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Uy — Au+u = |u|* " u— |u\ﬁ_1 u, TEQCR",
ule =0, T =00x[0,T], (1.1)

u(x,0) = ug (x),us (2,0) = uy (),

Hru =wu(t,z) £REERE, A2 Q L1 Laplace 51, Q & R® HarAREAR T ME
Fi, 1<B<o,a=0+2 Ha RFH ZHn>2M 1<a< 2 Hn <20,
1< a<oo.
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ug —Au+T(x)u+u+u, =h(z),z€R",

u (0,2) = uo, (1.2)
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Uy — Au+u=u?+u € R",
U(O,iL’) = Uo, (13)

uy (0,2) = uq,
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fey 7 R SRAR A 2, T3 o T4 A 00 ch R SO B 0, 1692 95 SR BE R I R, 75
TARTSD SR FIAE T AT, FLSCHR (9] BEAT 5 By Al L T R R B I AR
[ A i, St A SR BT .

2 BHRE

Xfue HY(Q), n <6, XU NERIZH

1 1 1 o
1 1 1
= §a(u)+ﬁ+1bl(u)_a+lb2(u)'

€SI
Wy = {uEHl(QHa(u) > by (u) — by (u), J (u) <d}U{O},

ESIVENEZ B S

WQZ{’U,GHI(Q)|G(H)<b2(U)*b1(’U/),J(U)<d},

Horr
d= inf sup J (A\u 2.1
ueHl(QLu#O,\z% ( ) ( )
NBHIREE.

NTCKHIER d 462K T 0, BPA a0~ 5] 3.
SIFE 2.1 #d H (2.1) RAH, W d > 0.
W A >0 K

1 1 1
J () = §A2a (u) + m)\f’“bl (u) — a—HAa“bg (u),

FERE) J' () = Aa () + Nby (u) — Aby (u) = 0 FFTEFHR.
THEHHEY J' (\u) = 0 fAEIER, £

FO) =a(u)+ N1y (u) — X 1by (u),
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EER] f(0) =a(u) >0, 29X — +oo I, f(A) — —oo, Bl A E B IRAFAE AR Ao,
153 f (No) =0, B

a(u)+ Ay 'bi(u) = A§T'ba(u),
1 1 1 1

J0ou) = 22 [(2 - /3+1> o) + (W - a+1> Ae1h, (u)]
> (; _ 51+1> a ().

a(u) _
N7y (u) - b2 (u)

T Qou) 2 (i "3 -1+ 1> (Agal(l::)(u) * z; EZD a()
by

1 1 (u)
> (5= 51) e
A 1 (Q) < oo (u N Q) Lebesgue M), H B < a A

XA

L () = A ),

FIrA

a+1 a+1

T « ~B¥1 — 1); —
lull sy < Co lltll posnay > b7 (u) < CPFby (u), by 77 (u) > €7 Vb5 (u),

) = () (7)) = o (),
1 1 3 1b2§ﬁ (u) (11 N s a(w
# o) 2 <26+1) Oy W= <2 ﬁ+1) cr b () (22)

T HY(Q) AR Lo (Q), F ([l o) < Co ull o)y 85 (2:2) A

1 1\ ot
> - ——
J(AO“)—<2 5+1> C2 >0,

ED d > 0, ;H\:EP C1, C2 j‘jhr%'ﬁ
3 MAEE

N T AT B AR AT AL R 1) 26 A, X — R EA R W, Wa. HEROR, BRI H a0
TEHEY a(u) > by (u) — by (u) BREMT Ao (u) > 1, a(u) < by (u) — by (u) HREMT
Ao (u) < 1.

LW = {ujuec H (Q),J (u) <d)}, ﬁﬁﬁw%lﬁ.

51 3.1 W=W,UWy,, WiNW, =

E W NnW, = @ 2 BRK. %?EEHLEHE W = W, U W,y ks b, H B
W C Wi UW,. BHEE]J (Aou) —ili}gj()\u),/\o( u) =1 %M T a(u) = by (u) — by (u) > 0.

JH:, 7—%‘ /\0 (U) = 1, )I_\”Jﬁ
J(u) =J (Ao (u)u) =supJ (Au) > d.
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TR, HueW,u0, M X (v) #1FNT a(u) # by (u) — by (v). XEKE uwe W, \ {0}
5w e Wy, Bl W C Wy U Wa.
(RETEE) ¥ up,us € (G S C HY(Q) MES), W (1.1) RIOMF u (t,z) € S, LS 1Y
i R (1.1) IR AR AR,
3138 3.2 # .
E(0) =5 [url 720y + 7 (uo) < d, (3.1)

W)Wy Wy R (1.1) AR,
E R E
3 [uell 72 + 7 (u) = E (0) < d, (3.2)

KEIRAT w € W IBHIL u (,0,u0,u1) LA u (t).

