0)B” (b2(0)))020(572(%2(0))(@2(—1)21 '672(5)12))’

(@(—1)22b2(-1)) - c)o (B (an), (a12(-1yag(-11) - B2(b11))
= BN az0)(B72(b2(0)) 8" (€2)) o (a11, a(@ara(—1)aa(-1y1) -

U(am(o) (a2(71)21 : b12), (a2(71)2zb2(71)) : ﬁQ(Cl)),

B (bir))

then we can get 3(a) -5 (b, ¢) = (a5 b) -» B(c), i.e., -, is Hom-associative.
(2) We check that (,B, 3) is a left (H, o)-Hom-module algebra. Clearly, h-15 = e(h)1lp

for any h € H. Next we only need to check the identity & - (b -,
any h € H and b,b' € B. Indeed, we have

(h1-0) -5 (he-b')

= , U(hn - by, (h12110é(b2(—1)))5(h122) : ﬂ_l(hm : b/l))
BB (a(hiziz) - bao)) (has - b))

b) = (h1-b) o

=" o(hi by, (hag - ba) 1) - 87 (har - 01))87H (B ((haz - ba) (o)) (haz - B5))

= o - by, (a(haz)a(by-1)))S(a™ (hgs)) - 57 (har - 1))

B7H(B (ehazar) - bagoy) (haz - b))

= o(a  (hn) - by, ((a(harz)a(ba-1)))S(hag2)) - 87 (hay - b))

BB (haat - bagoy) (haz - b))
= U(a_l(h111)'b1,h112(04(b2( 1))5( (h122))) 8- 1(h21'

BB (ha21 - bagoy) (haa - bh))
= ola™ (hn) by, a(haie) - (((ba-1))S(a™ (haz2))) - B~
BHB ™ (hazr - bao)) (haz - b))
= o(a™ (h) b0 (i) - ((
BB (hi21 - bagoy) (haa - bh))

a(by(—1))S(a™ ! (h22))) -

b1))

?(ha1 - bY)))

B2 (ha1 - 1Y)))

) (hag - b))

1) - B72(b21)),

Aga(~1)22)Q” (522(71)))‘Cl)U(ah(am(fl)O‘ (a227 1)) - B” (bl))

(hy - b') for

BHB)) BT (B (eu(han) - bao)) (has - b))

=" a(by,alba-1))S(lnz) - 672 (har - 01)) 37 (B (@) - bago

= o(br,a (a(ba-1))S(hi2))har - B7H(B) 6B (@(har) - bao)) (has - b))
= (b, alby-1)(S(a (hia))a"  (har)) - B

= o(br,alby-1))(S(hai1)haiz) - B7H(01))B7H(B7 (A1 - baoy) (has - b))
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= (b1, ba-1) - B (01) (ha - B2 (b)) (2 - B (b))
= h-(b-, V),

the proof is completed.
Let v : B — K be a morphism in £YD, that is

v(h-b) = e(h)y(b), (2.10)
¥(boy)b(-1) = 7(b) 1, (2.11)
yoB=1v (2.12)

for all h € H and b € B.
If 7y is a normal and convolution invertible linear map in ¥ YD, with convolution inverse

v~ in BYD, the analogue of the operator D! is given in ZYD by

DY) (b,0") = y(b)v(ba—1y - B7O))y (B (bao))bh)
C2 () (B (babh).

For a morphism v : B — K in #YD, the laziness condition is identical to the usual
one: y(b1)by = b1y(be) for all b € B. Regk (B, [3) is a group in HYD.

Theorem 2.5 (i) For a normal left 2-cocycle 0 : B® B — K in YD, define 7 :
B*H ® B¥H — K by

b hb @) =olbalh) - 57 (H))eR), (2.13)

then @ is a normal left 2-cocycle on (B¥ H, ® a) and we have ,B#H =5 (B¥H) as
Hom-algebras. Moreover, & is unique with this property.
(ii) If 7 is a left 2-cocycle on (B¥ H, 3@ a), then o is a left 2-cocycle on (B, 3) in ZYD.

