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Abstract: In this paper, we study the construction of Lie-Yamaguti superalgebras. By us-
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1 Introduction

Lie algebras were studied for many years in mathematics and physics, such as in quan-
tum field theory. As the noncommutative analogs of Lie algebras, Leibniz algebras were first
introduced by Cuvier and Loday in [1] and [2]. Researchers obtained many results about
Leibniz algebras and we can find some of them in [3-6]. There are two kinds of Leibniz
algebras, left Leibniz algebras and right Leibniz algebras [7]. For a given non-commutative
algebra (A, ), if the left multiplication I, -y = x - y,Va,y € A is a derivation of A, then
(A,-) is called a left Leibniz algebra [8]. As non-associative algebras, left Leibniz algebras
can construct Akivis algebras [9]. Kinyon and Weinstein found that a left Leibniz algebra
has a Lie-Yamaguti algebra structure by using an enveloping Lie algebra of Leibniz algebras.

Recently, Leibniz algebras are generalized to Leibniz superalgebras by Dzhumadil in
[10]. Then some important results were obtained such as [11] and [12]. Like left Leibniz
algebras and right Leibniz algebras, we can similarly obtain left Leibniz superalgebras and
right Leibniz superalgebras. If (A4,:) is a left Leibniz superalgebra, we can obtain a right
Leibniz superalgebra (4, o) by defining z oy = (—1)/*!Ily . 2. In this paper, we study the

construction of left Leibniz superalgebras and Lie-Yamaguti superalgebras.
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This paper is organized as follows. In Section 2, we recall the definition of Leibniz
superalgebras and prove that every non-associative superalgebra has an Akivis superalgebra
structure. Then we give examples and constructions of left Leibniz superalgebras. In Section
3, we define Lie-Yamaguti superalgebras and prove that every left Leibniz superalgebra has
a Lie-Yamaguti superalgebra structure.

Throughout this paper, K denotes a field of characteristic zero; All vector spaces and

algebras are over K; hg(A) denotes the set of homogeneous elements of the superalgebra A.

2 Leibniz Superalgebras

In this section, we introduce the definition of Leibniz superslgebras, and then give the
constructions and examples of Leibniz superalgebras.
Definition 2.1 [11] (i) A (left) Leibniz superalgebra is a pair (A4,-), in which A is a

superspace, - : A x A — A an even bilinear map such that

lz -y = |z[ + [yl,
z-(y-2)=(x-y) 2+ (1) Wy (z2) (2.1)

for all z,y, z € hg(A).
(ii) A (right) Leibniz superalgebra is a pair (4, -), in which A is a superspace, - : AX A —

A an even bilinear map such that

|z -yl = |z| + [yl
(z-y) 2=z 2) y+a-(y-2) (2.2)

for all z,y,z € hg(A).

In this paper, “Leibniz superalgebras” means “left Leibniz superalgebras”. A super
skew-symmetric Leibniz superalgebra is a Lie superalgebra. In this case, equations (2.1) and
(2.2) become the Jacobi super-identity. If (A, -) is a left Leibniz superalgebra, we can obtain
a right Leibniz superalgebra (A, o) by defining z oy = (—1)1®ll¥ly . 2,

Definition 2.2 Let (A4, ) be a superalgebra.

(i) The super-associator of A is an even trilinear map as : A x A x A — A defined by

as(z,y,2) = (v-y)-z—x-(y-2) (2:3)

for all z,y,z € hg(A).
If as(x,y, z) = 0 for all z,y,z € hg(A), then (A4,-) is said to be associatives.
(i) The super-Jacobian of A is an even trilinear map J : A x A x A — A defined by

j(x, Y, 2) =gy (—1)'96”2‘(17 y) - 2.

Remark 2.3 A not necessarily associative superalgebra is called a non-associative su-

peralgebra. That is to say, as(z,y, z) # 0 for some z,y,z € hg(A).
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Definition 2.4 [13] An Akivis superalgebra is a triple (4,o,[—,—, —]), in which A is
a superspace, o : A X A — A an even bilinear map, [—-,—,—] : AX A X A — A an even

trilinear map such that
[zoyl =z +yl, |[z,y,2]| = lz] + y| + |2],
zoy=—(=1)leHly o (2.4)
J(@,9,2) =Ony. (1) W[z, y, 2= Opy o (—1)FI D[y, 22 2] (2.5)

for all z,y,z € hg(A). Equation (2.5) is called the Akivis super-identity.