(1) 4 uo € Wy, FTBM u () € Wi ML, WAFEE to > 0, 1F8 u (to) ¢ Wi —J7
i, B u(to) € Wo; B—J51H, BN a(u(t)), by (u(t)) F by (u(t)) KT ¢ FESE W, f1 W,
(52 S, RAFAERSTE] (0 < t* < o), #1175

a(u(t?)) = by (u (")) = by (u(t)).

Eoauwt)) #0, W X (u(t) =1. B J(ut*)) >d, Bl u(tr) ¢ W, X5 (3.2) XF
J&.

Fraut)) =0, KO < a(u(t) < ba(u(t)) —b(u®), Xtr <t < ty, H
tliglJra(u (t)) = 0.

?'\ji—'l?<n§6|ﬁ,1<oz§%; M n <20, 1<a< oo, KItH Sobolev ik ANANEE
Wil

b () = b1 (0 0) _ ity (™5 541 (g () 5

pargass
by (u(t) = by (u(t)
1) B

AT JE U u (L) € Wi,
(2) & ug € Wy, ATUIT u (t) € Wo. AL, BIFELE to, 1453 u (to) € Wy, WIAFLE
t, 5115 a (u (%)) = by (u (t*)) — by (u (%)) (0 < t* <to), HXF 0 <t < t*, u(t) € Wh.
EHHREIE a(u(tr) =0 WG, —J5H, B a(u(t)), by (u(t)) Flbo (u(t) KTt #
o, WA
lim a(u(t)) =0.

F—I7 M, BT 0 <t < t*,u(t) € Wo, Ma(u(t) #0,a(u(t) <bs(u(t)—b (u(t)),
0<t<ts (1) %

by (u (t) — by (u(t))) o+l (4 (4)) BHL (4 (u) 5
1< (e () <O (a(u) T +Cy (a(uw) 7,

R
. ba(u(t) = by (u(t))
1< lim «(w(®)
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SRR AN T BE K.
oa(u(t) #0, W5 Q) HERKRA J(u@)) > d, X5 (3.2) XF7JE. Frbl

4 FRNBAEGAEMRBRISENT

B SWILRRER £ (0) = d B R A7 A0 RN BRI 1) 25 A

EIE 4.1 % E(0)=d, up € H' (Q), uy € L* ().

1) % a(uo) = by (ug) — by (ug), H a(ug) # 0, W& (1.1) FFIEBIKT M u(t,z) €
C ([0, 00); Hy (), e (t,x) € C([0,00); L* () .

2) # a(ug) > by (uo) — by (uo) B a(u) = 0, WG (1.1) fF7ERIKITEM u(t,z) €
C([0,00); Hy (V) , u (t,x) € C([0,00); L* () -

3) % (ug,ur) > 0, a(ug) < by (ug) — by (uo), MIFIEE (1.1) FIMFAEA PRI 7] Py A8, B A7
ERHT > 0, 143 lim. [ull72 0y = +o0.

E M (uo,un) < OB, B E JJuol| 7o) < 18l72i0 (@ A (1.1) RIGFEEE) EASLME, 7
HLATIE, F B R

UE 1) 5 a(uo) = ba (uo) — b (uo) H a(ug) #0. % {w;(x)} & H' (Q) BI— I, Wik
) (1.1) BB w,, (¢, ), 8143

U, (t, ) = Zgim (t)w; (), m =

(Uit ws) — (AumnWS) + (U, ws) = (lum|a_1 um7ws> - <|um‘ﬁ_1 umaws> , (4.1)

U (2,0) = Z ajmw; (z) — ug (x), £ H'(Q) H, (4.2)
Ut (2, 0) ib]mwj — uy (x), 78 L* () . (4.3)

¥ (4.1) N5 g, I, FFRT s KRB

1d 1d 1d
2 dt || mt”L?(Q 2 dt ||vum||L2 () + = 9 dt ||umHL2(Q)
. 1 d a+1 1 d B+1
T oa+1ldt e m||L”+1(Q) ﬁ+1@|| m||LB+1(Q).
KTt Roris
1 : B+1 1 atl
5 ||Umt||L2(Q HVUmHL'z o T5 HUmHLz(Q m ”umHL[H—l(Q) Tar1 ||um||La+1(Q)
! 1 2 1

