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Abstract: In this paper, we investigate all constacyclic codes of length 2° over R = Fa +
uFy 4+ vFo + uvFa, where R is a local ring, but it is not a chain ring. First, by means of the
Euclidean algorithm for polynomials over finite commutative local rings, we classify all cyclic and
(14wuw)-constacyclic codes of length 2° over R, and obtain their structure in each of those cyclic and
(14uv)-constacyclic codes. Second, by using (z—1)?" = u, we address the (1+u)-constacyclic codes
of length 2° over R, and get their classification and structure. Finally, by using similar discussion
of (1 + u)-constacyclic codes, we obtain the classification and the structure of (1 + v), (1 + u +
wv), (1 + v+ uwv), (1 +u+v), (1 + u+ v+ uv)-constacyclic codes of length 2° over R.
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1 Introduction

Codes over the ring R = Fy + uFs 4+ vFy + wvlFy were introduced in [1]. The ring R is
a characteristic 2 ring of size 16. It turns out to be a commutative, non-chain, and a local
Frobenius ring constructed subject to u? = v? = 0,uv = vu. It can be viewed as a natural
extension of the ring Fo+ulF5, which was studied quite extensively in [2] and [3]. In particalar,
the ring Fy + ulF5 is interesting because it shares some good properties of both Z, and Galois
field Fy. (14 u)-constacyclic codes over Fs 4+ ulF5 of odd length were first introduced by Qian
et al. in [4], where it proved that the Gray image of a linear (1 4 u)-constacyclic code over
Fy 4+ ulF5 of odd length is a binary distance invariant linear cyclic code. Recently, Yildiz and
Karadeniz in [5, 6] studied constacyclic codes of odd length over R. They found some good
binary codes as the Gray images of these cyclic codes. The authors in [7] considered the
more general ring wu—zm
these rings and characterized the nontrivial one-generator cyclic codes. Kemat et al. in [§]

extended these studies to cyclic codes over the ring % = Zyp + uly + VZy, + Wy,

pT———, and studied the general properties of cyclic codes over
UG — Ui

where u? = 0,v? = 0,uv = vu and p is a prime number.
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In this paper, we study repeated-root \-constacyclic codes of length 2° over R, where
A is unit of R. Although repeated-root A-constacyclic codes over finite ring R are known to
be asymptotically bad, they are optimal in a few cases. They motivated the researchers to
further study (see [9-15]).

The paper is organized as follows. In Section 2, we recall some notations and properties
about constacyclic codes over finite local rings. In Section 3, we address the cyclic and (1 +
uw)-constacyclic codes of length 2° over R. We classify all such cyclic and (14-uw)-constacyclic
codes by categorizing the ideals of the local ring R; = % and Ry = Wﬂuv» into 13
types. In the last section, we study the (1+ u)-constacyclic codes of length 2° over R. These
with the maximal ideal (z — 1,v). We classify all (1 + u)-constacyclic codes by categorizing

(1 + u)-constacyclic codes are the ideals of the ring R3 = which is a local ring
the ideals of the local ring R3 into 4 type, and provide a detailed structure of ideal in each
type. By using similar discussion of (1 + u)-constacyclic codes, we obtain the classification
and the structure of (1+v), (1+u+uv), (1+v+uw), (1+u+v), (1+u+v+uv)-constacyclic
codes of length 2% over R.

2 Basics

A code of length n over R is a nonempty subset of R", and a linear code C' of length
n over R is an R-submodule of R™. If X\ is a unit in R, a linear code C is called as A-
constacyclic if (Aay_1,a9, -+ ,an_2) € C for every (agp,as, - ,an_1) € C. It is well known

that a A-constacyclic code of length n over R can be identified as an ideal in the residue ring
R[x]

via the R-module isomorphism ¢ : R" — fifz] given by

(z™—X) (z™—X)
(ag, a1, ,Gpn_1) — o+ a1z + -+ ap_12" *(mod(z" — N)).
If A = 1, A-constacyclic codes are just cyclic codes and if A = —1, A-constacyclic

codes are known as negacyclic codes. A polynomial is said to be regular if it is not a zero
divisor. The following version of the Euclidean algorithm holds true for polynomials over
finite commutative local rings.

Proposition 2.1 (see [16, Example, I11.6]) Let R be a finite commutative local ring, and
f, g be nonzero polynomials in R[z]. If g is regular, then there exist polynomials ¢(x),(z) €
R[] such that f(z) = q(z)g(z) + r(z) and r(x) = 0 or deg(r(z)) < deg(g(x)).