Theorem 2.5 Every non-associative superalgebra (A,-) has an Akivis superalgebra

(A, o,[—,—,—]) structure with respect to the operation defined by
xoy:m-y—(—l)lx”y‘y'm, (2.6)
[2,y, 2] = as(z,y, z) (2.7)

for all z,y, z € hg(A).
Proof First, we proceed to verify that “ o

(=)l oz = —(=1)ll¥(y .z — (=D)L y)

” is super skew-symmetric.

So we obtain equation (2.4).
Second, consider the Akivis super-identity. On one hand,

Oz (D)W [z, gy, 2]— Oy (1)1 WWIHED [ o 2]
Oz,y,z (=)=l @s(z, y, 2)— Opye (— )= +=D G5z, y, 2)
= Opye (D (@ ) 2= 2 (- 2))= Opye (=D)FIHED (4 2) 2 — g (2 2)).

On the other hand,

JN(x,y,z) = Ozyz (
—DlellEl (g gy — (=)=l ) o 2
(-y)oz— Opy.» (_1)\w\(|y|+|z|)(y .zx)oz
= Opy. (—1 2l (g - y) - 2 — (=1)FI0=FD 2 (2 y))
— Oy (— )\wl(lqu I)((y.x). _ (_1)Iz\(\w|+\y|)z.(y.x))
= Oz (D@ y) 2= Oy (D2 (2 y)
— Opyz (— )\wl(lvHI I)(y ) - 24 Opy (_1)|y|(|w\+|z\)z (y-x)
= Oy (D" y) 2 —2-(y-2))
= Oy (DD (o) 2 — g (- 2)).
That is
T(@,,2) =Opye (=1 W[,y 2]= Oy o (=)D 2 2],
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So we get equation (2.5).

An Akivis superalgebra derived from a given non-associative superalgebra A by Theorem
2.5 is said associated with A. We are interested in Akivis superalgebras associated with
Leibniz superalgebras.

In terms of equation (2.3), equation (2.1) has the form

as(z,y,2) = —(~=1)F Wy - (z - 2). (2.8)

Because the operations of the Akivis superalgebra (A, o, [—, —, —]) defined by the (left)
Leibniz superalgebra (A4, -) satisfy the super skew-symmetrization and equation (2.4), the

Akivis super-identity (2.5) has the form
Opye (DI (o y) 0 2 =0, (—1)Elas (2, y, 2)— Opy. (=D)EIHEDGS(y 2, 2). (2.9)

By equations (2.8) and (2.1), we have —(—1)*Wlas(y,,2) = (z-y) - 2 — as(z,y,2). So
equaiton (2.9) becomes

Oz,y,2 (=)= (g oy) o 2 =Og,y,z (=)=l (g y) - . (2.10)
Lemma 2.6 Let (A,-) be a Leibniz superalgebra, and consider on (A4, -) the operation
[z,y] :=x -y — (=1)*¥ly . 2 for all 2,y € hg(A). Then
(i)
(ii)
z-ly, 2] = [z-y, 2]+ (=) W[y, z - 2). (2.12)

Proof (i) Equation (2.1) implies that

(wrg) 2= (ye2) = (~)FIy - (o), (213)
Likewise, interchanging x and y, we have
(yoo) 2=y ()~ ()" (- 2). (214)

Then, consider

(z-y+ (=D)lWly . 2). 2= (z-y) 2+ (=)W (y . 2) 2
= z-(y-2)— <_1)IrHy|y (- 2) + (_1>|xHy|y (z-2)—x-(y-2)=0.

(ii) By calculating directly, we have

[z -y, 2]+ (~1)F [y, - 2]

= (z-y)-z—(— D)2+ (g y) + (_1)|wl\y\y (z-2)— (_1)Iyllz\(m 2) -y

= z-(y-2)— (DD, () — (—D)WIEN (2. 2) -y

= z-(y-2)—(— DD (4 ) gy — (=Dl (2 y) — (_1)\yllz|(x 2) -y
2) = (=1

1)lvllzl (z-y) =2y, 2]
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Lemma 2.7 Let (A,-) be a Leibniz superalgebra, (A, o, [—, —, —]) be an Akivis super-
algebra associated with Leibniz superalgebra (A, ). Then

Onyoz (_1)Ir|\z\(x oy)oz =gz (_1)\z||2|($ y) -z

Proof We get the result from equation (2.10).
An superalgebra (A,-) is called Lie-super-admissible if its commutator superalgebra
(A, 0) is a Lie superalgebra. We can obtain following lemma immediatly from Lemma 2.7.