(iii) If o is convolution invertible in YD, then & is convolution invertible, with inverse

G @bV @K) =0 (ba(h) - B7HH))e(R), (2.14)

where o1

is the convolution inverse of o in ZYD.

(iv) o is lazy in £YD if and only if 7 is lazy.

(v) If 0,7 : B® B — K are lazy 2-cocycles in YD, then %7 = 7 * 7, hence the map
o — & is a group homomorphism from Z2(B, ) to Z?(B¥*H, ® a).

(vi) If v : B — K is a normal and convolution invertible morphism in ZYD, define
5:B¥H — K by

Y(b® h) =~(b)e(h), (2.15)

then ¥ is normal and convolution invertible and D'(y) = D(%). If v is lazy in #YD, then

7 is also lazy.
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Proof (i) It is easy to see that @ is normal. Since ,B#H is a Hom-algebra, we have

(B @ ) (b#h)) (7R ) (" #R")) = ((b#h) (V'#R) (B © a) (0" #h")). (2.16)

Applying e5 ® e to both sides of (2.16), then 7 is a normal left 2-cocycle on (B¥H, @ ).
We prove that the multiplication in , B#H and (BY H) coincide.

(b#th)(b'4h") =

(29)

b (hy - B7H))#a (ha)h

(b1, ba(—1y - (@™ (hnr) - B72())))
B72(ba(o)) (@™ (Paz) - B72(by))#a ™ (ha)

7 (b1, (a(ba-n))a™ (hi1)) - 671 (b))

B2 (ba()) (™ (haa) - B72(by))#a ™ (ha)

o (br, (a(ba—y)a™ (hi1)) - B7H(B)))e(by_y))e(h))
(671 @ ™) (B Hba)) (haz - B2 (b)) Fhalty

(b1 @ by(—1yh11, by @ by _yya”t(h)))

(671 @ ™) (B ba0)) (haz - B2 (b)) Fhalty

T (by ® ba(—nya " (ha), by ® by (hY))

(B~ @ a™) (B (bao)) (ha1 - 7% (b)) (haz) i)

(b1 @ by—ya (ha), by @ by e (hY))

(B~ @ ™) (B (ba0) @ ha)(B7" (biyq)) ® h3))

(b h), (0 @h)) (B @a ) ((b® h) (b @h')s)

(b h) 5l n).

The uniqueness of & follows easily by applying ep ® ey to the multiplications in , B#H
and =(B¥ H). We check that as follows

(e @ en)((b#R)(V'#H))
o

g

g

Q

(
(
(

by, («
b, (
B(b),h -V )e(R)

ba(h) - BH(b'))e(R)

a(by—1y)a " (ha1)) -
a(by—1y)a (ha1)) -

L)) (es @ em)(B7% (b)) (@ (haa) - B2 (b5))#a " (ha)h

B~
BH(BY))e(bao))e(haz)e(bh)e(ha)e(h')

(ep@e)((b®@h) 5 @n'))
= (b1 ®by—nya (), by @ by_yya " (hY))

(e @en) (B @ a™) (B (baoy) (har - 572 (byo))) ™" (haz) )
= (b1 @ by—rya (hy), by @ by _yyat (h))e(bao))e(har )e (b e (haz)e(hsy)
= F(B(b) ® a(h), B() ® a(R))

= (b hb @hn).

)



No. 5 Lazy 2-cocycle on Radford biproduct Hom-Hopf algebra 687

(ii) Let a,b,c € B and h,g,l € H, we have

7((a®h)1, (0@ g)1)7((a @ h)s(b@ g)2, (62 ® a®)(c@1))
= o((b®g), (c@D)a(8>®@a®)(a@h), (b g)a(c@1),).
Then

LHS = (a1 ®ayna ' (h),bi @ by—1ya™ (1))

o

(B~ (02(0)) ® ha) (B (ba(0)) © g2), B%(c) @ 1)
(a1 ® ag—1ya™ (7)), b1 @ by—ya ™" (g1))
(
(
(

I
Al 9 9

B 1(a2(0)(hz1 B72(ba0))) ® o™ H(haz)ga, B7(c) ® 1)
ay, (a(az—1))h1) - B (b1))
B~ (a2(0)(h21 B (52))a<h229)'5(0))6(l)