3 Cyclic and (1 + uv)-Constacyclic Codes of Length 2° Over R

%, and the

(14uw)-constacyclic codes of length 2° over R are ideals of the residue ring Ry = #ﬂuv»

Cyclic codes of length 2° over R are ideals of the residue ring Ry =

It is easy to prove the following three lemmas.
Lemma 3.1 The following hold true in Ry:
(i) For any nonegative integer ¢, (z — 1) = 2% — 1.

(ii)  — 1 is nilpotent with the nilpotency index 2%.
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Lemma 3.2 The following hold true in R,.
(i) For any nonnegative integer ¢, (z — 1)* = 22 — 1. In particular, (z — 1)2° = uv.
(ii) = — 1 is nilpotent with the nilpotency index 25F*.

Lemma 3.3 Let f(z) € Ry or Ry. Then f(x) can be uniquely expressed as

2°—1 2°—1 2°—1 2°—1
f(z) = Z agj(x — 1) +u Z ayi(x — 1) +v Z ag;(x — 1) +uww Z azj(x — 1)
Jj=0 Jj=0 =0 Jj=0
2°—1 2°—1 2°—1
=ago + (z — 1) Z ag;(z — 1) +u Z ayj(z —1) +v Z as;(z — 1)
Jj=1 Jj=0 Jj=0
2°-1
+ uv Z az;(x —1)7,
=0

where ag;, a1, azj, as; € Fo. Furthermore, f(x) is invertible if and only if ago # 0.

Proposition 3.4 The ring Ry or R, is a local ring with the maximal ideal (u, v,z — 1),
but it is not a chain ring.

Proof By Lemma 3.3, the ideal (u, v,z — 1) is the set of all non-invertible elements of
R, or Ry. Hence R, or R is a local ring with maximal ideal (u,v,z—1). Suppose u € (z—1).
Then there must exist fi(z) and fo(z) € R[z] such that u = (x — 1) fi(z) + (2% — 1) fa(x)
oru = (z —1)fi(z)+ [2*" — (1 + uv)]fo(x). However, this is impossible because plugging in
x =1 yields u = 0 or w = uv. Hence, u ¢ (x —1). Similarly, v ¢ (x — 1). Next we suppose
x —1€ (u) or (v). Then (z — 1)? = 0, which is a contradiction with s > 1. Therefore, the
maximal ideal (u,v,z — 1) of Ry or Ry is not principal. It means R; or Ry is not a chain
ring.

Theorem 3.5 All of cyclic codes of length 2° over R, i.e., ideals of the ring R; are the
following;:

e Type 1: (0), (1);

e Type 2: I = (uwv(z —1)7), where 0 < o < 2° — 1;

t
o Type 3: I = (v(z —1)" +uv ) myj(z — 1)7), where 0 <t < 2° — I;
7=0

t—1
e Type 4: I = (v(z—1)" +uv ) myj(x — 1), uv(x — 1)?), where 1 <t <2° — 1,2 < t;
i=0

271 I
e Type5: I = (u(z—1)'+v > hgj(x— 1) +uv Y haj(x —1)7), where 0 <[ < 2% —1;
j=0 j=0
271 ‘ -1 ‘
e Type 6: I = (u(x — 1) +v Y hoj(x — 1) +uv Y haj(z — 1)7,uv(x — 1)), where
=0 =0

1<1<2°—1,t<l;
2% -1 l z
e Type 7: I = (u(z—1)'4v > hoj(x—1)+uv > haj(x—1)7,v(z—1)"+uv > bs;(z—
=0 =0 =0
1)7), where 0 <1 <2°—1,0<2<2%—1;
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e Type 8: I = (u(z—1)' +v Z haj(x —1)7 +uv Z hsj(x—1) v(x—l)z—l—uvz_z_:lbz;j(m—
)7, uv(z — 1)), where 1 <1 < ZJS i 1,1 <2<28 —Jl, and w < min{l, z}; "

e Type 9: I = {((z—1) +u i aj(z—1)7 +v i az;j(z—1)7 +uv i asz;(z —1)7), where
0<i<25—1; = = =

i i t
e Type 10: I =((z—1)'4ud aj(z—1)4+v ) ayj(x —1) +uv Y asj(x — 1), u(x —

7=0 j=0 =0
i t
DY+ oY hoj(e — 1) +uv Y hgj(x — 1)7), where 0 < 4 < 29 —1,0 <[ < 2°—1 and
j=0 7=0
t < min{i,[};
t
e Type 11: [ = ((z — 1) +uZa1J J+v2a2] (= 1) +uv Y asj(z — 1), u(z —
Jj= j=0 j=0
D 40> hyj(z — 1) + v Z haj(x — 1), uv(x — 1)), where 0 <7 <2°—-1,0<1<2°—1

j=0 j=0
and t < min{i,(};

i i ¢

e Type12: I = ((z—1)'4ud ayj(x—1)+v ) agj(x — 1) +uv Y azj(x — 1), u(x —
Jj=0 j=0 3=0