Lemma 2.8 A Leibniz superalgebra (A4, -) is Lie-super-admissible if and only if
Opyz (D@ ) 2 =0

for all z,y,z € hg(A).

We now give an example of 3-dimensional Leibniz superalgebra and some methods to
construct Leibniz superalgebras. We can find following definitions and similar constructions
n [14].

Example 2.9 Let A = Aj @ A; be a 3-dimensional superspace. Aj = span{ej,es},
A; = span{ey}. The nonzero product is given by es - e3 = eg,e3- €1 = e1,e3 - €3 = —ea,
es - ez =ep. Then (A, ) is a left Leibniz superalgebra.

Proposition 2.10 Let (A, o) be an associative superalgebra. Consider the linear map
D : A — A which satisfies

D(z o D(y)) = D(x) o D(y) = D(D(x) 0 y), Y,y € A.
Define an even bilinear map [—, —|p : A x A — A, such that

[z,y]p = [D(z),y] = D(z) oy — (—1)"Wly 0 D(x).

Then (A, [—, —]p) is a left Leibniz superalgebra.
Proof We only need to verify that (A, [—, —|p) is a left Leibniz superalgebra. Calculate
directly,
z, [y, 2]p]p = [D(z), [D(y), 2]

[z, [y
= [D(2),D(y) oz — (-1)"I*z 0 D(y)]
[D(x), D(y) 0 2] = (=1)"I*[D(x), 2 0 D(y)]
(@) 0 D(y) oz = (=) WFEDD(y) 0 2 0 D(x)
_(_1)\yllz|D(x) ozoD(y) + (_1)|w|(\y\+lz\)+|yl\z\z o D(y) o D(z).

and

z,9lp, 2l + (=1)"Wy, [z, 2]p]p
D(x),y),2]p + (~1)"[D(y), [D(x), 2]]
() oy — (=1)"¥ly o D(2), 2]p + (=1)*¥[D(y), D(w) 0 2 — (=1)1*1z 0 D()]
( )OD(?J) 2] = (=1)"W[D(y) o D(x), 2]
+(=1)D(y), D(x) 0 2] — (=1)"1WHD[D(y), 2 0 D(2)]

xT
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= D(z)oD(y)oz+ (,1)\z\(\w|+\y|)+\wllylz o D(y) o D(x)
—(=1)¥ED(x) 0 z 0 D(y) — (=)= WHED D(y) 0 2 0 D().

So we get [z, [y, 2]p]p = [z, ¥]p, 2]p + (=1)=¥ [y, [x, 2] p] p. Therefore (A, [, —]p) is a left
Leibniz superalgebra.

Definition 2.11 [14] A superdialgebra is a triple (4, ,F), in which A is a superspace,
-, A x A — A two bilinear maps such that

(1) ek (ydz)=(xty 4z

(2) xd(ydz)=(xdy)dz=24(yF 2);

B) 2k (ykF2)=(xkFy kFz=(xdy) Fz
for all z,y,z € hg(A).

Proposition 2.12 Let (A,,F), be a superdialgebra. Define an even bilinear map
[-,—] : Ax A — A such that [z,y] = (=1)P*IMly 4 2 — 2 F y. Then (A,[—,—]) is a left
Leibniz superalgebra.