Q

o
and

RHS = ba—ye(g1), e1 ® ea—nya (1y))

a) @ h, (B (ba0)) ® 92) (B~ (e2(0)) © Ia))
ba(— 071(91)701 ® 02(—1)071@1))
)

o (
(52
(
7(8%(a) @ h, B~ (ba())(g21 - B2 (ca0))) © @ (ga2)la)
(
(B

2(—

(2.13)

bi, ((ba—1))g1) - B~ (c1))
?(a), a(h) - (B72(ba(0)) (g2 - B7%(c2))))e(l).

Let h=g=1= 1y, we can get (2.8).

(iii)
(Gxa HbRh b R
= (b1 @ by—ya” (l), by © blg(—1)04_1(h/1))5_1(5_1(172(0)) ® ha, ﬂ_l(blz(o)) ® h)
CIZI by, oo () - 87 (0))e(by1))e(hh)
o-lw-l(bz(o» <h2> B2 (b)) (1)
= olbibaey - (b B7305)0 M (B (bagwy), alhe) - B (By))(h)
(2.2)

= (oxo 1)(b704(h) BTHY))e(R)
= e(b)e(h)e(d)e(h).

(iv) Now let b,&’ € B and h,h’ € H and assume that o is lazy in ZYD, then we prove
(1.4) for @ on (B¥ H, 3 ® «) as follows:

RHS = G((b®h)s, (b 1)) (b@h)(b @),
= G(B7 (bao) ® ha, B7 (Vo)) @ hia) (b1 ® ba—ya™" (h1)) (by @ by ()

P2 (87 (bagw)), alha) - B2 (B0 (b1 ((baipa™ () - B71(1))
@ (™ (ba(—1)2) Pa2) (by_ 1))
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= (67 (bao)), a(h2) - B72 (b)) (b1 ((ba—1ypa”  (ha)) - B7H(BY))
@ (™ (by(—1)2)haz2) (by_1yh'))
= a(B7(baoy0)), alha) - B2 (b)) (01 ((lba(—1))a™ () - B7H (DY)
@ (™ (ba(0)(—1)) ln12) (Do 1y "))
= (B2 (ba0)(0)), haz - B2 (byy)) (b1 ((a(ba(—1y)ha1) - B (BY))
® (o (ba(oy(~1)) h21 ) (b _1)h"))
= U(ﬁ_z(bz(o)(o))7 hag - B~ (b/z(o)))(bl((a(b2(fl))h1) 'ﬁ_l(ba))
®(a™ (baqoy (1) (@ (har)a™ (B _y)))a(h'))
= 0(bao)(0), haz - b)) (D1 (((ba(—1))ha) - B7(BY))
®(a™ (bagoy(-1y)a”  (harbly_yy)) (k"))
=" a(Bb20)0)): (har - B(63))0)) (b1 (((ba(—1))ha) - 7))
@(a™ (baqoy 1) (((har - B(B5))(~1))has))a™ ' (R'))
= 0(B(ba0)(0))s (har - B(b5))(0)) (b ((ax(ba(—1))h1) - B7H(}))
@ (@™ (baoy(—1y) ™ ((ha1 - B(b5))(~1)))haz)a(h'))
= (baoy0), 87 (har - BY)) (o)) (b1 (1)) ) - 671 (V)
®((a™2(ba(0)(-1)) B~ (har - B(b)) (~1)) haz)x(R))
o (baoy, 87" (ha - B(b5))) (b1 ((a(ba—1))ha1) - B71(6))) ® (Lghas)a(R))
= 0o(ba ), a(hr2) - by) (b ((@(ba-1y) ™ (hun)) - B7(b1)) © hoc(R))
= a(B72(ba0)), (@7 (h1) - B72(1'))2) (ba(ba(—1y - (@™ (A1) - B72(D)1)
®hsa(h))
= (87 (bay)s (ha - B7H(1')2) (ba (ba—1) - B~ ((ha - 87 (V)1)) ® haar(I))

and

LHS = 3((b®h),( 0 @h)1)(b@h)2(b @h')s

= T(b1 ® by—nya (ha), b) @ by (7)) (B (ba(o) @ ha) (B~ (b)) © hiy)

