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SPATIALLY HOMOGENEOUS LANDAU EQUATION

WANG Yan-lin, XU Wei-man
(School of Mathematics and Statistics, Wuhan University, Wuhan 430072, Chma)

Abstract: In this paper, we investigate the smoothness effect for the Cauchy problem of
Landau equation with v € [0,1]. Analytic estimate involving time and analytic smoothness effect
of the solutions are established under some weak assumptions on the initial data.
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1 Introduction and Main Results

In this paper, we study the Cauchy problem for the spatially homogeneous Landau
equation, and investigate the analytic smoothing effect and moreover establish the explicit
dependence on the time for the radius of analytic expansion. The Cauchy problem for

spatially homogeneous Landau equation reads

of =, < / oo v )V () - f(v)va(v*)]dv*> ,
£0.) = folw).

where f(t,v) > 0 stands for the density of particles with velocity v € R? at time ¢ > 0, and

(1.1)

(a;;) is a nonnegative symmetric matrix given by

V;U4
aij(v) = (%‘ - U;) Elass (1.2)

We only consider here the condition v € [0, 1], which is called the hard potential case when
v € (0,1] and the Maxwellian molecules case when v = 0. Set

3
c= Z aijaij = _2(7 + 3) ‘U|’Y

4,5=1

and
a;j(t,v) = (a;; = f) (t,v) = / a;j(v—v.)f(t,v.)dv., €=cxf.
R3
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Then the Cauchy problem (1.1) can be rewritten as

3

0 = _i’a'u,ﬂv,v —cC 5
i f mZ::lag o [ —¢f (13)

f(0,0) = fo(v).

It is well-known that the Cauchy problem behaves similarly as heat equation, admitting
smoothing effect due to the following intrinsic diffusion property of the Landau collision
operator (c.f. [1, 2])

VEERY, Y ay(t,0)ed; = K(1+ o) ).
1<i,j<3
There were extensive work to study the smoothing effect in different spaces. It was proved
in [3] that when v = 0, the solutions to (1.3) enjoy ultra-analytic regularity for quite general
initial data; that is statement of results in [13].

As far as the hard potential case is concerned, it seems natural to expect analytic
regularity (see [5]), since the coefficients a;; is only analytic function. This is different from
the case v = 0, where the a;; are polynomials and thus ultra-analytic. We mention that in [5]
the dependence on the time ¢ for the analytic radius is implicit. In this work we concentrate
on the analysis of the explicit behavior as time varies. Our main result can be stated as
follows.

Theorem 1.1 Let f; be the initial datum with finite mass, energy and entropy and
f(t,v) be any solution of the Cauchy problem (1.3). Then for all time ¢t > 0, f(¢,v), as a
real function of v variable, is analytic in R3. Moreover, for all time ¢ in the interval [0, T,

where T' is an arbitrary nonnegative constant, there exists a constant C', depending only on
My, Ey, Hy, v and T such that for all ¢ > 0,

tel)o° £(t, v)ll 2@y < CHH(lof = 2)1],

where « is an arbitrary multi-indices in N3.

The Landau equation can be obtained as a limit of the Boltzmann equation when the
collisions become grazing, cf. [6] and references therein for more details. There were many
results about the regularity of solutions for Boltzmann equation with singular cross sections
and Landau equation (see [7-9]) for the Sobolev smoothness results, and [10-13] for the
Gevrey smoothness results for Boltzmann equation. And a lot of results were obtained on
the Sobolev regularity and Gevrey regularity for the solutions of Landau equations, cf. [2, 4,
10, 14-16] and references therein. In this paper, we mainly concern the analytic smoothness
of the solutions for the spatially homogeneous Landau equation. Recently, Morimoto and
Xu [3] proved the ultra-analytic effect for the Cauchy problem (1.3) for the Maxwellian
molecules case, i.e., f(t,-) € AY?(R%). Chen, Li and Xu [5] proved the analytic smoothness
effect for the solutions of Cauchy problem (1.3) in the potential case, which need a strict

limit on the weak solutions of Cauchy problem (1.3), i.e., sup || f(¢, )|z < C with ¢y > 0
t>to
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and C depending only on My, Eqy, Hy, v and to. Here we refer [5] and prove the analytic
smoothness effect for the solutions of Cauchy problem (1.3) in the potential case without
strict limit of solutions. And then we give a relatively better estimate form of f(t,v).