Proof Calculate directly,

[, [y, 2l) = [, ()" Ay —y 2]

= (—1)|sz‘[l’,Z - y} - [CL’,y F Z]

= (_1>|sz\((_1)\wl(|y\+|zl)(2 Ay)dz—zt (zy))
,((,1)|w\(\y|+\2\)(y Fz)dz—azk (yF 2))

= (=D)WlEHIA+=D (5 ) 4z — (=1)WIElz - (2 y)
,(,1)|$\(\y|+\2\)(y Fz)dz+azk (yF 2)

= (=D)WllEHIu+=D ;4 (g 4 ) — (=1)WIElg - (2 y)
—(=D)l=l =0y -z H )+ z b (yF 2)

and

eyl 21 + (1)1 [y, [2, 2]
[(=D)¥ly 42 — 2 by, 2] + (=)W [y, (=)=l 42 — 2 2]
= (=D Az, 2] — [z by, 2] + (=D)=WWHED 2 4 2] — (—D)Iy, 2 - 2]
(=)=l (=)=, 4 (y 4 2) — (yH 2) - 2)
()DL S (@ ) — (@) F )
+ (=)D (—yWl2l+=D (4 ) 4y —y - (2 2))
_(_l)mlyl((_1)|y\(\w|+\Z\)(x F2)dy—yb (zk 2))
= (_1)\w\|y|+\z|(|wl+|y|)z Ay Hz)+azt (yF 2)
_(_1)\z\(|y|+\2|)y F(zAz)— (_1)|yHZ\x F(zy).

So we get [z, [y,2]] = [[x,9], 2] + (=1)1*I¥[y, [z, 2]]. Therefore (A,[—,—]) is a left Leibniz

superalgebra.
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Definition 2.13 [14] A dendriform superalgebra is a triple (A, <, >), in which A is a
superspace, <, =: A x A — A two even bilinear maps such that
1) (z<y)<z=zx<y<z2)+z<(y>=z);
2)z-(y=2)=(@<y)»=z+(x=y) >z
B) (z=y) <z=z> (y<2)
for all z,y, z € hg(A).
Proposition 2.14 Let (A, <, =) be a dendriform superalgebra. Define two even bilinear

maps *,[—, —]: Ax A— Asuchthat zxy =2 <y+y > 2,2,y = (—1D)Wy xz — 2 x9.
Then (A, [—, —]) is a left Leibniz superalgebra.
Proof Calculate directly,
[z, [y, 2] = (=D)WIEFH=IAHED G <) < g 4 (—1)WIEFRIAYHED () o 2) <
(=)D g o (< ) (= D) WIERHUHED g (g - 2)
DIl < (2 <y) — (~D)WIEZ < (y = 2)
(—D)lEl(y = 2) = 2

DI+ (y < 2) < 2 — (=)= WWHED (2w ) < 2
DD g o (y < 2) — (1) WHD g o (2 - y)

(1)
(=1)
—(— 1)\y|| |(z<y)>x
(=1)
(=1)

tr<(y<z)+tx <=y +y<z)=z+(z=y) =z
and
[[x,9],2] = (_1)\zlly|+|zl(lm\+|yl)z < (y=<z)+ (_1)|ml\y\+\z\(\wl+\yl)z < (z>y)
+(— 1) z|ly|+]z |(|x\+|y|)(y <) - z+ (,1)Iw|\y\+\z\(\wl+\yl)(m =) = 2
(=)=l (y < 2) < 2 — (=)W (2~ y) < 2
(D)2 = (y < 2) = (=)l - (@ - )
— (=)D, < (2 < y) — (=)D < (y = 2)
(— 1)\ \(\x|+\y|)(x <y) = z— (_1)\2\(|x|+|y|)(y - 1) > 2
trx<y)<z+y=z)<z+z=(x<y) +z=(y>=x)
and
(_1)Irlly\[y, [z,2] = (_1)Izl(|x\+|yl)(2 <) <y+ _1)|z|(lm\+|y\)($ -2) <y

+

(= 1)l al+uDy o (2 < 2) i (—1)=lal+ 1Dy o (g > 2)
(—=1)l=lvl+12Dy < (2 < 2) — (=1)#1 0Dy < (2 - 2)
(_1)\x|(|y\+IZI)(Z <z)=y—(— 1)"”'“1"”2‘)(37 —2) =y
_(_1)\yll I(x <2) <y — ( 1)|y|lz\(z - 1) <y
(1)l = (2 < 2) = (-1)

(—D)lelvly < (2 < 2) + (=1)l=Wy < (2 = 2)
(~)F¥ (@ < 2) =y + (~1)

vliEly = (2 = )
+

+ ez - 2) = y.
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So we get
[l’, [ya ZH = [[x,y], Z] + (_1)‘1”1”[3/7 [58, ZH

Therefore (A, [—, —]) is a left Leibniz superalgebra.
Definition 2.15 [14] A Rota-Baxter superalgebra is a triple (A, -, R), in which A is a
superspace, (A,-) a superalgebra, R : A — A an even bilinear map satistying Rota-Baxter

super-identity
R(x)- R(y) = R(R(z) -y) + R(z - R(y)) + AR(z - y), A € K

for all z,y € hg(A). R: A — A is called a Rota-Baxter super-operator of weight A. If (A,-)
is an associative superalgebra, then we call (4, -, R) associative Rota-Baxter superalgebra.