+th2Jx—1)+uth3]x—1) v(x — 1)? —I—uvagj(x—l)),WhereOSig

=
2% —1, O<l<25—1 0<z<25—1andt<m1n{z,l,z}

e Type 13: I = ((x —1)" —I—uZalj x—17+vZa2j z—1) 4w Y agj(z—1)7, u(z —
7=0 ) =0 7=0

1)l+7}2h2_] z—1) J—l—uvz:hg] (= 1), v(x—1)* +'U/UZb3J (z —1)7, uv(z — 1)"), where
=0
0<z<29—1 0<l<29—1 0<z<29—landw<m1n{z,l,z}
Proof Ideals of Type 1 are the trivial ideals. Consider an arbitrary nontrivial ideals

of Rl-

2°—1 2°—1
Case 1 I C (v). Any element of I must have the form v Y agj(x—1)74uv Y ay(z—
Jj=0 j=0
1)7, where agj, a1, € Fo.
Let
21 21 21
M={v Z apj(z — 1) +uv Z arj(z — 1) €I Z apj(z — 1) # 0}
7=0 j=0 =0
2°—1
and N = {uv Y ayj(x —1)7 € I'}. Suppose M = ®. Then there exists the smallest integer
j=0

o such that n(z) = wv(z — 1)ny(z) for n(z) € N, where ni(x) € R;. It is easy to verify
that uv(x —1)7 € N. Hence I = (uv(z — 1)7), and [ is in Type 2.

Suppose M # ®. Setting o = min{deg(m(x))|m(z) € M}. Then there is an element
my(z) =vd my;(z—1)7 +uvd myj(x—1)7 € M with deg(m4(z)) = a. It has the smallest
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t such that mg; # 0. Hence we have

2°—1 2°—1
my(x) = v(z — 1) me; + Z mo;(z — 1)7 7" + uv Z my;(z — 1) € 1.
j=t+1 Jj=0
Let
201 2° -1
mao(x) = (z — 1) o + Z moj(z — 1) +u Z myj(x —1)7.
j=t+1 Jj=0

Then my(t) = vma(t).
Now we have two subcases.
Case 1.1 N C (my(z)). For any f(xz) € M, obviously, f(x) can be written as f(z) =

271 271
vfi(z), where fi(z) = > agj(x —1)? +u . ay;(z —1)7. By Proposition 2.1, fi(z) can be
=0 =0

written as fi(z) = q(:v);ng(:z;) + r(x), where gq(z),r(x) € Ry and r(z) = 0 or deg(r(x)) <
deg(ma(z)) = deg(mq(x)). It implies that f(z) = q(x)my(x) + vr(z). Suppose vr(z) ¢
N. Then vr(xz) # 0. Hence vr(z) = f(x) — gq(z)mi(x) € M, which contradicts with the

t
assumption of m;(z). Thus vr(z) € N. Therefore, I = (v(z — 1)" + uv Y myj(z — 1)7),
j=0

0<t<2%—1. Thus I is in Type 3.

Case 1.2 N ¢ (mi(z)). Then there exists the smallest integer z such that n(z) =
uv(x—1)*n4(z) for every n(x) € N, where ni(x) € R;. It is easy to verify that uv(x—1)* € N,
but uv(z — 1)* ¢ (m1(z)), and z < t. Hence

t—1
I=(v(x—1) —l—uvalj(x— D uv(z —1)"),1<t<2°—1,0< 2 < t.
=0

Therefore, I is in Type 4.
Case 2 (v) & I C (u,v). Any element of I must have the form