=" a(by, alby-na~ (b)) - 71 (BY))

5(b’2(71))5(h/) (b2(0))(h21 B~ (b 2(0 ))) a_l(h22)hl2
= o(bi,by1y - (@7 H(hr) - B2(01))) B (bago)) (T - B7H(D5)) @ haa(R)
= (b, bary - B7H((ha - BHO))1))BT (Do) (ha - B7H('))2 @ hoa(R)

which proves that o is lazy.

Conversely, if @ is lazy, we have

F(b®@N)2, (V' @1 )2)(b@ D)1 (V' @E) =F((b@h)1, 0 @h)1)(b@Nh)2(0' @ 1),

=" (87 (ba)): (ha - B7H(B))2)ba(ba(—1) - B ((ha - B71()1)) ® haar(R),
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then we can get
(87 (ba(o)), (ha - B7())2) (ba(ba—1) - 87 ((ha - 871 (6))1)) ® hae(B))
= o(biba1y - BT ((ha - B7HY))1))BT (bao)) (ha - B (V)2 @ haar(R).

Applying id ® ¢ to both sides of the above equation and let h = 15, we get o is lazy in ZYD.
(v) Using (2.2) for the convolution in £YD, we compute

(ox7)(b@h,b'@N)
CL (54 )(b®a(h) “H()e(l)
D (i bay - (e - B2B))T(B (bago)), alha) - B (B)e(R)

Il
Q

(

(b1, (a(bz<-1>)h1) - BHBY)e (b 1))e(W)T (B (baoy ), cu(ha) - B2 (b ) )e(h)

(b1 @ by—1ya™* (ha), by @ by yya ™ (B))T(B7 (bago)) @ ha, B (b)) ® h)
a((b@h), (Y @KW)1)T((b® h)a, (b @ h')5)

= (@*7)(bh b Qn).

Ql

(vi) Obviously 7 is normalized, and it is easy to see that its convolution inverse is given
by ¥ ~'(b x h) = y71(b)e(h), where v ~! is the convolution inverse of v in Z2YD. Now we

compute
Di(y)(b@ h,b' @ I)
C=D D) b, alh) - B7HB))e(R)
= y)alh) B balalhs) - 571 (B5))e(H)
C20 )y (b)) (balh - 7 (B5)))e()
= y(b)eban)elhn )y (By)e(bh 1) )e(hh )y~ (B (bagoy (har - 52 (o))< (haz)e ()
= y(B)e(barn)e(h)y (B 1)e(r)T (8~ (bagoy (har - B2 (b))

! (h22) (hy)))
= (b1 @ banya (ha)JF(by @ by_yya ()T (B (bagoy ® ha) (B (b)) ® 1))
(b @ h))F((V @ h')1)7 (b h)o (b @ h')s)
D'(%)(b® h,b' @ h').

—
—
t

=

Hence we have indeed D!(y) = D'(¥). If 7 is lazy in #YD, then we have

F((b@h))b@h)y =" (b)) (b2 @ a(h))
= (b2) (b1 @ a(h))
=" (b)) (b1 ® bo(—1)h)
= Y(by0)))e(ha) (b1 @ by—1ya” ' (ha))
(87 (b2(0)) @ h2)(b1 @ ba—1ya™ ' (ha))
F((b® h)2)(b® h)1,

=2
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so 7 is lazy.

Remarks (1) Z?(B¥H,® a) is a group by Lemma 1.7.

(2) If 0,7 are left lazy 2-cocycles on (B, ) in £YD, we can get &,7 are left lazy 2-
cocycles on (B¥ H, 3@ &) by (i) and (iv). Then 77 is a left lazy 2-cocycle on (B¥ H, 3@ ).
Combining (ii) with (v), we have o * 7 is a left lazy 2-cocycle on (B, 3) in £YD.