Proposition 2.16 Let (A, -, R) be an associative Rota-Baxter superalgebra with weight
0. Define two even bilinear maps *,[—,—] : A x A — A such that

zxy=x-Ry)+ R@) y,[z,y] = (-1)"Wysxa—zxy.

Then (A, [—, —]) is a left Leibniz superalgebra.
Proof Calculate directly,

[, [y, 2] = (=D)WlleFlallvl+izDy . R(2) . R(z) + (—1)WI=Hl(s+1D R(y) . 2 . R(x)
()Wl HED Ry - R(2)) - 2+ (— 1)l =D R(R(y) - 2) - 2
~(~1)"lz- R(z - R(y) = (~)"a - R(R(2) - y)
~(-)MFR(@) -2 Ry) ~ (-1 R(@) - R(=) -y
—(— 1)Ir\ |y|+\zl)y.R( )- R(z) — (— )le(lyHl I)R(y) R(x)
—(- )Iw\(IyIH ”R(y R(2)) -z — (- 1)|x|(|y\+| ‘)R(R(y)~z)-x
+a - R(y- R(2)) + 2 R(R(y) - 2)

+R(z) -y R(2) + R(z) - R(y) - =
and

([z,9],2] = (=1)llv+=eHD 0 Ry . R(2)) 4 (—1)lW+=IzHD 5 L R(R(y) - z)
(=1)lellvlH=lz+ WD R(2) . oy - R(x) 4 (=1)lelWHI02I+ D R(2) . R(y) - 2
(=D)!My - R(z) - R(z) = (=) R(y) - 2 - R(2)

—(=D)" Ry - R@)) -z = (D" R(R(y) - 2) - 2
(=1) )
(=1)

+

D)0+ 5 - R(z - R(y)) — (=1)#0e+vD 2 R(R(z) - y)

ElzHWDR(2) - 2 - R(y) — (—1)FI=HWDR(2) - R(z) -y
+x-R(y) - R(2) + R(z) -y - R(2)
+R(z-R(y)) -2+ R(R(x) - y) -2
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and

—D)lEle+D 5 - R(x) - R(y) + (-

(=)D R(z - R(x)) -y +

(—=1)l=lvli+=z0y . R(2 - R(x)) —

(- 1)\1\ lyl+1z I)R( ).z R(x) —

~(=1)M¥lz- R) - Ry) = ()" R() - = - B(y)
(DM R - R(2) -y = ()" R(R(2) - 2) -y
(=1) (=1)
(=1) (=1)

(~1)Fy, [, 2] =

_|_/-\

DFly - Rz - R(=)) + (~)" My - R(R(x) - 2)
1 \r\lle( )-z- R(2) 1 ImHyIR(y) “R(z)- 2

+
+

+ o+

By Rota Baxter super-identity, we can get

[z, [y, 21] = [z, y), 2] + (=1) =]y, [z, 2]].

Therefore (A, [—, —]) is a left Leibniz superalgebra.

DD R(2) - - R(y)
(=D)Ee+ D R(R(2) - 2
(—=1)l=lvi+=20y . R(R(2) - 2)
(— 1)|m|(\y\+lz\)R(y) -R(z

3 Leibniz Superalgebras, Lie Supertriple Systems, Lie-Yamaguti Super-

algebras

Definition 3.1 A Lie-Yamaguti superalgebra (LYSA) is a triple (A, [—, -], {—, —, —}),
in which A is a superspace, [—,—] : A x A — A an even bilinear map and {—,—, —} :
Ax Ax A— A an even trilinear map such that

(LYSO01) |[z,y]| = || + |yl:

(LYS02) Ha,y, 2} = |z| + [y] + [2];

(LYS1) d[z,y] + (1)l [y, 2] = 0;

(LYS2) {z,y,2} + (1) I{y,z, 2} = 0;