271 271 2°_1
u Z arj(r — 1) +v Z agi(x — 1) +uv Z azj(x — 1),
=0 =0 =0
271 ' 271 4 271 4
and there exists an element u Y, byj(x —1)7 +v Y boj(z — 1) +uwv Y byj(x —1)7 in T
j=0 7=0 =0
271 ‘
such that > by;(z —1)7 #0.
j=0
Let
271 271 201
M = {u Z arj(x —1) +v Z agi(r — 1)) +uv Z azj(x — 1) €1
Jj=0 j=0 =0
271

| alj(fff - 1>J 7é 07a1j7a2j7a3j c ]FQ}’
7=0
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271 271
and let N = {v > agj(x — 1) +uv Y asj(x —1)7 € I | as;,as; € Fo}. Then there is an
j=0 j=0
271 271 271 _

element hy(z) =u 3 hyj(x—1) +v 3 hoj(z—1) +uv 3 hgj(x—1)7 in M that has the
j=0 j=0 =0

smallest [ such that 7111 # 0. Hence we have

2°—1 251 251
il1<$> = U(IL' — 1)l[illl + Z illj(fli — 1)jil] +v }ngj(l' — 1>J + uv }Nl3j(i1,' — 1)J el
j=l+1 j=0 j=0
- ~ 29 -1 _ .
Since hy # 0, hyy+ Y. hyj(xz —1)77" is invertible, and
j=l+1
~ ~ 2°—1 ~ 2°—-1 2°—1
ha(x) = hy(2)[hut Y hyj(e=17 "7 = u(z—1)4v Y hoj(z—1)+uv >  haj(a—1)7 € I.
=41 i=0 §=0

Because vhy(z) = uv(z — 1)! € I, we have

2°—1 -1

hl(lﬂ) = U(Z’ — 1>l +v Z ]’sz(fl? — 1)J +U’U2h3j(l’ — 1)J el

Jj=0 Jj=0

For any m(x) € M, obviously, m(z) can be written as

201 2° -1 2° 1
m(z) = u(z — 1) Z arj(r —1)7" o Z agj(x — 1) +uv Z azj(x — 1),
j=l =0 =0

where a1, as;,as; € Fo. Thus we can assume that

2°—1 201 201
m(z) — hi(x) Z aji(z =17 =0 Z azj(z — 1) +uv Z azj(r —1)7 € N.
=l =0 =0
Now we have two subcases.
2°—1 !
Case 2.1 N ={0}. Then I = (u(z—1)'+v Y hoj(x—1)7 +uv Y hsj(x—1)7), where
i=0 =0
0<1<2°—1. Thus, I is in Type 5.
Case 2.2 N # {0}. We denote
2°—1 2°—1 2°—1
N, ={v Z asj(x — 1) + wv Z aszj(r — 1) € N | Z asj(x — 1) #0,as;,a3; € Fa},
=0 =0 =0
2°—1 ‘
and Ny = {uv > asj(x —1)? € N | a3; € Fo} in the following.
i=0

Again we have two subcases.
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Case 2.2.1 N; = ®. Then N, # {0}. Therefore, there exists the smallest integer ¢
such that ny(x) = wv(xz — 1)tq(z) for every ny(x) € Ny = N, where ¢(x) € R;. Tt is easy to
verify that uwv(z — 1)" € Ny = N. Hence,

2°—1 -1
I=(u(z—-1)"+v Z hoj(z — 1) + uvz hsj(z — 1) uv(z — 1)").
j=0 j=0

Suppose that ¢ > [. Then

2°—-1 -

wo(z—=1)' =v(e =1 fule =)' +v 3 ha(e =1 Fuvy_ hg(z—1Y]

2°—1 -1
Thus, I = (u(z—1)' +v > hoj(x — 1) +uv Y hy;(x —1)7), it is in Type 5. We can assume
j=0 j=0
without loss of generality that ¢t < [, and thus
271 -1
I=(uz—-1)"+v Z hoj(x — 1) + UUZhgj(fE — 1) uv(z — 1)),
=0 =0

where 1 <[ < 2° — 1. Therefore, I is in Type 6.
Case 2.2.2 N; # ®. Then there is an element

2% -1 2% -1
dl(l') = Z &Qj(.fU — 1)] —+ uv Z dgj(l' — 1)J
j=0 j=0

in N that has smallest z such that as, # 0. Hence we have

2°—1 2°—1
bi(w) = v(w —1)*ba: + > boj(z =17+ uv Y bgj(z — 1)7 € Ny,
j=2+1 =0
B B 21 _ _
Thus by (z) = by(x)[b2x + > bej(x —1)77%]7! € I and by(x) can be expressed as by (z) =
Jj=z+1
z—1
v(z—1)" +uv Y bz — 1)7.

=0
For any n(z) € Ny, obviously, n;(x) can be written as

2°—1 2°—1
ni(z) =v(zr — 1) Z ag;(z —1)77% + uv Z az;i(x —1)7,
j=z =0

where ag;, as; € Fo. Thus, we can assume that

2°—1 2°—-1

ni(x) — by (x) Z agj(x — 1) = uv Z azj(x — 1) € 1.