By (2.13) and (2.14), we have 7' = o~ 1. If 7 € Z2(B¥H,f®a), theng ' =01 €
Z3(B¥H, ® a). Combining (ii) with (iv), then o~ is a lazy 2-cocycle on (B, 3) in ZYD.

In a word, the set of convolution invertible lazy 2-cocycle on (B, 3) in £YD denoted by
Z%(B, ) is a group.

Proposition 2.6 D' : Regl(B,3) — Z2(B,3) is a group homomorphism in £YD,
whose image denoted by B2 (B, 3) (its elements are called lazy 2 -coboundary in £YD), is con-
tained in the center of Z2 (B, 3). Thus we call quotient group H? (B, 8) := Z%(B, 3)/B%(B, 3)
the second lazy cohomology group of (B, 3) in £YD.

Proof It is easy to check that D' : Regl (B, 3) — Z%(B, 3) is a group homomorphism
in £YD. Now we prove B (B, 3) is contained in the center of Z%(B, 3).

For all v € Reg} (B, 3) and o € Z2(B, f3),

(0% D' (7))(b,0) o (b1, ba(-1y - B7(01)) D (1) (B (b0 ), b3)
= (b bay  BHO))IVBT (b20)2))v(bar)Y ™ (B (b2(0)2)b22)
( (1)
)

(2:2) ,1
= 0(br,ba-ry - BB (b2(0)2))7(ba2)y ™ (B (b2(0)1)b21)
= 0(by, (bar-nybaz(-1)) - B (b))
’Y(/Bil(b%(o)))’Y(b/zz)’Y 1(5 (b21 0)>b21>
by, a(bar(—1)) - B7H(67))7(ba2) ¥ (byo)y ™ (B (ba1(0) )by )
A7 bu), (b12( 1) - B72(010))7(b2)y(0o)y (67 (brzgo))bia)
001 (2) 7 ()7 (BT (bazo))bia)
b12)7 ™ (01 (bra(—1) - B (b11))) 7 (b2) v (b3)
bor )y~ 1(5(171)(521( 1) b))y (b22)v(bhy)
by (B(br) b1))v(b21)y

)

Il
q

= o(bi1, 512( 1

(B

( )

= 0(5_1(512(0))

= o(8 (bar(n),

= 0(B7 (baz(0))s Uaa) Y (B(b1) (baz( 1) b21)7v(b5;)

7 (ba(y, B(bH))y ™ (bar(a(ba—1y) - B (651)))7(br2)¥(b2),

(DY () % 0)(b,0") =" DU y)(br,ba(-1y - B7(07))a (67 (ba(oy), b

= Y(bi)y(@®(ba—1y) - BB (Br2(ba—1)2 - B7(])))

o (B (baoy), bh)

(1) a1y )Y O (Brz(ba-1y2 - 87 (012))) 0 (ba(oy, B(Y))
= (b )y () (brz(alba—1y) - B (b12))) o (B(bago)), B(D))-

Then o * D'(y) = D'(v) * 0. The proof is completed.

Proposition 2.7 If o is a lazy 2-coboundary for (B,3) in ZYD, then 7 is a lazy 2-
coboundary for (B¥H, 8 ® a), so the group homomorphism Z2(B,3) — Z%(B¥H,5 ®
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), 0 — @, factorizes to a group homomorphism H? (B, ) — H?(B¥H, 3 ® a).

Proof It follows immediately from (vi) in Theorem 2.5.

Example 2.8 Let A = sp{l4,z} and the automorphism 5 : A — A, [(1la) =
14,03(2) = —z. Then (A4, ) is a Hom-algebra with multiplication: 1414 = 14,142 = 214 =

—2,22 =0, and (4, B) is a Hom-coalgebra with comultiplication and counit

A(lA)Z].A@lA, 5(1A):1k)
Alz)=(—2) @14+ 14 (—2), e(z)=0.

Let H = sp{1g, g} be the group Hopf algebra with g> = 15 and A(g) = g® g,Sx(9) =g =
g~!. Then (H,idg) is a Hom-Hopf algebra.

Define - : H® A — Asuchthat 11y =14,1p-2=—2,g-14=14,andg-z=2. It
is easy to check (A, () is a left (H,idy)-module Hom-algebra and module Hom-coalgebra.