(LYS3) © Y,z (— )\f\l l[[ yl, 2]+ Ouy,z (= 1)|$\|Z|{x’y’z} =0;
(LYS4) Ogy,z (1) 1[z,y], 2, u} = 0;

(LYS5) {z,y, [u, 0]} = [{z,y, u}, o] + (=)D [y, {z,y, v}];
(LYS6)

{zy{uvwl} = {{oyulv,w}+ (DM 0 {0} w)
+(_1)(\w|+\y|)(|u\+lv\){% v, {z,y,w}}

for all z,y, z,u,v,w € hg(A), where O, , . denotes the sum over cyclic permutation of z,y, 2.

Definition 3.2 [15] A Lie supertriple system is a pair (A, {—, —, —}) such that

(1) {x,y,z} = (_1)‘w||y‘{yaxvz};
(2) Ouy,e (1)1, y, 2} =0
(3)

{z.y,{w,0,w}} = {{z,y,u},0,w} + (=)D L0 {2y, 0}, w0}
+(_1)(\z|+\y|)(|u\+lv\){% v, {z,y,w}}
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for all z,y, z,u, v,w € hg(A).

If [z,y] = 0 for all z,y € hg(A), then Lie-Yamaguti superalgebras become Lie supertriple
systems. So Lie-Yamaguti superalgebras can be seen as general Lie supertriple systems.

Let I, denote the left multiplication operator on (A, -) which given by I,y = x - y for all
x,y € hg(A). Then equation (2.1) means that [, are super-derivations of (A4,-). By Lemma
2.6 (ii), we can get following proposition.

Proposition 3.3 Let (A,-) be Leibniz superlagebra, (A,o,[—,—, —]) be its associate
Akivis algebra. Then the operators [,, are derivations of (A, o, [—, —, —]) for all 2 € A.

We can obtain a Lie-Yamaguti superalgebra structure from Leibniz superalgebra as
following theorem.

Theorem 3.4 Every (left) Leibniz superalgebra (A, -) has a Lie-Yamaguti superalgebra

structure (A, [—, —],{—, —, —}) with respect to the operation defined by
[‘Tay] = xy—(_l)‘mny‘yxa (31>
{;E,y,z} = (71)|w”y‘d79(y7$72) - dTS(.CL',y,Z). (32)

Proof Equations (3.2), (2.1) and (2.8) imply

{x,y,z}:—(x-y)-z. (33)
Moreover, we have
2,y 2 = (z-y—(=D)"Wy.2). 2 =2z y) 2= —2{x,y,2}.
So we get
1
{.’L‘,y,Z}:*§[$,y] Tz (34)
Thus equations (3.2), (3.3) and (3.4) are different expressions of the operation “{—, —, —}”.

Now we proceed to verify equations (LYS1)—(LYS6). For (LYS1),
[z, y] + () 2] = 2y — (1) Wy 2+ (D) (y - — (~1) Mz ) = 0.

So we get (LYS1). For (LYS2),

O O S R L R

1 1
= *§[$,y]2+§[$7y}220

So we get (LYS2). For (LYS3), (2.10) and (3.3) imply

O (=) [[2,9], 2] = = Ou e (=112, y, 2}
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So we get (LYS3) by transposition. For (LYS4),

Oz (D[, y], 2,0} =002 (1) = ([2,9] - 2) -w
= 20uy: (DN, y,2}) u
= 2((=DFE g y) 24 (D) 2) e+ (—DIE (2 z) ) - w
= —2((=D)lelFlg . (y - 2) = (=1)llUvIHED Y (1 2)
(=)=l 2) z+ (~D)E - 2) - y) - u
= —2. (=Dl (@ (y 2) + (=Dl WHFED G 2) o)

+

—2(—(=D)llul+=Dg (. 2) + (=) (2 ) ) - w
= —2(—(- 1)\r|(|y\+| Dy - (z-2)+ (— )IyH I(z z)-y)-u
= —2(—(=D)llWIFDy (. 2) 4 (=D)EIEFD (. 2) )
= 2.(— 1)|x\(\u|+\z\)(y.(x.z)+( 1)|y|(|w\+| I)(m.z).y).u
= 0.