1
=5 lttme (O)lI720) +*||Vum( Mz2g0) + 5 1t (0) 20y — et (Y1721

B+1
[t (O )HL/H—l

a—+1

+
B+1
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1
5 el 7 (2) + J () = B (0) =d, 0<t<og

E U (0) S Wl,

1 2 B+1 1 a1
J (um) =3 ||Um||H1(Q) t o ﬂ+1 [u m||/3+1 T atl [|u m||La+1(Q)

/11 1 1 ot
“\2 7 551 ||Um||H1(Q)+ B+l a+l [t ([ 7a1(q)

(@ (um) = ba (um) + b1 (um))

+

B+1
B—1

2
>— .

T A

1 B-1
3 Huth2L2(Q) <d, J(up) < <d,

= m HUMH?P(Q)
Bl w (t,z) € C([0,00); H} (Q)), us (t, ) € C(]0,00); L? (2)) .
2) 45 a(ug) > by (ug) — by (uo) Ba(ug) =0, ALK&
a(u(t)) > bz (u(t) — b (u(?)) (4.4)

B a(u) =0, WKt >0 KT
SEbr b, WRAFAE ¢, 815

a(u(tr)) > by (u(tr)) = by (u(tr)), (4.5)
MAHET a(ut)), by (u(t)) F by (u(t)) KTt FEL, WAFLE to, 1113
a(u(to)) = b2 (u(to)) — br (u(to)) (4.6)
HE
a(u(t)) <bs(u(t)) —by(u(t)), (4.7)

X to <t <ty BRI

HT a(u(ty)) #0 H a(ug) # ba (ug) — by (ug), FTEAE u (t) 2 u (to), X 0 <t <ty BT
L) =u(to—t) # ulto), WMo (0) = ult), v(te) = v, v¢ (0) = lim —uy (t — to) = 0, v (t)
W

_Av+v:|v|aflv_|v|ﬁf1v 2 (0) = u(to). v (0)=0.

AR (10) DL LRG0, SCRIARIME 7. (KU (4.6) SURATRY, A1) 19
WEBTR u (t,2) € C ([0,00); HE (), us (t,7) € C ([0,00); L2 ().

3) 5 2) BHEBZRAL, 45 a (uo) < by (uo) — by (ug), AT AW

@ (1) < by (u (1) = by (u (1) (48)
S (1)) = el + b2 () = by ) — 0 ). (49)
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5 (o) > 0, WAEEERER to > 0, 658 (u(t0) e (10)) = & (I (t0) ) = 0. 5285
L% (Hu(t)nim)' —2(u(t),u (1) <0, t (4.8) A (4.9) KA
[ [l + 020 =0 0 00 < (o)
X ¢ > 0 L, 1
[ [l + 02 0 =0 ) - ] ar
AT, B

tiiinoo ”utHi‘Z(Q) = 0,
Jim (b () b () ~a(w)] = 0,
tl%gloo,](u) = d,
. ) 2 2
tl}?oo (b (u) — by (u) —a(u) +2J (u)] = tlleroc [(1 — a—|—1> by + (6—1—1 - 1> bl]
= 2d.
R 1 1 1
J (u) =50 (u) + mbl (u) — ozi—i—lbz (u)
1 a—20+1
=—a(u) + Z(ﬁ—l—l)bl (u) + [2<5_ 1)(a+1)] by (u)
1 2 2
s | (1 g )+ (5 - 1) ]
Fr LA

oo | 2 2(8+1) 26—1)(a+1)  a+1 3—1

H a (u), by (u), by (u) > 0 HIXFAR ¢ > 0, a(uw), by (u), by (u) AR, B3 3.2 FIEH %1
FAETFI {ti} iy .. fEAR Jima(u(t) =0, N H (4.8) A

1im{1a(u)+ ! bl(u)+[ a-26+1 | 1 ]bg(u)}:ﬁd.

alul) > : !

1> bg (U (tl)) — bl (U (tz)) B Cfé""la (u (t»)an1 + C§+1a(u (tl))T

FSRF AT TRIGE 1> 0, 688 (o)) 2 0 B8 (o OlFaay) >0
STRTA Mt > 0 Jor, ks (Hu(t)||i2(m)/ >0, %t >t MR GEL >, 5

lu (8)][72 gy > 224D E(0). B

(le®a@) > B+ 3l (4.10)
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> (843) [lu )32 el 320 = (. )?] (4.11)

(IIu(ﬂHZ%)H _ _3 lu ()20 [<||u(t)||2Lz(Q))” - i(lIu(t)llizm))/} <0,

3>t B> b, (Old) = ~5lu@l e (le@iieg) < 0 %
t2 o, u )l RBRBMEL, WIAET < +oo, (5 lm [lu(®)l|4q) = 0, 1
tLiTTﬂf [|u (t)||2L?(Q) = +oo.