Jj=z Jj=0
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If Ny = {0}, then

25—-1 l l
I=(u(@—1)"+v > hoj(w—1) +uw D hgj(z — 17, 0@ —1)" +uv Y bs;(z — 1)7),
7=0 j=0 §=0

where 0 <1 <2°—1,0<2<2°—1. Thus, [ isin Type 7.
If Ny # {0}. Then there exists the smallest integer w such that ny(x) = uv(x — 1)"q(x)
for every ny(z) € Na, where g(x) € R;. It is easy to verify that uwv(x — 1)* € I. Hence,

z—1 z— z—1
I'=(u(@=1)"+0) haj(x—1)+uv Y haje—1)7, v(@—1)"+uv Y bsj(w—1)7, uv(z—1)"),
j=0 7=0 3=0

where 1 <1<2°—1,1<2<2°—1, and w < min{l, z}. Thus, [ is in Type 8.
Case 3 I ¢ (u,v). Let I, = {f(x) € F2 I] |there are g(z), h(x), m(z) € Fylx] /(2 —

1) such that f(z)+ ug(z) + vh(z) + uvm(m) € Rl} Then I, , is a nonzero ideal of the ring

Jﬁ[f]l). It is a chain ring with ideals ((z —1)7), where 0 < j < 2°. Hence there is an integer

i€ {0,1,---,2%—1} such that I, , = ((z—1)") C Jzi[f]l). Therefore, there are three elements
251 21 261 21
ci(x) = Co; (g —1)7 —l—chlj +o cgzj)(x—l)j+uch§J)( 1Y € Ry
j=0 =0 j=0

for i = 1,2, 3 such that (x —1)" 4+ ucy (x) +vea(x) +uves(x) € I, where Coj ,c?j, cgj),cg,] € F,.
Because

(x —1)" + uey (z) + vea(z) + uves(x)

2° 1 271 2° 1
(z—1)'+u Z c(%) -1y +o Z cg.)(a: — 1) +w Z(cé]) + 0(2) + 0(3))(13 — 1)
=0 =0
271 271 271
=(x-1)"+u Z aj(z—1) +v Z asj(z — 1) +uwv Z asj(x — 1),
j=0 j=0 =0
where aq; = c(()?, as céi),ag = cg) + 0(2) + c(g?), and for all [ with ¢ <1 <2%—1,
2°—1 2°—1 2°—1
w(z—1)" = w[(z—1)"4u Z arj(x—1)+v Z ag;(r—1)7 +uv Z azj(z—1))(z—1)"" € I.
=0 =0 =0
It follows that
2°—1 2°—1 -1
(z—1)"+u Z ayi(x —1) +v Z ag;(x — 1) +uv2a3j(1:— 1) eI
=0 =0 =0

Hence it can be assumed without loss of generality that

a(z) = (xr —1)" + uZalj(:ﬁ —1)7 + vZagj(:r — 1) +w Yy agi(zx—1) €1.
Jj=0 J=0 j=0
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Now we have two subcases. _
Case 3.1 I = ((x—1)'+u ) ajj(x—1) +v
i=0

j=

0<¢<2%—1. Then I is in Type 9.

Case 3.2 ((z — 1) +u Y aij(x — 1) +v Y agi(z — 1) +uv Y asj(x — 1)) ¢ I. For
=0 =0 i=0

every f(z) e I\{((z — 1)+ u > arj(x — 1) + v Y agj(x — 1) +uv Y asj(x — 1)7), there is
ey =0

j_
an element g(z) € Ry such that

J

asj(x —1)7), where
7=0

azj(x—1) +uv
=0

4

7=0

0#bs(x) = f(x)—g(x)[(x—1)i+uZa1j(z—1)j—|—v . as;i(z—1)7 +uw . az;(z—1)] €1,

and bs(x) can be expressed as
bf(.'E) = Zboj(l’ — ].)j + U’Zblj(m — 1)J +U2b2j($ — 1)j + UUZij(IE — ].)j S I,
=0 3=0 §=0 =0
where by, b1, baj, bs; € Fo. Now, by the definition of I, ,, we have
> bosle = 1) € Ly = (@ = 1)).
§=0
It implies that by; for all 0 < j <4, i.e,
bf(iI,') = UZblj(.fC — ].)j + UZZ)QJ'(SE — ].)j + UUZb3j(IL’ — 1)J S I.
=0 =0 =0
Similarly with Case 2, we have

i t

I=((x—1) —|—u2a1j(a:— 1)/ —l—vZagj(x — 1) +uw Yy azj(z—1),

j=0 j=0 j=0
% t
u( =1+ 0 haj(w =17 +uv Y bz — 1)),
j=0 j=0

where 0 <7 <2%—1,0<1<2%—1andt<min{i,l}. Therefore, I is in Type 10.