Now we give some notations in the paper. For a mult-index o = (a1, aa, v3), denote
laf = a1 +az + a3, ol =alaslag!, 0% =0,10,20;".

We say B = (61, 02, 083) < (a1, 0,03) = a if §; < o for each i. For a multi-index o and a
nonnegative integer k with & < |o|, if no confusion occurs, we shall use « — k to denote some
multi-index @ satisfying @ < « and |&| = |a| — k. As in [2], we denote by M (f(t)), E(f(t))
and H(f(t)) respectively the mass, energy and entropy of the function f(t,v), i.e.,

= [ teodo By =3 [ el a

1) = [ 1(t.0)10g ft.0)do,

and denote My = M(f(0)), Eo = E(f(0)) and Hy = H(f(0)). It’s known that the solutions
of the Landau equation satisfy the formal conservation laws

M(f(t)) = Mo, E(f(t)) = Eo, H(f(t)) < Hp, Vt=0.

Here we adopt the following notations,

1

9 s/2 P
o ste ez = ([ onsor (1417) ") oz,
£ G = D 0" (D)3

lo|<m

In the sequel, for simplicity of representation we always write || f(¢)|| » instead of || f(¢, -)

Before stating our main theorem, we introduce the fact that in hard potential case, the

existence, uniqueness and Sobolev regularity of the weak solution was studied by Desvillettes-
Villani (see Theorems 5-7 of [2]).

We also state the definition of the analytic smoothness of f as follows.

Definition 1.2 f is called analytic function in R", if f € C*°(R"), and there exists
C > 0,Ny > 0 such that

10%f||> < Cl*Flal, Va € N, |a| > N,

Starting from the smooth solution, we state our main result on the analytic regularity
as follows.

Remark 1.3 If f(¢,v) in above still satisfies that for all time t, > 0, and all integer

>0, sup || f(t,v)||g» < ¢ with ¢ a constant depending only on Mo, Eo, Ho, 7, m and to.

=to

Then for all t > 0, f(t,v), as a real function of v variable, is analytic in R3 (see [5]).
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Remark 1.4 The result of Theorem 1.1 can be extended to any space dimensional case.
The arrangement of this paper is as follows: Section 2 is devoted to the proof of the
main result. In Section 3, we present the proof of Proposition 2.3 in Section 2, which is

crucial to the proof of main result here.

2 Proof of Main Result

This section is devoted to the proof of main result. To simplify the notations, in the

following we always use > to denote the summation over all the multi-indices 3 with
ENJEIN
B <pandl < |B] < |p|. Likewise > denotes the summation over all the multi-indices
IENJEN R
B with 8 < pand 1 < |B] < |p| — 1. We begin with the following lemma.

Lemma 2.1 For all multi-indices p € N3, |u| > 2, we have

S I <24 51
1<ﬁ§u—l Bl = 181) ~ (2.1)
and y
# < 24. 9.9
1<|ﬂz<|:u|—1 BE (el = 161)? (2:2)

This lemma was proved in [5].

Next, we introduce the following crucial lemma, which is important in the proof of the
Proposition 2.3. And the detailed proof of this lemma was given in [5]. Throughout the
paper we always assume (—i)! = 1 for nonnegative integer i.