Define p: A — H ® A such that p(14) =15 ® 14 and p(z) = g ® (—z). We get (A4, 3)
is a left (H,idpy)-comodule Hom-algebra and comodule Hom-coalgebra. Then we can get a
Radford biproduct Hom-bialgebra (A% H, 3 ® id) (see [5]).

Define o : A® A — K by

g 1A z
141 1 O
z 0 s

where Vs € K.
Then we can check that o is normal left 2-cocycle on (4, 3) in ZYD, and o is lazy in
AYD. By Theorem 2.5, 7 is defined as follows

Iod 1la®1lyg 14a®g 21y 2Qg
1la® 1y 1 1 0 0
1a®g 1 1 0 0
z® 1y 0 0 s s
z®g 0 0 - -5

and 7 is a normal lazy left 2-cocycle.
Let v(14) = 1,7(2) = 0. Then v is normal and lazy in #YD. By Theorem 2.5, 7 is
defined as follows

¥ | 1u
14 1 1
z 0 O

and 7% is normal and lazy.
Example 2.9 Let KZ, = K{1,a} be Hopf group algebra. Then (K Z,,id) is a Hom-
Hopf algebra. Let To 1 = K{1,g,z,y|g°> = 1,2*> = 0,y = gz, gy = —yg = =} be Taft’s Hopf
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algebra, its coalgebra structure and antipode are given by

Alg)=9g®yg, A@)=zg+1l®z, Aly)=y1l+goy;
e(g)=1, e(x)=0, e(y)=0

and S(g) = g,5(z) = y,S(y) = —z. Define a linear map a : To 1 — T 4 by a(l) =
1,a(g9) = g,a(x) = —x,a(y) = —y. Then « is an automorphism of Hopf algebra.

So we can get a Hom-Hopf algebra H, = (T3 1,0 pup, _,, 15, _,Ap, 00 ep, ).
Define module action >: K7, ® H, — H, by

1KZQD1Ha:1Ha7 1Kz2l>g:g, 1KZ2D.’)3:—x, ].Kzzl>y:—y,

avly =1y, a>g=g, abz=—2, aby= —y.

Then by a routine computation we can get (H,,>, «) is a (K Zs,id)-module Hom-algebra.
Therefore, (H,#K Z3,a« ® id) is a smash product Hom-algebra.
Define comodule action p : H, — KZ5 ® H, by

p:Hy — KZy®H,, 1p, — 1kz, ® 1y,

9—1lkz, ®g, 2— —a®z, yr— —a®y.
Then we can get (H,, p,a) is a left (K Z3,id)-comodule Hom-coalgebra. Therefore (H, X
KZ5,a ®1id) is a smash coproduct Hom-coalgebra.

Then we can get a Radford biproduct Hom-bialgebra (H, 7 K Z,, a ® id) (see [5]).
Define 0 : H, ® H, — K by

c|l g x y
111 1 0 0
g1l 1 0 0
z|0 0 -s s
y|0 0 -s s

where Vs € K.
Then we can check that o is a normal left 2-cocycle on (H,,«) in YD, and o is lazy
in 2YD. By Theorem 2.5, 7 is defined as follows

T 1®1 1®a g®1 g®a z2R1 rzRa y®1 y®a
1®1 1 1 1 1 0 0 0 0
1®a 1 1 1 1 0 0 0 0
g1 1 1 1 1 0 0 0 0
g®a 1 1 1 1 0 0 0 0
r®1 0 0 0 0 - - ] s
r®a 0 0 0 0 -8 - s s
y®1 0 0 0 0 -s ] ] s
yRa 0 0 0 0 - - s s
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and @ is a normal lazy left 2-cocycle on (H, ¥ K Z,, a @ id).
Let v(1) = 1,7(g9) = 1,7(z) = 0,7(y) = 0. Then ~ is normal and lazy in #YD. By
Theorem 2.5, 7 is defined as follows

¥l a
11 1
g1l 1
z |0 O
y |0 O
and 7 is normal and lazy.
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