HW U WIIREE R F (0) < d I AR EEARATAE RURR 1 2545

4.2 ik n<6,0< E(0) <d,uo € H' (), uy € L*(Q),

1) # a(uo) — ba (ug) + b1 (uo) > 0 (B a(ug) — by (uo) + by (ug) = 0), WITEE (1.1) A%
RS u (t,x) € C([0,00); HY (Q)), us (t,x) € C([0,00); L? (2)) .

2) i a(ug) — ba (ug) + by (ug) < 0, WA (1.1) BIAELEA PRBS 18] R0

E 1) A 4.1 H1) BHER, # E(0) < d, a(ug) — by (ug) + by (ug) > 0 A

1
3 [t |72 () + T () = B (0) < d,0 <t < o0,

57
1
5 [url 720y + 7 (o) = E(0) < d,0 < t < o0,

Jt A J(Uo) <d, XH a (Uo) — by (Uo) + b (Uo) > 0, 15 up € Wh. X T 78 5 K m, H
% el 22y + 7 () = E (0) < d,0 < £ < o, (4.12)

H u, (0) € Wi [F5IEE 3.2, 1 (4.12) XX TR K m F10 <t < oo, A LLIEH
um(t)EW1 H

1 2 ]. B+1 1 a+1
J(um) = ) ||Um||H1(Q) + B+1 Hum||Lﬁ+1(Q) T a+1 Hum||La+1(Q)

1 1 9 1 1 i1
— (2 Tar 1> H’LLmHHl(Q) + (B‘H — a+1) ||um||Lg+1(Q)

(@ (um) = by (um) + b1 (um))

+oz—|— 1
a—1 2
m”umnm(m'

Y
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[A] it
oy + o
L _a-1
o WML @) ™ 9 (0 41)
[t |72 () < 24,0 <t < o0,

2 2(a+1)
||um||H1(Q)§ w1 d,0 <t < oo,

a1y < .0 < t < o,

a+1

2a+1) )\ *
a+1 @ a+1 «
o550y < € il < €27 (22 0a) 7

B+1

g+1 g1 208+1) )\
”“m”LM46n<<Cf+lIumIHwQ><ZCf+1(x31d :

Hor e, AHAEL Bt u (t, @) € C([0,00); Hy (2)), ue (£,2) € C([0,00); L* (Q)) -
IS 1) PA 5
5 FRIRAKETAE S E AT

ARG BN A e B 4.1 RE S 4.2 TR R ) AR A s B Y b Rl
fEfE 5.1 %‘ E(O) ES d, (UO,’LLl) Z 0, CL(U()) < b2 (UQ) — b1 (Uo), TO IEé (11) E‘J_&Lfﬁﬂ?ﬁ,

Ui
2 |luol
1= 653) (wo,m)
W HEM 4.2, BE t >0,
a (u () < by (u(t) = by (u(t)),
1 9 1 2
S (1@ a)) = el + b2 () = by (0) = a ().
e 1 1 1
5 (el +a () = =520 () + b2 () + B (0).
Fr A
Qm@mémﬂﬂz(ﬁ+mnwﬁﬂm+[2_Qf:fqbﬂm+wﬁ—na@o—2W+1ﬂum.

(5.1)
NG 2.1 FHERA

T () = A2 K; - ﬁL) o (u) + <ﬁl+1 - ail) Aa~1h, (u)] > d.

2(8+1)
B—1 2(& - ﬂ) a—1
a(u) > ¥ d_(a—l—l)(ﬁ—l)/\o by (u).