Lemma 2.2 There exist positive constants B, C7, and C5; > 0 with B depending
only on the dimension and C;, C5 depending only on M,, Fy, Hy, and 7 such that for all
multi-indices p € N with |u| > 2 and all ¢ > 0, we have

d

S0 @I + GV, F ()]
<Culul 7,07 £ (D)2

+C Y UV I W) - V.08 )z - (G ()]s

2<8I<ul
+Cy Y COF®)llz - V0" Oz - (G ()]s,
0<|BI< ]l
where Cf = (af,bﬁ!)!ﬁl is the binomial coefficients, [G(f(t))]. = [|0¥f(t)||z2 + B“I(Jw| — 3)!

and p — [ denotes some multi-index i satisfying i < p and |f| = |p| — 1.

Proposition 2.3 Let f; be the initial datum with finite mass, energy and entropy and
f(t,v) be any solution of the Cauchy problem (1.3). Then for all ¢ in the interval [0, 7] with
T being an arbitrary nonnegative constant, there exists a constant A, depending only on
My, Ey, Hy, v, and T such that the following estimate

: }
sup 1[0 (e, 0)lze + ([ TS O d) < AT ol -2 (23)

t€l0,T 0
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holds for any multi-indices o € N3.

This proposition will be proved in Section 3.

Now we present the proof of the main result.

Proof of Theorem 1.1 Given T > 0, for any multi-indices «, using estimate (2.3) in
Proposition 2.3, there exists a constant A depending only on My, Ey, Hy, 7, and T, such
that

sup 1|9 (¢, v)|| 2 < A [[(a] - 2)1],
t€[0,T

since
1

T 1
([ e=iv.0m i) >0
0

holds for any 7" > 0 and any multi-indices «. In addition, for each ¢ in the interval [0, T
with T' > 0, one has

telo° f(t,v) e < sup V0% f(t,0) ]2 < AFH|(al - 2)1).

t€[0,T
The proof of Theorem 1.1 is completed.

3 Proof of Proposition 2.3

This section is devoted to the proof of Proposition 2.3, which is important for the proof
of the main result.

Proof of Proposition 2.3 We use induction on |a| to prove estimate (2.3). First,
when we take

A= sup [|f(t,v)llr2 + T sup |V.f(t)]zs,
t€[0,T te[0,T]

it is easy to find that estimate (2.3) is valid for |a| = 0.

Now we assume estimate (2.3) holds for all |a| with |a] < k — 1, where integer k > 1.
Next, we need to prove the validity of (2.3) for |a| = k, which is equivalent to show the
following two estimates: for any |a| = k,

1
sup 112107 f(t,0) |12 < 5AH (o] - 2)] (3.1)
t€[0,T]
and
r 3 1
([ 2o solsd)” < 3ae(al - 21 (3:2)
0

To begin with, we prove estimate (3.1). By means of Lemma 2.2 in Section 2, we obtain
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that

d

107 @Oz + GV 0 F (D)2

<Cala?|| V.0 f (1)1

+Co Y ORIV IOz - IV T ()22 - [GU(0))]5-a

2<|BI<|e]

+Co Y ORI Oz - V0 (@)l z - [GU(E)]amp-

0<|BI< ]

Rewriting the last term of the right-hand side of the inequality as

Coll fO)llzz - Vo0 f ()2 - [G(f(1))]a
+Cy Y CHIO D)z - IV,0° (@) l2z - GO ()]s

1<[8I<]al

we get the following inequality

L0 (1) Is + LIV T
<Cala 9,07 £ (1) s
£ CllF s - 19,077 Ol - G
+Cy > CRIVL T W)l - V0T (1) 2 - (G (1)) 52

2<IBI< el
+C2 Y RO Wl IV F(B)llzz - (G ()]amp-
1<|8I< ]l
We multiply the term #2/¢l in the both sides of the equality, leading to new inequality as

follows
d

= 2lel g 2 2|a o 2
S (0 £ 1) 3:) + Ot [9,07 £ (1)

<2laft? [0 F ()17 + Cat? o[ V.0 f ()12
+ Gt f(O) |2 - V0 F D)2 - [GUF(1)]a
+Cot?h N GV O TP ()2 - V00 () 2z - [GUF (1)) 52