So we get (LYS4). For (LYS5),

{2y, [u]} = —(@-y) [u,0]
= —[(z-y)-u,v] — <_1)|u\(|x|+|yl)[u7 (z-y)-v]
= [o.yub o]+ ()M, {2,y 0},

So we get (LYS5). For (LYS6),

{{a:,y, u}’ v, w} + <_1>Iu‘(|$|+|y|){u7 {ZC, Y, 'U}, w}
_|_(_1)(Ir\+|y\)(\UI+IU\){u,v7 {m,y,w}}

= {—(z-y) -u,v,w}+ (_1)\u|(|w\+|y\){u’ —(z-y) v, w}
_|_<_1)(IJS\JrIy\)(\UIHU\){u,v7 —(x K w}(By(l?))

= (= y)-w)v) - w = ()M (2 y) - v)) - w
_<_1)(|r\+|y\)(\UI+|v\)(u . U) . (—(z . y) . w)

= (z-y) (u-v) w+ (,1)(III+|y|)(\uI+\v|)(u v) - ((x-y)-w)

= (@) ((u-v)-w) = {,y, {u,v,w)).

So we get (LYS6). Therefore (A, [—,—],{—,—, —}) is a Lie-Yamaguti superalgebra.
Remark 3.5 By Proposition 2.10, Proposition 2.12, Proposition 2.14 and Proposition
2.16, we can get left Leibniz superalgebras from associative superalgebras, superdialgebras,
dendriform superalgebras and associative Rota-Baxter superalgebras. Then using Theorem
3.4, we will obtain corresponding Lie-Yamaguti superalgebras from above superalgebras [16].
Then we give an 3-dimensional example of Lie-Yamaguti superalgebra by Theorem 3.4.
Example 3.6 Let A = Ay & A7 be a 3-dimensional superspace. Az = span{ej,es},

A; = span{es}. The nonzero product is given by es - e3 = ez, €3 - €1 = €1, €3 - €3 = —ea,
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es - es = e1. Then (A,-) is a left Leibniz superalgebra. By Theorem 2.8, when we define
the binary operation and the ternary operation by (3.1) and (3.2), we get a Lie-Yamaguti
superalgebra (A, [—, =], {—, —, —}) with nonzero product

le2, €3] = 2e = —[es, e2], [es,e1] =1 = —[e1,es3], {e2,e3,e3} = —e2 = —{es,e2,€3}.

The following proposition is a direct conclusion of Theorem 3.4.

Proposition 3.7 Let (A4,-) be Leibniz superlagebra, (A,o,[—,—, —]) be its associate
Akivis algebra. Define {z,y,z} = (—1)#¥[y, 2, 2] + [z,y, 2] for all z,y,z € hg(A), then
(A,0,{—,—,—1}) is a Lie-Yamaguti superalgebra.

In Leibniz superlagebra (A, -) and its associate Akivis algebra (A4, o, [—, —, —]), consider

even ternaty operation
(2,y,2) = (=))W [y, 2, 2] —[,y,2] + (xoy) oz (3.5)

for all z,y,z € hg(L). We have
(z,y,2) = =(=1)F¥ (y, 2, 2) (3.6)
and the Akivis super-identity (2.5) is written as
Oz .z (@,9,2) = 0. (3.7)

A superalgebra (A, (—,—,—)) called a supertriple system if the even trilinear operation
satisfies (3.6) and (3.7). By Theorem 2.5, any non-associative algebra has a supertriple

system structure defined by (3.5), and we call it the associate supertriple system.
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MLeibniziB X # | Lie- YamagutiB{X

JEEESEL KERE, TR H?
(LARAUMTE K50 5405, A KF 130024)
(2.5 MR TREBARIT U 22 B AL 1 55 24 Bt , 54k K& 130052)

WE: AT Lie-YamagutifB B i1, FIH 7 Leibniz 4L, Ja4 78 Leibniz A #4 1%
J7%, TS H HH 72 Leibniz AR 204 1 Lie- Yamagut AR EL 19 777, 3745 T Lie-Yamagutit /2 1 #4177 1.
¥ Leibnizf X A Lie- Yamagutif Q& A& ) 2B B 15 TE.

X 1E):  Lie-Yamaguitif {02, (/) Leibniz HEL; Akivis HRE; B =R, Wi

MR(2010)F @ 7 S 17A30; 17A32; 17D99 FESES: 01525