% t

I={((z—1) +uZa1j(x — 1) +v2a2j(x — 1) +uvZa3j(ac — 1) u(x — 1)

=0 =0

+v2h2j(x — 1) +uth3j(aj — 1) uv(z — 1)),

Jj=0 Jj=0
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where 0 <4 <2°—1,0<1<2%—1andt <min{s,l}. Thus, I is in Type 11.

i t

I={((x—1) +uZa1j(ﬂc7 1)/ +UZCL23((I7* 1)’ +uvZa3j(x— 1)7,

j=0 j=0 j=0
[ t t
u(@ =1 0 hy(w =17 +uv Y hgilz — 1), v — 1) +uv Y bgi(z — 1)7),
Jj=0 j=0 j=0

where 0 <7 <2°—1,0<1<2°—1,0<2<2°—1andt <min{i,l,z}. Thus, I is in Type
12.

i i w
I:((m—l)i—l—uZau(x—l)j%—v asj(x — 1) +uv2a3]x—1 u(z — 1)
Jj=0 Jj=0 j=0

—|—th2] (x —1) +uv2h3J (x — 1), v(x —1)* +UUZb3j (x — 1), uv(x — 1)"),

=0

where 0 <7 <2°—1,0<1<2°—1,0<2<2°—1and w <min{i,[,z}. Thus, I is in Type
13.

Similar to discussion in Theorem 3.5, and note that (z — 1)?° = uw, we have following
theorem.

Theorem 3.6 (1 + uv)-constacyclic codes of length 2% over R, i.e., ideals of the ring
Ry are

e Type 1: (0), (1);
e Type 2: I = (uv(x —1)7), Where 0<o<2°—1;

e Type 3: I = (v(z — 1) +uva1jx—1)) where 0 <t <2° —1;
7=0
t—1
e Type 4: I = (v(z — 1) +uv Z myj(x — 1), uv(xz — 1)?), where 1 <t <2° — 1,2 < ¢;
Jj=
2°—1
e Type 5: I = (u(x — 1) +v Z h2]$—1J+UUZh3J.T—1)> where 0 <[ < 2° —1;

25—1 -1
e Type 6: I = (u(zx —1)! +v Z hoj(x — 1)7 +uv2h3j (x — 1)7,uv(z — 1)), where
=0 =0
1<1<2 —1,t<l;
2°—1 z
e Type 7: I = (u(x—1) +v Z hoj(z—1) j+UUZh3J r—1) v(z—1)*4uv Y bs;(z—
=0 j=0

1)7), where 0 <1< 2° —1, O<z<25—1

e Type 8: I = (u(x—1) +UZ hoj(z—1) J+uth3] r—1)7 v(x 71)Z+uv§b3j($7
)7, uv(z — 1)), where 1 <1 < 2]5_— 1,1 <z<28 —jl, and w < min{l, z}; J:O

e Type 9: I = {((z—1) +u Zl: aij(z—1)7 +v Zl: azj(x—1)7 +uv i: azj(x —1)7), where
0<i<2 -1 " " o
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e Type 10: I =((z—1)'4ud aj(z—1)4+v Y ayj(x —1) +uv Y asj(x — 1), u(x —

t

=0 =0 Jj=0
i t
D+ oY hoj(e — 1) +uv Y hgj(x — 1)7), where 0 < 4 < 29 —1,0 <[ < 2°—1 and
j=0 j=0
t < min{i,l};
i i t
e Typell: I=((z—1)"4ud aj(z—1)04+v Y ay(x—1) +uv Y asj(x— 1), u(x—
i=0 i=0 i=0
i ¢
D 40> hoj(z— 1) +uv Y haj(z — 1), uv(x — 1)), where 0 < ¢ <2°—1,0<1<2°—1

7=0 =0
and t < min{i, (};

i i t
e Type12: T={((x—1)"4ud aj(x—1)+v > asj(z— 1) +uv Y, az;(z — 1), u(z —
7=0 j=0 j=0

7 t t

DY+ oY hoj(z — 1) +uv Y hgi(z — 1), 0(x — 1)7 + uv Y bgj(x — 1)7), where 0 < i <
=0 Jj=0 J=0