2<|BI< e

+Cot??l N RO Oz - IV ()2 - [GU(E)]amp-

1<IBI<]al

Integrating the inequality above with respect to t over the interval [0,T] to get that

T
Celo SOl + [ C VL0 O di

0

T
< / 2la] 2111 0° ()2 dt
0
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T
+ [ Cat P 9.0 10 b
T
+ / Cot? | (1)1 - [V00° " F ()12 - [G(F (1))t
T
+ / Cot2el ST GV I @)z - 9,0 (D)lnz - [GUF()]adt
2<|8I< ]|
., B8
+ / Cat?el ST COOP FO)aa - Va0 F D)z - (G )] .
1<[8]<] o]

o)) 4 (S) + (S3) + () + (S5).

As a result, one has
£210110° F(£)[|122 < (S1) + (Sa) + (S5) + (Si) + (Ss),

since the fact that

T
/ Cyt2el||V,0% F(t)]|22 dt >0
0 v

To estimate these terms from () to (Ss) for all |a| = k, we need the following estimates
which can be deduced directly from the induction hypothesis. The validity of (2.3) for all
|a] <k — 1 implies that

sup 19 f(t.v) 2 < A (ol = 2)),  0<lal <k -1, (3.3)

te[0,T]

T 3

(/ BT, (1) [3dt) " < AP (o] = 2), 0<lal <h-1, (34)
0 Y
and

T 3

(/ 2o f(1)|3dt) " < Aol = 3)),  0< ol <, (3.5)
0 Y

where A depends only on My, Ey, Hy, v and T. Inequality (3.5) follows from estimate (3. 4)
and the fact that [0 f(t,v)|z2 < |V, 00 1 f(t )22 for any multi-indices o with 1 < [af <

For simplicity of presentation, we set

[G(ft))rw = sup 1|0 f(t,0)l|z2 + TIB[(Jw] - 3)!). (3.6)

te[0,T]

Consequently, if we take A large enough such that A > T'B, then utilizing (3.3)—(3.6) with
the fact [|0“f(t,v)|[z2 < [|0“f(t)[/12, one has

G (1)) < [GUF )7 < 24 (] = 2)1,0 < |w| <k —1 (3.7)
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and
T T
/ 2RUG(F ()2 dt = / £210[10% £(8)]1 2 + B¥ (lw| — 3)12 dt
0 0 -
S 2/ 210 F(1)|122 dt + 202 B2 [(|w] — 3)1]?
0 T
S 2T2/ 2211720 £ (1) 2. dt + 27211 B2 (] — 3)1]2
0

< 2T2A2‘°"[(|w\ — 3)!]2 + 2TA2|“’|[(|w| — 3)!]2
< Cr A2l (jw] = 3)2,  0< |w| < k.

That is,

(/ LG )Ed) | < CraP (el - 3110 < ol <, (3.5)

where Cy and Cr depends only on My, Fy, Hg, v and T. Now we are ready to treat terms
(S;) with |a| = k for 1 < j < 5. In the following process, we use the notation C;, 3 <i < 14
to denote different constants which are larger than 1 and depending only on My, Ey, Hg,
and T. Using the fact |0 f(¢,v)[[r2 < [[V,0¥ f(?)[|r2 and (3.5), we can show that

T T
(1) = [ 2l or o)1 de < 2ot [ 20 o)
0 . 0 )
<2alT [ BRII9,007 @) di < Calal (471 [(al - 1)
0

< ¢y (4°I[(lal ~2)1) (39

which is sound for all |a| = k.
Next, by virtue of (3.4), one has

T T
(2= | CutllaP 9,00 £ e < CalalPT? [ £101729,0° L £ e
0 5 2 02
< Gslal? (Aol = 3)1) " < Co(A/[(a] = 2)1]) . (3.10)