Pt
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M%< 1B,
2(6+1) 2(@=P) o
a(u) > 51 d— (Oé+1)(ﬂ—1))\0 Yoy (u),
(HU (t)‘|2L2(Q) ) > (8+3) ||Ut||2L2(Q) +2(B+1)(d—E(0)).
H E(0) = d, 13
(le®Fe@) = 6+ 3) el - (5.2)
2y (1) = lu Bz, H(5:2) 4
, 2
B3 (1) (5.3)

4
y = .
4 y(t)

RN a (uo) < ba (ug) —b1 (uo), B a(ug) # 0. 2 (ug,uy) > 0B, 2T >0, 83X 0 <t < Ty,
y (t) >0,

LRI 0 B T, LR

2 ||uo 7.
(B+3) (ug,u1)”

EIE 5.2 % F(0) <d, a(ug) < by (ug) — by (ug), To A& (1.1) FIAMTEERE, WA 4 F kit
1) % (UQ,Ul) > 0, )r\”J

I < \/ 2004 (@—2)[(B+1) 4] .
V @=2)[(F+1) 4 GENE=0 g3 (uosun)® + (@ = 2) [(B+1) —q) |

2) % (Uo,ul) < 0, I)_I\IJ

B+1)c p+3
T, < ﬂ+ || o||L2(Q)\/573arctan Toll ooy \/ Be (B 1 1) (o, u1)
n 2(86+1) T
(@-2[B+1)—q "2

LS _ 2(B+1)d 5 _
ﬁiquax{m,g}, C—d—E(O)

WE HER 4.2, XA ¢ >0, FEH 5.1 MUEM, H E(0) < d, #l (d— E(0)) =c >0,
Horpr = FoR “SEMT7 . BT

To=T < (5.4)

(hs Oy ) = 5+ 3) ey +2 (6 + 1) (5.5)
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By (1) = llu(®)a), H (5.5) X4

y' > +2(8+1)c. (5.6)

y (@)
BIA a (uo) < by (uo) = b1 (uo), H a(ug) # 0. = (ug, ur) < 0, & T3 >0, fEFHH 0 <t < T,

+2(8+1)c

¥ EAE 0 2] Ty BT

2(6+1) arctan b+3 y' (0)
f=- ﬁ+1) 5+3 8c(B+1)y(0)?”
= lwoll 2y \| — 7= 2(6+1)e arctan p+3 (ug,uq) | -
ﬁ+1) p+3 ||U0||L2(Q) 8c(B+1)

MAEEEY (ug, uy) > 0 B, fRIAE TS
Ve

(5.7)

q _
T—Hbz (u) —qE(0) =0,

5 (luelzaqey +a () + 5o () -
5 (5.1) A AKMLAT LA

(10 O0) " = (14 ) bl + (-1 55 o+ (1 55 )bt
+<§—1>a(u)—qE(O).

ﬁﬁ 2541), 20-p)
+ o —
e e I Y ) LA
ﬁ
(10O ) = (14 &) I + (14 557 )bt

e R R feeare vl 100
+(%—1) 2(ﬂﬁj11>d—qE(O).

%qumax{% 5} HE@O) <d M#HF2<qg<B+1,

(B+1)d—(B—1)E(0)’ 2

2

(g - 1) . 2(65+11)d > qE(0).

q q q 2(a—p)
B+1 =t <**1)(a+1)(ﬂ—1)’
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(1 @lEe) = @l +2 (1= 55 ) G- b )

> (2+9) ||ut||2L?(Q)+2 (1 ﬂ+1>a(u).

B a () > u ()72 =y @),

0= 2w or e (1- 54 ) 5:5)
A7) =y T (1), M
7' <-— L g6+ - 2 (). (5.9)

2(6+1)
KA Z' () <0, 18 (5.8) 2RkLL 72/, 13

7 < —V mlﬂ) (¢-2[(B+1)—q(22(0) - 22 (1) + (2 (0)°.  (5.10)
TEAE to, 1813 Z (to) = 0, Kt L XA 15

0 az
to < —
/Z(O) V(Z(0) + 5355 (e =2 [(B+1) — ] (2% (0) — 22 (1))

_ \/ 2841 (1-2)[(3+1) 4 20)
(¢=2)[(B+1) -4 2(8+1)(2'(0)* + (a—2) [(B+1) — q] 22(0) '
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THE GLOBAL EXISTENCE AND BLOW-UP OF A CLASS OF
NONLINEAR KLEIN-GORDON EQUATIONS

ZHU Jia-ling, LI Yang, YANG Han
(School of Mathematics, Southwest Jiaotong University, Chengdu 611756, China)

Abstract: The purpose of this work is to study the initial boundary value problem of a

class of nonlinear Klein-Gordon equation. By introducing certain potential well, some sufficient

conditions for the global existence and blow-up results to the solution are obtained. The upper

bound of life span is given while the solution blows up.

Keywords: nonlinear Klein-Gordon equation; Galerkin method; global solution; blow up;

life span

2010 MR Subject Classification: 35A01; 35A24