22 —1,0<1<2°-1,0<2<2°—1and t <min{i, [, z};

e Type 13: I =((z—1)'+ud aj(z—1)+v ) agi(x — 1) +uv Y azj(x — 1), u(x —
=0 =0 =0
D oY hgj(z — 1) +uv Y haj(z — 1), v(z — 1)* +uv Y. byi(z — 1)7, uv(z — 1)), where
Jj=0 j=0 j=0
0<i<2°-1,0<1<2°-1,0<2<2°—1and w < min{s,l, z}.

w

4 Constacyclic Codes of Length 2° over R

In this section, we discuss the A-constacyclic codes, where
A=14+u,1+v,1+u+uv,l1+v+uw,l4+u+v,1+u+v+uv.

First, we study the structure of the (1 + w)-constacyclic codes of length 2¢ over R.
Obviously, (1 + u)-constacyclic codes of length 2% over R are ideals of the residue ring
Rs = % It is easy to verify the following lemmas.

Lemma 4.1 The following hold true in Rs.

(i) For any nonnegative integer ¢, (z — 1)2" = 22" — 1. In particular, (z — 1)2" = u.

(ii) £ — 1 is nilpotent with the nilpotency index 25+1.

Lemma 4.2 Let f(z) € Rs. Then f(x) can be uniquely expressed as

25tl_q 25+l _q
fz) = Z agj(z — 1) +v Z arj(z —1)7,
=0 =0

where agj, a1; € Fy. Furthermore, f(z) is invertible if and only if agy # 0
Proof Since each element r € R has a unique presentation r = ry + ure + vrs + uvry,

where r1,75,73,74 € Fa, each element f(z) over Rz can be uniquely represented as

25t 1 25t 25+l 25t _q

f(.CE‘): Z boj(ZU—l)j+U Z blj(l‘—l)j+1} Z bgj(:r—l)j—l—uv Z bgj(l‘—l)j.

Jj=0 Jj=0 Jj=0 Jj=0
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Because (z — 1)?" = u in Rs, it can be uniquely represented without loss of generality

25t _q 2511
that f(z) = Y agj(x—1) +v > aj(x — 1)/, where ag;,as; € Fo. The last assertion
j=0 j=0

follows from the fact that v and x — 1 are both nilpotent in Rs.
Similar to the discussions in Proposition 3.3, we have the following proposition.
Proposition 4.3 The ring R3 is a local ring with the maximal ideals (v, x — 1), but it
is not a chain ring.
Following the proposition and lemmas above, we can list all (1 4+ u)-constacyclic codes
of length 2° over Rj3 as follows.
Theorem 4.4 (1 + u)-constacyclic codes of length 2° over R, i.e., ideals of the ring R
are
e Type 1: (0),(1);
e Type 2: I = (v(z —1)*), where 0 < k < 2% — 1;
-1
e Type 3: I = ((z—1)'+v > c1j(x —1)7), where 1 <1 <25+ —1;
j=0
w—1
e Typed: [ ={((z—1)'+v Y cj@—1),v(x—1)"), where 1 <[ <25F' — 1 w <.
j=0
Proof Ideals of Type 1 are the trivial ideals. Consider an arbitrary nontrivial ideal of

Rs.

25t g
Case 1 I C (v). Any element of I must have the form v Y ag;(z — 1)/, where
3=0
ag; € Fo. Let b(x) € I be an element that has the smallest k£ such that ag, 7# 0. Hence all

element a(z) € I have the form
25+l _1
a(z) = v(x — 1) Z agj(z —1)77F,
Jj=k
which implies I C (u(z — 1)*).
On the other hand, we have b(z) € I with

25+l 1
b(z) = v(z — 1) ao, + Z agj(z — 1)77F].
j=k+1
PA |
As agr # 0, aopr + > ag;(z — 1)77F is invertible, and v(z — 1)* € I. That is to say, the
j=kt1

ideal of Rz contained in (v) are (v(z — 1)*),0 < k < 251 — 1. It means that [ is in Type 2.
Case 2 I ¢ (v). Any element of I must have the form

25+l _q 2511
Z (Zoj($—].)j+’() Z alj(a:—l)j,
j=0 j=0

and there exists a polynomial



No. 6 Constacyclic codes of length 2% over Fg + uFg + vF2 4+ uvFa 987

2511

in I such that > bo;(z —1)7 #0. Let
=0

2511 25t _q 2511
M = { Z Cloj(l’ — 1)J +v Z alj(a: — 1>J el | Z a,oj(.’li‘ — 1)] 7é O,Cl()j,alj € ]FQ}
3=0 3=0 3=0
25+l _q )
and N = {v > ayj(x — 1) € I | a1; € Fa}. Setting § = min{deg(m(z)) | m(xz) € M}.
§=0