To estimate term (S3), by means of (3.4), (3.8) and Cauchy inequality, we obtain

(Ss) = / Co | F (1)1 - 907 £ (1) 12 - [GUF(E))]o

N

< sup [15(0)lzs / R R R / G

tel0,T

< AP (o] - 3)1) - A [(|a] - 2)1

< 07(Ala\[(|a| - 2)!])2, (3.11)
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where C7 > CoT sup || f(¢)]|r2.
te[0,7] 7

Now, we present the detailed estimate of term (S4), which makes full use of estimates
(2.1), (3.4), (3.7),

(54)=/ Cot®l Y ORIV P (@)lle - V00 F(O)ez - [G(F(1))]p—adt

0

2<[81<]ol
T
<02T2/ g2lel=2 Z CHIVO* P f ()2 - IV00* F ()|l 2z - [G(S (1)) p—2dt
0 2<(8I<] e
’ T
<Cs Z Cg[G(f(t))]T,,B2/ 7,00 P ()2 - (V00 ()| 2 it
2<|I< e 0
<o Y GGG s
2</81<]ol
’ 2(Jal—|B1+1) —B+1 3 4 2a|—2 1 3
(f ¢ 9,005 0llzt)” - ([ #2907 1Oz
! 11-1 ol 181+2 ol
<C. oy — A — 18 -1)4 —3)!
<< 3 A 0040 (Jal = 181 = D4/ {(Ja] — 3)1
<CoA{Al°] — )2 B 1
<Ol =2 D BTy
<C1oA{A[(Ja] - 2)1}>. (3.12)

Similarly, owing to estimates (2.2), (3.4), (3.5), (3.7), and Cauchy inequality, we obtain

(Ss)=/0 Cot®l N7 OO f(D)lez - [V,0° 7 F ()22 - [G(S ()]s dt

1<18]< e
<G Y CUCU W) ras

INJEINET

([ e snusa)’ ([ ee=1eo= o lsa)

al! o al—|8]+1
<n Y Mmamwm (o] — 3)AR11 (o] — 1] - 2)1

1<IBI<al

<CrA{A[(Ja] — 2)11}{ % iy
1<ﬁ§o¢|1 1813 (la] = |B])

<CuA{A"[(Ja] - 2)1}%. (3.13)

Consequently, it follows from the combining of estimates (3.9)—(3.13) that

5

207 f(1)[17: < ) () < CraA{A[(|a] - 2))2. (3.14)

Jj=1



484 Journal of Mathematics Vol. 39

Taking A large enough such that

A > 4max{TB, Ci4, sEup lf(t, o)z + T S[up |V, f(t )H%%},
tel0,T
we obtain finally t21°[|0° f(¢)[|2. < {$Al*[(|a| — 2)!]}?, Vt € [0,T], where A depends only
on My, Ey, Hy, v and T. That is, the proof of estimate (3.1) is completed.
Now, it remains to prove estimate (3.2), for |a| = k, which can be handled similarly as

the proof of estimate (3.1). Reviewing the process of the proof of estimate (3.1), we can find

T
BRI O + [ Cat V.0 ) dt

0

T T
<[ 2lale o s Ol e+ [ CafaPIV,0T O
0

0

ot f O)llzz - 900 (D)2 - [G(F )]t

ENEIN ]

Cot®el N 7 ORI f(Dez - V00 F(#)ll 22 - [G(f (E)]ap dt.

1<[8I< el

<,
T

" / Gl 3" RV, I F ()1 - V.07 £ (1) 2 - (GO (8)] ool
0
T

o,

:ef(Sl) + (S2) + (S3) + (S4) + (S5).

Mm

T
Using the fact that t211||0“ f(¢)||2. > 0, we have / Ci 21|V, 0% f(t ||L2 dt <

0 ]:1
virtue of (3.14), which leads to

T
Ci [ PRI9.0° (O dt < CuudfA™ [(Jal - 21
0

Taking A as above, together with the fact that A > 4%114, we obtain
T 1
|0 £ de < AR (ol - 20,
0

namely, estimate (3.2) is valid. The proof of Proposition 2.3 is completed.
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