Suppose that H = {h(z) € M | deg(h(x)) = 0}. Then there is an element

2stl_1 2s+1l_q
hl(ﬂj) = Z hoj(fE — 1)] +v Z hlj(x — 1)‘7
j=0 j=0

in H that has the smallest [ such that hy # 0. Hence we have

25+l _q 25+l _q
hi(@) = (@ —D'ha+ > hyz—17"T+v > hy@-1YeMcl
j=l+1 j=0

Now, we have two subcases.

Case 2.1 N C (hy(z)). For any f(z) € M, by Proposition 2.1, f(x) can be written
as f(z) = q(x)hi(z) + r(z), where q(z),r(x) € Rs, and r(z) = 0 or deg(r(x)) < deg(hy(z)).
Suppose 7(z) ¢ N. Then r(x) # 0. Hence r(z) = f(z) — q(x)hi(z) € M, which contradicts
with the assumption of hy(x). Thus r(z) € N. Therefore, I = (h;(z)). Because vhi(x) =

2°tl 1 2°F1 1
v =D ha+ >, hiy(x—1)Y""€land hg+ >, hoj(x—1)7""is an invertible element
=t =l

in Rz, v(z — 1)! € I, it follows that

2°F—1 -1
hi(@)=(z—D'ha+ > ho(z =17 T+0) hyjl@—1) €.
j=l+1 =0
Thus
25+l _q
c(@) = hi(2)hor + Y hojlw—1) ) el
j=1+1
-1 4
and c(z) can be expressed as c¢(x) = (z — 1)! + v > ¢y(x — 1)7, where ¢;; € Fy. Therefore,
j=0

I={(z—-1)+wv crj(x —1)7),

where 1 <[ < 25+t — 1. Hence I is in Type 3.
Case 2.2 N ¢ (hi(x)) = (c(z)). Then there exists the smallest integer w such that

n(x) = v(x — 1)“ny(z) for every n(x) € N, where ni(xz) € Rz. Obviously, v(x — 1) € N,
-1

but v(x — 1)¥ & (hi(z)) = {c(z)). Hence I = ((x — 1)! +v ;clj(x —1)7 v(x —1)¥).
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Suppose that w > [. Then

v —1)" =v(@—1)""(z-1)"+0v) c(z—1)] € (c(x)).

J

It is impossible. Thus

—

I=(x-1)+v : c1j( = 1) v(z = 1)"),

I
=)

where 1 <[ < 2°t! — 1, w < [. Therefore, I is in Type 4.

Next we study the structure of (14v), (1+u+uv), (1+v+uv), (1+u+v), (1+u+v+uv)-
constacyclic codes of length 2° over R. Similar to the discussion in Theorem 4.4, we have
the following theorems.

Theorem 4.5 (1 + u+ wv), (1 4+ u+v), (1 + u+ v+ uv)-constacyclic codes over R are

e Type 1: (0), (1);

e Type 2: I = (v(z —1)*), where 0 < k < 25+ — 1;

-1
e Type 3: I =((x— 1) +v ) cyj(x—1)7), where 1 <1 <2 — 1,
j=0

-1
e Typed: [ ={(z—1) +v cij(x—1)7,v(z —1)*), where 1 <[ <2571 — 1 w <.
j=0

Proof

2511 2511
f(z) = Z agj(r — 1) +v Z ayj(x — 1),
=0 =0

where agj, a1; € Fy. Furthermore, f(z) is invertible if and only if agg # 0.
Now, Similar to the discussion in Theorem 4.4, we can complete the proof of statement.
Theorem 4.6 (1+ v), (1 + v + uv)-constacyclic codes over R are
e Type 1: (0), (1);
e Type 2: I = (u(x — 1)), where 0 < k < 2571 —1;

-1
e Type 3: I ={(z— 1) +ud cj(x —1)7), where 1 <1 <25F1 —1;
=0

-1
e Typed: [ ={((z—1)+ud cj(z— 1), u(z—1)*), where 1 <[ < 25T — 1 w <.

Jj=0

25t _q 25tl_q
Proof f(z)= > agij(zx—1)74u Y, ay;j(x—1)7, where ag;,a;; € Fyo. Furthermore,
Jj=0 Jj=0

f(x) is invertible if and only if agq # 0.

Now, in the proof of Theorem 4.4, we replace each v by u and get our statement.
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